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Preface 


Many universities offer problem-solving courses for students majoring in 
mathematics and mathematics teaching. However, I have noticed over the years 
that many graduates are afraid of solving complex problems and try to escape 
solving challenging math problems if they can. Why should we be afraid? Our fight 
or flight response either leads us to take up the struggle with the problems or to 
avoid mathematics with a passion. 

It is not a secret that we tend to like things that we are naturally good at. We love 
something if we have visible, continuous success. Such success comes only with 
hard work. When I was young, I myself had difficulties in geometry class, which I 
described in my book Methods of Solving Complex Geometry Problems (Springer, 
2013). I later went on to win various Math Olympiads and graduate from 
Lomonosov Moscow State University (MGU) summa cum laude, defend a Ph.D. 
in Mathematical and Physical Sciences, and publish over 60 papers in the fields of 
differential equations, game theory, economics, and optimal control theory. Some 
initial success in mathematics can lead to greater successes over time. 

At Moscow State, at the end of each semester the students had to pass four oral 
exams given by renowned professors. The professors could ask any tricky question 
on the topic of the examination ticket. When I was preparing for such exams and in 
order to get an “A,” I did not try to memorize all the definitions and proofs, 
but rather I tried to develop a “global” understanding of the subject. I thought of 
possible questions that an examiner could ask me and tried to predict the type of 
problem that I could be asked to solve. I developed my own way of learning and I 
want to share it with you. 

For over 30 years, whenever I spotted an especially interesting or tricky prob- 
lem, I added it to my notebooks along with my original solutions. ’ve accumulated 
thousands of these problems. I use them every day in my teaching and include many 
of them in this book. Before accepting an academic position at a university, I 
worked as a teacher at Ursuline Academy of Dallas and used my problem-solving 
techniques in my students’ college preparation. I was pleased to receive apprecia- 
tion letters from MIT and Harvard where some of my students were admitted. 
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If you are struggling with math, this book is for you. Most math books start from 
theoretical facts, give one or two examples, and then a set of problems. In this book, 
almost every statement is followed by problems. You are not just memorizing a 
theorem—you apply the knowledge immediately. Upon seeing a similar problem in 
the homework section, you will be able to recognize and solve it. 

Although each section of the book can be studied independently, the book is 
constructed to reinforce patterns developed at stages throughout the book. This 
helps you see how math topics are connected. The book can be helpful for self- 
education, for people who want to do well in math classes, or for those preparing for 
competitions. The book is also meant for math teachers and college professors who 
would like to use it as an extra resource in their classroom. 


What Is This Book About? 


This book will teach you about functions and how properties of functions can be 
used to solve nonstandard equations, systems of equations, and inequalities. When 
we say “nonstandard,” one can think of a variety of problems that appear unusual, 
intractable, or complex. However, we can also say that nonstandard can indicate 
a method that is opposite to a standard or common way of thinking. For example, 
most of the times we need to find the maximal or minimal value of a function, the 
standard method would be to use the derivative of a function. However, under 
certain conditions, maximum and minimum problems can be solved through 
knowledge of some properties, such as boundedness of functions, and perhaps 
with the application of known inequalities. Another example of a nonstandard 
problem would be a word problem whose solution is restricted to the integers or 
that may be reduced to a nonlinear system with more variables than the number of 
the equations. A nonstandard problem is one that does not yield easily to direct 
solution. The nonstandard method of problem solving is the process of synthesizing 
connections between seemingly disassociated areas of mathematics and selecting 
appropriate generalizations, so that known constraints coincide to yield the solu- 
tion. They are the Sudoku puzzles of mathematics. 

Standard methods and relevant formulas make up the context for the problem 
sets and are presented in each chapter together with simple problems for illustra- 
tion. Basic knowledge of secondary school mathematics is assumed. For example, 
if a problem is to solve a quadratic equation x* — 7x +2 = 0, then its roots, 


x12 = a can be found using the well-known quadratic formula. What if I 
change the problem a little bit and ask you now to prove that for a new quadratic 
equation, x? + ax + 1 — b = 0 with natural roots, the quantity a* + b” cannot be a 
prime number? Would standard methods and the quadratic formula help to solve 
this problem? 
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The problem has two parameters a and b, and is restricted to the set of natural 
numbers. Hence, in order to solve this problem, we need to know more than just a 
quadratic formula; we need to have a method that will provide another constraint of 
the solution. In this case, for example, Vieta’s formula and the knowledge of 
elementary number theory might be helpful. 

Let me give you now the following problem: 


Solve the inequality (x? + 2x+2)" > 1. 


In this problem, we do not have any parameters, but the problem is no less 
difficult than the previous one. The expression inside parentheses is a quadratic 
raised to the power of x. Would knowledge of solving standard quadratic or 
exponential inequalities help here? Do we need to do anything with the unit on 
the right-hand side? Did you hear anything about monotonic functions in the past 
that might be helpful? 

Let’s consider the solution of cubic equations. Many of my students know that 
the Rational Zero Theorem or the Fundamental Theorem of Algebra might be of 
help. Some who took a course on the history of mathematics have heard about the 
Cardano formula. These formulas may be applicable, but they may not be adequate 
to solve the question. 

Many interesting Olympiad problems can be solved by using nonstandard and 
otherwise nonobvious approaches. For example, what would you do if I ask you to 
find the value of a parameter a for which the cubic function f(x) = x7 — 3x — ahas 
precisely two x-intercepts? What condition on a would be necessary so that it would 
have one or three x-intercepts? Playing with a graphing calculator might give you a 
hint, but no calculators are allowed in the Mathematics Olympiad. 

Knowledge of nonstandard methods of problem solving is important because we 
develop a deeper understanding of mathematics from these odd questions. Mathe- 
matics is not a disjointed collection of topics but rather a unified whole. The 
connections between fields are what tie them together. The structures of these 
mathematical fields can be learned in a more powerful way by understanding these 
connections gained by the exploration of these nonstandard problems. 

There is a method for developing solutions to nonstandard problems. After 
solving some especially interesting problem, look for a generalization and try to 
see an application of that method in the solution of other problems. Usually, a 
nonstandard problem requires knowledge of several aspects of mathematics and can 
be solved only with the knowledge of some particular fact from a seemingly 
disassociated field. 

If students see an elegant solution but do not apply the approach to other 
problems, they will not remember it, just as nobody remembers phone numbers 
these days. However, if a teacher uses and reuses the same approach throughout the 
entire curriculum, students will remember it and learn to value the beauty of the 
method. This is what I practice in my teaching and share with you in this book. 
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Let us look at the following problem. 


Solve the equation (x? + x — 1)(x* +.x+1) =2. 


If you multiply the two quantities on the left and subtract two from each side, 
then you would obtain a polynomial equation of the fourth degree x+ + 2x7 + x? 
—3 = 0 that cannot be solved by using the Rational Zero Theorem because it does 
not have integer roots. However, it has two real irrational roots. The substitution 
t = x’ +x can simplify the equation and make it solvable. 

We might quickly forget this fact if we don’t consider a generalization: 


Find real solutions of (x + 1)(x+ 2)(x+3)(4+ 4) —4=0. 


There may seem to be nothing in common between the two problems. However, 
with some experience, you will see that they are similar if instead of multiplying all 
terms together, we multiply the middle two and outer two pairwise to obtain the 
equation (x7 + 5x+4)(x°+5x+6)—4=0. Then, using the substitution 
y =x? + 5x + 4, we rewrite the original equation into a quadratic in a new variable: 
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y(y + 2) = 0. The solutions are the irrational roots, x1,. = =~. 

Further, for any natural n, the expression n(n + 1)(n + 2)(n + 3) + 1 is a perfect 
square since multiplying the two middle terms and two outer terms pairwise we get 
(n? + 3n +2)(n?2+3n) +1, so (n? +3n) +2(n? + 3n) + 12 = (n? +3n+1) 
=m’. 

This book covers very important topics in algebra and analysis with applications. 
For example, knowledge of bounded functions will allow you to solve many 
interesting problems like this: 


1 


Find all real solutions of the equation 2!~!| = 1 +x? + ea 


This book also explains how to use the boundedness of functions to solve 
complex problems concerning maxima and minima without using a derivative. 

The book covers many theoretical aspects, such as the inequalities of Cauchy- 
Bunyakovsky and Bernoulli as well as other parameterized relations. You will be 
able to decide whether 200! or 100° is greater and to analytically solve the 
following problem: 


Find all values of a parameter a, for which the equation a + V 6x — x? — 8 
=3+ V1 +4 2ax — a? — x” has precisely one solution. 
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The techniques used in this book are not new, but they are basic to understanding 
functions. For example, the Babylonians created tables of cubes and squares of the 
natural numbers and even wrote the solution for any cubic equation of the form of 
n> +n? =m on clay tablets. Versions of problems solved by the ancients often 
reappear in modern math contests. Their importance to modern mathematics is 
fundamental and unavoidable. 

This book is not a textbook. Some knowledge of algebra and trigonometry such 
as what is introduced in secondary school is necessary to make full use of the 
material. However, a mastery of these subjects is not a prerequisite. You will 
use your knowledge of secondary school mathematics in order to better delve into 
the analysis of functions and their properties as you develop problem-solving skills 
and your overall mathematical abilities. 

The book is divided into four chapters: Solving Problems using Properties of 
Functions, Polynomials, Problems from Trigonometry, and Unusual and Nonstan- 
dard Problems. Each chapter has its own homework. However, there are overlaps in 
knowledge and concepts between chapters. These overlaps are unavoidable since 
the threads of deduction we follow from the central ideas of the chapters are 
intertwined well within our scope of interest. For example, trigonometric functions 
are the topic of Chapter 3, at which point we also like to discuss the properties 
of some parameterized trigonometric functions. However, a full exposition of 
parameterized functions is not taken up until Chapter 4. For the same reason, we 
will on occasion use the results of a particular lemma or theorem in a solution but 
wait to prove that lemma or theorem until it becomes essential to the thread at hand. 
If you know that property, you can follow along right away and, if not, then you 
may find it in the following sections or in the suggested references. 

Many figures are prepared with MAPLE and Geometer’s Sketchpad. Addition- 
ally, Chapter 4 has a number of screenshots produced by a popular graphing 
calculator by Texas Instruments. These graphs are shown especially for the benefit 
of students accustomed to using calculators in order to introduce them to analytical 
methods. Sometimes by comparing solutions obtained numerically and analyti- 
cally, we can more readily see the advantages of analytical methods while referring 
to the numerically calculated graphs to give us confidence in our results. Following 
the new rules of the US Mathematics Olympiad, I suggest that you prepare all 
sketches by hand and urge you not to rely on a calculator or computer to solve the 
homework problems. 


Do I Need This Book? 


You can decide how necessary this book is for you by taking the following quiz. 
I give problems like these in order to see how deeply students understand functions 
and their properties. Here they are, just three simple problems. 
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Find all real solutions of the following equations and inequality: 


1 
2. sin(3x— 1) =3 
BE eee Ne) 


Did you get the solutions? Are you still working? Is it hard? 


Hint 
Do not try to solve them—think about the properties of functions and use common 
sense. 


Answer 
None of the three problems has a solution. Mathematicians say that their solutions 
are the empty set. 


Solution 

Now, look at each problem again as if you are solving it from the end. Can you 
explain why, for example, the first equation does not have a solution? Because the 
right side of the equation is positive, it can have a solution only if x > 0. Apply to 
the left side of the equation the relationship between the arithmetic and geometric 


means of two positive numbers a and b, a+ b > 2V/ab and observe that equality 


1 / 1 
appears if and only if a = b. So, we see that x + — > 24/x-— = 2. The left side is 
x x 


always greater than or equal to two, but the right side is a constant, /2. Because 


2 > V2, the first equation has no solutions for all positive x. Let us summarize our 
ideas: 


1 
Consider an equation of type, x + —=c. 
x 


1. c>0= x > 0, where the logical symbol “=” means “implies.” 

Because x + z > 2, the equation will have a solution if and only if c € [2, 00). 
2.c<05x<0 

Because x + < —2, the equation will have solution if and only if 


c € (—o0, — 2]. 
3. c = 0, then the equation has no real solutions. 


We can see this analysis illustrated by example. 
Example 1 
1 
x+—-=3, 3>2>0 
x 


x? —3x+1=0 


34/5 
2 


X1,2 = 


so that a real solution exists and both roots are positive. 
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Figure P.1.1 Point on the unit circle 


Example 2 
1 
x+-=-4, 4<-2<0 


?r+4x+1=0 
X12= —2+ V3 


so that a real solution exists and both roots are negative. 


I hope that after solving this problem, the second equation will be easy to 
understand. We want to compare the ranges of the functions on the left and on 
the right. If you have completely forgotten trigonometry, let us recall the definitions 
of sine and cosine. 

Sine is the y-coordinate of a point on the unit circle (of radius 1) and cosine is 
the x-coordinate. Note that any point on the unit circle can have coordinates only 
within the interval [—1, 1]. 

Let us assume that the point (say A in Figure P.1.1) corresponds to the angle ¢, 
ZBOA. Sine and cosine have the same range, [—1, 1], so —1 < sint<1 and 
-—l< cost< 1. 

Now, can you explain why the second problem has no solution for real x? 


sin (3x — 1) =3 


The left side is always less or equal to one, but the right side is three. This equation 
has no solutions. 
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Remark 

Our equation, sint = 3, will have a solution for ¢ over the set of complex numbers. 
What do you think about the third equation? It has no solutions as well. Can 

we prove it? The left side is positive and the right is positive. Recalling properties 

of exponents, we notice that 2* and 2~* are reciprocals of each other. Now we 


can rewrite the left side as 2°+ 5 so that 2° +4 >2,/2*-+=2. Because 


23= 32 = W/5 , the third equation has no solutions. 

Notice that all of these three equations have clear graphical interpretations. 
Functions on the left side of the equation have no points of intersection with 
functions on the right. 

The purpose of this book is to teach you how to apply properties of functions to 
solving some nonstandard problems and problems with parameters. For demonstra- 
tion, I selected only problems that had no solutions. However, many problems have 
solutions and you need to learn how to recognize that fact and solve them. Those of 
you who solved all three problems without my help will find many new ideas and 
approaches you might enjoy. 


How Should This Book Be Used? 


Here are my suggestions about how to use the book. Read the corresponding section 
and try to solve the problem without looking at my solution. If a problem is not 
easy, then sometimes it is important to find an auxiliary condition that is not a part 
of the problem but that will help you to find a solution to the problem in a couple 
steps. In this book, I will show simple and challenging problems and will point out 
ideas we used in the auxiliary constructions so that you can develop your own 
experience and hopefully become an expert soon. If you find any question or section 
too difficult, skip it and go to another one. Later, you may come back and try to 
understand it. Different people respond differently to the same question. Return to 
difficult sections later and then solve all the problems. Read my solution when you 
have found your own solution or when you think you are just absolutely stuck. 
Think about similar problems that you would solve using the same or similar 
approach. Find a similar problem from the homework section. Create your own 
problem and write it down along with your original solution. Now it is your 
powerful method. You will use it when it is needed. 

I promise that this book will make you successful in problem solving. If you do 
not understand how a problem was solved or if you feel that you do not understand 
my approach, please remember that there are always other ways to do the same 
problem. Maybe your method is better than one proposed in this book. If a problem 
requires knowledge of trigonometry or number theory or another field of mathe- 
matics that you have not learned yet, then skip it and do other problems that you are 
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able to understand and solve. This will give you a positive record of success in 
problem solving and will help you to attack the harder problem later. Do not ever 
give up! The great American inventor Thomas Edison once said, “Genius is one 
percent inspiration, ninety-nine percent perspiration.” Accordingly, a “genius” is 
often merely a talented person who has done all of his or her homework. Remember 
that it is never late to become an expert in any field. Archimedes himself became a 
mathematician only at the age of 54. 

I hope that upon finishing this book you will love math and its language as 
I do. Good luck and my best wishes to you! 


Denton, TX, USA Ellina Grigorieva 
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Chapter 1 
Solving Problems Using Properties 
of Functions 


Many students struggle to understand functions and their behavior, especially such 
concepts as the domain and range of a function. We very often start manipulations 
with an equation without thinking first about the properties of the functions. For 
example, the solution to the equation, Jx + </x+ 16 = 8, can be found immedi- 
ately as x = 9 if, instead of the standard squaring of both sides technique, we notice 
that the left side of the equation is the sum of two monotonically increasing 
functions. This means that if a solution exists, it must be unique. We can see that 
x= 9 makes the equation true; therefore, it is the only solution. 

There are many different “tricks” and properties that you will learn in this 
chapter, but the chapter is mainly focused on recognizing boundedness of functions 
and using this property in the solution of equations. Likewise, the solutions of the 
transcendental equation sin?(x) + Vx? + 3x +2 =0 can be found if we notice 
that the left side is the sum of two nonnegative functions while the right side is zero. 
In this chapter you will learn that the solution exists only if each function on the left 
is zero. The purpose of this chapter is to help you understand these topics at the 
introductory level and demonstrate how knowledge of the properties of functions 
allows us to solve nonstandard problems of elementary mathematics. 


1.1 Continuous Functions and Discontinuities 


Let us start from the definition of a function. A function is a correspondence 
between two sets such that each element from the first set, called the domain, 
associates with only one element from the second set, called the range. 

Functions can be given by verbal description, by a table, by ordered pairs, by a 
graph, by formulas, or by several formulas on different intervals for so-called 
piecewise functions. If you remember the definition of a function given above, 
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2 1 Solving Problems Using Properties of Functions 


then you can easily check if dependence between two sets is functional or not, no 
matter how that dependence is given. 

Consider the relations between the sets of Figure 1.1. The first two (Figure |.1a, b) 
are functions. However, the relation of Figure |.1c is not a function because one 
element of the domain, X, corresponds to two elements of the range Y. The relation in 
Figure 1.1b is a function, X— Y (the single arrow “—” means that there is a 


Y 


Figure 1.1 (a) Each passenger takes one seat. (b) Mother and baby take one seat. (c) One 
passenger takes two seats. (d) One-to-one function. (e) Onto 
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functional relation between the sets), because each element of X associates with only 
one element of Y. It is allowed that more than one element of the domain, X, 
corresponds to same element of Y. In order to help you to remember these cases, 
I would like to offer you the following verbal memorable example. 

Assume that you are flying from DFW to Costa Rica by American Airlines 
during the rainy season. What would you expect? Probably some seats will not be 
occupied. Suppose that the set X is the set of all passengers of the plane and set Y is 
the set of all seats. If each passenger takes only one seat then such a relationship is a 
function even though some seats are not occupied. This is the case of Figure |. 1a. 
Next, consider that some passengers have babies and hold their babies on their laps, 
not on a separate seat. Then the relation is still a function because the baby has only 
one seat just as the parent does. This is the case of Figure |.1b. Finally, if there were 
empty seats and some passengers decided to take two or three seats, then such 
relationship is not a function (Figure 1.1c). Moreover, if all seats are taken and each 
passenger occupies only one seat then the relation between the two sets is a one-to- 
one function (Figure 1.1d). In the case when the flight is full and all seats are 
occupied but babies sit on the laps of their parents, then such a relationship is not 
one to one but onto (Figure |.1e). 

If you have this story in mind, you will be able to find out if a given relation 
between two variables is a function or not. For example, assume that three relations 
are given by their graphs in the plane (Figure 1.2). Note that a function may be 
given by the formula, “all seats are always occupied,” so we can talk about relations 
through graphs. To check if a relation is a function, you can use the vertical line 
test. Mentally draw several vertical lines that go through the graph. If a line 
intersects the graph at most at one point, then it is a function. Further if each 
horizontal line crosses each function at most at one point, then such a function is 
one to one. 


h(x) = x2-4 


Case 3 


Figure 1.2. Relation vs. function 
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Case 1 We have a one-to-one function (any linear function is always one to one) 
and the relation is one element of the range for each element of the domain (i.e., 
passenger L takes only one seat F and vice versa). 


Case 2 A parabola is not a one-to-one function. It is like the case when the mother 
keeps her baby on her lap (here “mother” M and “baby” N take the same seat C). 


Case 3 A circle is not a function! One value of X associates with two different 
values of Y (passenger P takes both seats A and B). 


Usually we deal with functions given by formulas in the form of y =f (x). Denote 
the domain of a function by D(f) and the range by R(f). A function f assigns a 
numeric value f (x) to each point X in the domain Dy= D(f) on which fis defined. 
The range of fis the set Ry = R(f) = {f(x)|x € D(f)}. For example, 


y=f(x) =x -3° -7, 

. y= f(x) =3sinx+ 4cosx, 

-y=fx) =Ay+ep or 

. y= f(x) = Vx — 3 are examples of functions. 


WN e 


In order to find the domain, you need to ask a question, “Are there any 
restrictions on the independent variable, x?” That is, “Can I replace x by any 
number?” 

The first function is polynomial and all polynomial functions are defined on the 
entire real number line so that you can replace x by any real number, i.e., D(f) : x € 
(—00,00) where the symbol “€” is set notation for “is an element of.” The second 
function is a combination of sine and cosine functions and so it also is defined on the 
entire number line. The third function consists of two rational functions (fractions) 
and we know that division by zero is not allowed. Therefore, for any function that 


has the form f(x) = wa we would exclude all values of the independent variable 
that make the denominator zero. 

If a function is defined for all real numbers such that the dependent variable of the 
function varies smoothly (if at all) with changes in the independent variable, then we 
say that the function is everywhere continuous. If a function has a restriction on x, 
then it has a discontinuity at those values of x. For example, while the first and the 
second functions are defined and continuous for all real x, the third function has a 
discontinuity at x=2 and at x =—2. The graph of y = f(x) = 45+ <b will have 
interruptions at the discontinuity points. If you want to sketch a graph of a discon- 
tinuous function, you cannot do it without lifting a pencil from the piece of paper on 
which you do your sketch. For the third function, you would need to lift it at both 
discontinuity points. 

The domain is the union of three intervals on which our function is continuous, 
D(f) : x € (—00,—2)U(—2,2)U(2,00). Readers who can find the domain analytically 
would not be surprised by the look of the function produced by many graphing 
calculators. For example, they would know that the vertical lines x = 2 and x = —2 
shown in Figure 1.3 are the vertical asymptotes and not a part of the graph. 
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Figure 1.3. A function with 
two vertical asymptotes 


The last function, y = f(x) = Vx — 3 (Figure 1.4), is a radical of even degree so 
that the domain of the function is restricted to the nonnegative radicand values that 
can be written as the inequality x — 3 >0 or x >3. There will be no graph for any 
value of the independent variable less than three, 1.e., D(f) : x € [3,00). 

Each component of a more complicated function must be examined to determine 
the restrictions on the domain of the composite function. The domain of the 
composite function will be the intersections of the restrictions of the domains of 
the components. Let us do the following problem: 


al me 
Problem 1 Find the domains of f(x) = és Z and g(x) = = z 
x e xX — 


Solution The functions are reciprocals of each other and have some similarities in 
the restrictions but they have absolutely different domains. The first function looks 
like a fraction and so we need to exclude all values of x that make its denominator 
zero, i.e., x 4 4. Furthermore, the numerator is a square root function and so it must 
be defined only for nonnegative radicand values, i.e., x — 1 >0. Solve all restric- 
x-440 
x-1>0 
symbol “<>” means “if and only if’ or “equivalently.” Then x=4 is a vertical 


Vvx—1 


x- 


tions as a system of equations: { = D(f) : x € [1,4) U (4, 00) where the 


asymptote where the function f(x) = has a discontinuity in its graph. 
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-2- 


Figure 1.4 f(x) = Vx-—3 


The second function has restrictions coming from the denominator only: its denom- 
inator cannot be zero and the radicand must be nonnegative. This can be written as 

x-10 
. —1>0 
The two functions are shown together in Figure 1.5. 

Next, we will show how to find the range of a function. Usually, it is not as easy 
as finding the domain, but it is important in certain cases. Right now, I will give you 
some ideas on how to find the range of some functions analytically if a function is 
given as a formula. You will learn much more about the subject in the section 
focusing on bounded and unbounded functions. 

Let us again consider the four functions given at the beginning of this section. 
Polynomial functions of odd degree can take any values for x and hence they can 
take any values for y = f(x) from negative infinity to positive infinity. Therefore, the 
range of f can be written as R(f) : y€(—oo,0o). Polynomial functions of even 
degree are bounded from either above or below and cannot take any possible value. 

Using an auxiliary argument, the second function can be written as y = f(x) = 
3sinx + 4cosx = 5 sin(@ + x) where g = arccos 2. The range of f(x) is y € [—5,5] 
because sine is a bounded function. We can write this as R(f) : y€[—5,5]. For a 
better understanding of this topic and the formula’s derivation, please see Chapter 3. 


< D(g) : x € (1,00). The second function has no vertical asymptote. 
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Figure 1.5 Sketch for 6; 
Problem 1 


that the variable y takes on all possible values from minus infinity to plus 
infinity including zero. So its range is the same as for the first polynomial function, 
R(f) : y € (—co,00). However, this is not typical for a rational function and each 
case must be investigated separately. For example, if we instead take a function 
y= f(x) = cn the numerator is one and never becomes zero, so the function itself 
can never have zero as its value—zero is not in its range. The range is R(f) : ye 
(—00,0)U(0,00). 

The square root function, y = f(x) = Vx — 3, is never negative, so R(f) : y€ 
[0,00) and takes the value y=0 at x=3. 

We say that a function y =f (x) is continuous on [a,b] if it is continuous at every 
point of this interval. If it is continuous, it takes on all values between f(a) and f(b) over 
the segment, [a,b]. This is an important result, which is commonly stated as a theorem: 


If we look at the graph of function y = f(x) = a+ then we can state 


Intermediate Value Theorem (IVT) If f(x) is a continuous function on 
[a,b], then for every d between f(a) and f(b), there exists at least one 
value c in between a and b such that f(c) =d. 


Corollary /f f(x) is a continuous function on [a,b] such that f(a) and f(b) are 
opposite in sign, then there exists at least one zero of the function between 
aand b such that fic) =0. 
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| F(x) =(x-1)(x-2)(x-3) +4. 


Figure 1.6 Sketch for Problem 2 


Let us solve the following problem: 


Problem 2 Give an example of a function that satisfies the IVT and takes a 
value of 4 at x= 1, x=2, and x=3. 


Solution This problem does not have a unique solution. 

For example, a polynomial function f(x) = (x — 1)(« — 2)(« — 3) +4, shown in Fig- 
ure 1.6, is continuous everywhere on the real number line including the segment 
[0,4] where f(0) = —2 and f(4) = 10. By the IVT for each d € [—2,10] there must be 
at least one number c € [0,4], such that f(c) =d. If we choose d= 4, then there are 
exactly three values, c; = 1, cp =2, and c3=3 such that f1) =f(2) =fG) =4. The 
graph of g(x) = 4 intersects f(x) at three points. You can see that for other values of 
d€[-2,10], for example, d€ {2,6}, there exists only one point c. Also notice that 
the lines tangent at local minimum or maximum of the function intersect the graph 
at two points. Finally, the function can be written as f(x) = x* — 6x? + 11x — 2. 


Also, there is the non-polynomial function, A(x) = bo +4. This 
function is defined for all x€ D(h)=(—5,5). Therefore it is defined on [0,4] 
where (0) =2.8 and h(4)=6. Thus d=4 and the graph of g(x) =4 intersects 
h(x) at three requested points. 

Answer f(x) = x3 — 6x? + 11x — 2 or A(x) = YE 5 4, 

Let y=f(x) be a function defined on [a,b] and let x; and x2 be any two points in 

[a,b]. Then we can say the following: 


a. f(x) increases on [a,b] if for any x2 >x,, where x1, x2 € [a,b], then f(x2) > f(x)). 
b. f(x) decreases on [a,b] if for any x2 >x,, where x1, x2 € [a,b], then f(x2) <f(x)). 
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A function is monotonic function if its first derivative is continuous and does not 
change sign. Monotonic function is a function which is either entirely 
nonincreasing or nondecreasing. 

If f(x) is continuous on [a,b] and f(a) is opposite in sign of f(b), then there is at 
least one point c between a and b such that f(c) = 0. It follows that a continuously 
increasing or decreasing function has at most one real zero on [a, b]. We can 
rephrase it as follows: 


Theorem 1 /f the function y=f(x) is continuously increasing or decreasing 
in set I, then the equation f(x) = 0 has at most one solution in I. 


This is a very important statement and it means that if f(x) satisfies Theorem 1 
and f(x) = 0 has a solution, then this is the only solution of the equation. 


Theorem 2 /f the function y =f (x) is increasing (decreasing) over interval I, 
then the function y = —f(x) is decreasing (increasing) on I. 


Theorem 3 The sum of two increasing functions is an increasing function 
and the sum of two decreasing functions is a decreasing function. 


Please prove this statement as homework problem 9 after this chapter. 


Corollary /f one of the two functions f and g is increasing and the other is a 
decreasing function of real variable x, then the equation f(x) = g(x) has at 
most one real zero. 


Proof Rewrite the equation as h(x) = f(x) — g(x) = f(x) + (—g(x)) = 0. 
Without loss of generality, we can assume that f(x) is monotonically increasing 
and g(x) is decreasing. Then the function —g(x) is monotonically increasing. Next, 
the function A(x) is the sum of two monotonically increasing functions and therefore 
can have at most one zero. 
Note that the sum of increasing and decreasing functions is sometimes not even 
monotonic. 


Problem 3 Solve the equation 2x — 3+ V/4x+1=4. 
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Solution By guessing and checking we find that x = 2 is a solution of the equation. 
Let us prove that there are no other solutions. Regarding Theorem 3, the function 


f(x) = V2x —34+ V4x + 1-4 is increasing as it is the sum of two increasing 
functions over the entire domain x > 1.5. If it has a zero at x = 2, then by Theorem 1, 
there are no other roots. 


Answer x=2. 


Note: You can also solve this problem the long way by squaring both sides, 
simplifying, and then selecting roots satisfying the domains of both square root 
functions. 


Theorem 4 The product of increasing (decreasing) positive functions is also 
an increasing (decreasing) function. 


Proof If f(x) > 0, g(x) >0 and both are increasing functions, then Vx. >, 
Flx2)(xa) — Fon)a(ar) = [Fa2) — FO )lg(x2) + [ea) — g(x)] F(a) > 0. 

Because each expression inside brackets is positive, then the inequality will also 
be true if one of the given functions is positive and the other is nonnegative. 


Theorem 5 The composition of two increasing or both decreasing functions 
is an increasing function. 


Proof Assume that h(x) = (fog)(x) = f(g(x)) and let x1, x. € D(h) and x2 > x,. 
There are two possible cases: 


Case 1 If f(x) and g(x) are both increasing functions, then g(x.) > g(x,) and 
i(g@2)) > f(g@)). Hence, the function h(x) is an increasing function. 

Case 2 If f(x) and g(x) are both decreasing functions, then g(x,) > g(x). Because 
J) is a decreasing function and g(x) > g(4), then f(g(x1)) <f(g@2)), and then 
h(xz) > h(x). Therefore h(x) = (fog)(x) is again an increasing function. 


Hence, the function A(x) is an increasing function. 


Example Assume that we want to discuss whether the function 
h(x) = Vx? + 2x — 3 is increasing or decreasing on the domain. We can look at 
this function as the composition of two other functions as h(x) = (fog)(x), where 
f(x) = Vx and g(x) = x° + 2x—3. Because both functions are monotonically 
increasing, their composition, h(x), is also monotonically increasing. 

On the other hand, if f(x) = —2x+ 1 and g@%) = ax? (both decreasing functions), 
both compositions h(x) = (fog)(x) = 2x7 + 1 and w(x) = (gof)(x) = 8x3 — 12x? 
+ 6x — | are increasing functions. 


1.1 Continuous Functions and Discontinuities 11 


Theorem 6 The composition of a decreasing and an increasing function or 
an increasing and a decreasing function is a decreasing function. 


The proof of this statement is given as a Homework problem 14 (after this 
chapter). 


Theorem 7 /f the function f(x) is monotonic on the set, X, and keeps the same 
sign over X, then the function g(x) = FH has opposite monotonic behavior 


on X. 


Proof Let x. > x, where {x,, x.} © X, and consider the difference g(x.) — g(x;) and 
transform it as 


wl 1 
f(x2) f(x) 


1. Because the function f(x) keeps the same sign in X, then the product inside the 
fraction’s denominator is always positive. 

2. The difference in the numerator is either positive if f(x) is monotonically 
decreasing or negative if f(x) is increasing on X. 


Therefore g(x) is decreasing if f(x) is increasing and vice versa. The statement is 
proven. 


Problem 4 Investigate if the function f(x) = 4; + 4 is increasing or 
decreasing and give its intervals of monotonic behavior. 


Solution The function is the sum of two decreasing functions, so it must decrease 
over the entire domain, D(f) : x € (—o0,—2)U(—2,2)U(2, 00). 


Problem 5 Solve the equation ( D) v3) ( 24 v3) =o 


Solution Let us solve this problem by applying properties of monotonically 
decreasing functions. Both sides are positive. Dividing both sides by 2”, we obtain 


12 1 Solving Problems Using Properties of Functions 


( = 4) + ( . 2 4) = 1. It is not hard to see that the left side of the equation 


; : ; j : 2-v3 
is the sum of two decreasing exponential functions because their bases are a 


<1 and ee < ae = 5 = | which is less than one. Then the function on the 
left is decreasing and takes each value once, and the equation has only one solution. 


We can see that x= 2 satisfies the equation because 28 + 2 =1. 


Answer x= 2 and it is unique. 


Problem 6 How many X-intercepts does the function f(x) = 2° +2° + 1 
have? 


Solution We can look at this function as the sum of two monotonically increasing 
functions, x° and x° + 1, so that J(x) can have only one x-intercept that is the real root 
of the equation f(x) =0. Because f(—1)=—1<0, f(0)=1>0 then the root 
belongs to the interval xo € (—1,0). Additionally, if you want to use a derivative, 
then you can find that - (x) = 5x* + 3x? > 0 and this proves that the function is 
monotonically increasing and will take each value only once, including the value 
of zero. 


1.2. Bounded and Unbounded Functions 


A function f(x) is bounded below if for any x € D(f), f(x) > a where a is some real 
number. For example, f(x) = ./x — 2 is bounded below and lies everywhere above 
the line y = —2. The function is monotonically increasing on its domain x € D(f) = 
[0,c0). A function f(x) is bounded above if for any x € D(f), f(x) < b, where b is 
some real number. For example, f(x) =5 —.x? is bounded above, and 5 is its 
maximum value, so for every x, f(x) <5. 

A function f(x) is called a bounded function if there exist two real numbers 
a and b such that if for any x €D(f), a<f(x) <b. For example, the sine and 
cosine functions are bounded since —1 < sin x < 1 and —1 <cos.x < 1. The function 
f(x) = TEETER is also bounded such that 1</f(x)<2.5. Also, the function 
g(x) =2+3sin2x, such that 2< g(x) <5 (both are shown in Figure 1.7). 

The function f(x) = 5 nore is also bounded such that 0 < f(x) < 2.5. Obviously, 
because the numerator is five the function never becomes zero but only approaches 
the x-axis as x goes to plus or minus infinity (Figure 1.8). 

Let us practice solving problems. 
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Figure 1.7 Two bounded functions 


Figure 1.8 f(x) = 752 
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Problem 7 Is the function f(x) = ,/4 — |x| a bounded or unbounded 
function? 


Solution Let b be a possible value of the function f(x). Let us find the solution to 
the equation \/4 — |x| = b where b>0. Squaring both sides, we obtain 4 — |x| 
= bP’ or |x| = 4 — b’. Since |x| > 0, the right side must also be greater than or equal 
to zero, i.e., 4 — b > 0. Solving this, we obtain possible values of b: 


(PIS? eosbs2 


Therefore the function is bounded, 0 < f(x) < 2. 


Answer R(f) : y € [0,2]. 


Problem 8 Is the function f(x) = 3, bounded? 


Solution Let us find the domain of this function first. Because we cannot divide by 
zero, the domain of this function is restricted such that sinx 4 —3, D(f):x# 


(—1)"arcsin(—3) + nz where n = 0, + 1, +2, .... The vertical lines in the graph 
of Figure 1.9 are the vertical asymptotes. In order to answer the question about 
boundedness, we could again consider xem = b, but instead, we will consider 
only the denominator of this fraction: g(x) = 2 + 3 sinx where —1 < sinx < 1, so 
—1 < g(a) <5. 

With f(x) =a we have f(x) <—5 and f(x) > 1, so R(f) = (-—~, —5] 
U[1, co) as shown in Figure 1.9. 


Answer The function is unbounded, but does not take values between —5 and 1. 


Problem 9 Solve the equation x* + x + 10 = 0 over the set of real numbers. 


Solution It is easy to find that x = —2 is the root of the equation. Let us prove that it 
is the only root. Consider two functions: f,(x) =1x° and f,(x) =x+ 10. Both 
functions are strictly increasing on the entire real number line, so f(x) = f,(x) 
+f,(x) is also strictly increasing on R. Therefore, f(x) is one to one. In particular, 
f(x) =0 only at x= —2. 


Answer x= —2. 
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Figure 1.9 Sketch for Problem 8 


1.3 Maximum and Minimum of a Function 


A function has a relative minimum at x = c if the function evaluated at x =c is less 
than at any other point in the neighborhood of x=c. A relative minimum is the 
lowest point in an open interval, but not necessarily over the entire domain. The 
interval of the neighborhood can be infinitesimally small. If there is no lesser valued 
point on the domain of the function, then the relative minimum would also be a 
global minimum, or simply, minimum of the function. 

A function has a relative maximum at x = c if the function evaluated at x= is 
greater than at any other point in the neighborhood of c no matter how small that 
neighborhood may be. A relative maximum is the greatest valued point of a 
function in an open interval, but not necessarily over the entire domain. Likewise, 
if there is no point throughout the entirety of the domain for which the function 
takes a greater value, then that point would be a global maximum, or simply, the 
maximum of the function. 

Usually if a function is differentiable, then its local extrema can be found using 
the first derivative test. For a differentiable function, f(x), its local maximum 
and minimum satisfy the zero of its first derivative. The function is increasing on 
x € (a, b) if its first derivative keeps a positive sign on the entire interval. Likewise, 
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the function f(x) is decreasing onx € (a, b) if its first derivative is negative along the 
entire interval. If a function fis monotonically increasing (decreasing) on (a, b) and 
is defined on [a,b], then f(a) is the global minimum (maximum) and f(b) is the 
global maximum (minimum). 

There are many theorems in a calculus or mathematical analysis course 
that pertain to functions. Two of the most important are Rolle’s Theorem and 
Lagrange’s Mean Value Theorem. 


Theorem 8 (Rolle’s Theorem) Let f be a function that is continuous on [a,b] 
and differentiable on (a,b) and for which f(a) =f(b) = 0. There exists at least 
one point c € (a,b) for which f (c) = 0. 


Theorem 9 (Lagrange’s Mean Value Theorem) Let f be a function that is 
continuous on [a,b] and differentiable on (a,b). There exists at least one point 


c € (a,b) for which f (c) = ies 


Su 


Let us demonstrate the importance of Rolle’s Theorem. If we did not see the 
graph or even the formula of the function f(x), but did know that it is continuous and 
differentiable for all real numbers and that f(—1) = f(1) = f(3) =0, then we 
could state using Rolle’s Theorem that there must be at least one local extremum on 
x € (—1,1) and additionally at least one on x € (1,3). For example, the function 
f(x) = (x-D(e+1)@—-3) =x — 3x? —x+4+3 is defined for all real numbers 
and it is unbounded. However, we can see that it has the two special points: 
A (relative maximum) and B (relative minimum) (Figure 1.10). 

We can find its extrema and intervals of increasing and decreasing by the first 
derivative test and its inflection point using the second derivative: 


f (x) = (x-1)-(x+1)-(x-3) 


Figure 1.10 Illustration of Rolle’s Theorem 
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f (x) = 3x2 —6x-1=0 
3 t2N3 


3 
3-2/3 
x = —— 


f (x) =6x-6=0 


(local min, B) 


(local max, A) 


Even without the formula, we could predict at least two extrema for the functions 
that both fit the condition of the problem. Of course, f(x) = (x — 1)(x + 1)(x — 3) 
is just one of such possible functions. 


Problem 10 Check the validity of Rolle’s Theorem for the function 
f(x) = + 3x? —x- 3. 


Solution Function f(x) is continuous and differentiable for all values of x. More- 
over, f(x) = (x+3)(x+1)(x—- 1). Since f(x) is continuous on [—3,1] and 
f(—3) = f(—1) = 0, then by Rolle’s Theorem,' Jé, € (—3, — 1) st. f (€;) =0. 
Since f(x) is continuous on [—1,1] and f(—1) = f(1) = 0, then 4é, € (—1, 1) st. 
f (€y) = 0. The zeroes of the derivative of f are found 


f (x) =30°+6xe-1=0 


—3 F2V3 
$12 aa oe 


where —3 < &, < —land—-1 <&, <1. 


Problem 11 The function f(x) = 1 — Vx? has zeroes at x=—1 and x=1. 
1 


However, f (x) 4 0 Vx € (—1, 1). Explain what seems to be a contradiction 
with Rolle’s Theorem. 


Solution Given that f(x) =1— Vx, then f(x) = We However, f’(x) is 
undefined on (—1,1), i.e., at x=0. Therefore, there is no contradiction. Rolle’s 
Theorem does not apply because fis not differentiable at zero, so it does not meet 
the condition of being differentiable on the entire open interval (—1,1). 

The importance of Lagrange’s Theorem also cannot be overlooked: this theorem 
is very important in the study of functions’ properties and their graphs. Many of you 
remember from calculus that if on a given closed interval the sign of the first 


‘When written as part of a mathematical predicate, “there exists” is often abbreviated as, J and 
“for all” is written as V. Likewise, we will often abbreviate “such that” as “s.t.”. The purpose of 
these abbreviations is to make the mathematical ideas structurally compact as we extend these 
concepts out to become building blocks for more complicated mental structures. 
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derivative of a function is positive, then the function is increasing on this interval, 
and if the sign of the derivative is negative on some closed interval then the function 
is decreasing on that interval. Obviously the function must be defined on the 
corresponding closed intervals. The proof of this fact can be done with the use of 
Lagrange’s Theorem as follows. Assume that the function f(x) is defined on [a,b] 
and has a positive derivative at each point of this interval, other than possibly at the 
ends of the interval; then the function is increasing on [a,b]. 

More precisely, consider two values of the independent variable, a2 > aj, a, 
a) € [a,b] ; then for an increasing function, the following must be true: 
f(a2) > f(a1). 


Thus, it follows from Lagrange’s Theorem that 


/ 


f(a) — F(a2) = f (€)(a2 — a1) 


where c is an internal point of the interval, c € [a1, a2]; hence c is also an internal 
point of the interval [a,b]. If the derivative is positive, then the right-hand side of the 
equation above is positive and our statement is proven. 

As a real-life application of Lagrange’s Theorem, I can tell you a story about a 
speeding ticket. Suppose that you travel from home to school and usually accelerate 
from time to time because you do not want to be late for class. Unfortunately, you 
get a ticket this time; a policeman stopped you and the ticket states that you were 
going 5 mi over the speed limit. You are not happy because you really slowed down 
when you saw a police car ... to 50 mi/h, within the speed limit of 60 mi/h. 
Lagrange’s Theorem can explain why it is useless to argue with any policeman 
on the subject of speeding. Imagine your travel distance as a function of time, so 
that for any selected time, the instantaneous velocity (speed) is the value of the 
slope of the tangent line at that point. If you do not change your speed, then the 
distance curve is a piece of a straight line and the average speed equals your actual 
speed. If your speed is changing over time, for example, as a curve similar to one 
shown in Figure 1.4, then at each point a velocity is different. If you mentally 


connect the end points (at x = 3 and x = 10) then the slope of the secant line Wig the 
average speed. You can notice that a tangent line near the starting point of the curve 
will have a large value for the slope (your “speed” is higher there than the average), 
and at the points close to the end of the given interval, the slope is smaller than the 
“average” (you started to slow down). You also can see that there is a point on the 
curve at which the slope of the tangent line equals to the slope of the secant line. 
The policeman calculated your average speed between point A and point B of the 
actual road by dividing the total distance between the two points by the total 
traveling time and obtained 65 mi/h, that is, 5 mi more than the speed limit, 60. 
If your average speed on segment AB was 65, then by Lagrange’s Theorem, there 
was at least one moment of time ¢ at which your instantaneous velocity was 65 mi/h, 
and even though at the last moment you slowed down to 50 mi/h, it is fair to give 


you a speeding ticket .... 
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1.4 Even and Odd Functions 


In order to solve nonstandard problems we need to recognize functions with special 
properties. Let us consider the following problem: 


Find all solutions of the equation: x° + 2x+ + 3x* = 6. 


Properties of polynomial functions and different methods of solving them are 
well explained in Chapter 2. However, by guessing and checking we can see that 
x= | is the solution. Because on the left we have only even powers of x then if x =a 
is the solution to this equation then —qa is also a solution. You can check that x = —1 
is also a solution. There are many functions with similar properties such as 
f(x) = x® + 2x4 + 3x7. They are called even functions. The function f(x) is an 
even function if for any x € D(f), f(—x) = f(x). What can we additionally say 
about all even functions? 


1. a € D(f) = —a € D(f) where the symbol “=>” means “implies.” 
2. The graph of an even function is symmetric with respect to the y-axis. 

For example, f(x) = 53,7is an even function, as is f(x) = \/4 — |x|. If you ever 
doubt if a function is even or not, then evaluate f(—x) and compare it with f(x); they 
must be the same. 

The next class of special functions is odd functions. The function f(x) is an odd 
function if for any x € D(f), f(—x) = —f(x). What can we additionally say about all 
odd functions? 


1. ae D(f) > -ae D(f). 

2. The graph of odd function is symmetric with respect to the origin; that is, it has 
central symmetry. 

3. The graph of any odd polynomial function must go through the origin. This is 
because if both a and —a@ must belong to the domain, then so must zero. 


When a function is odd, sometimes it is not that obvious, so make sure that you 
do check that f(—x) =—/(x) holds. Otherwise, the function is not odd. Let us 
consider a function f(x) ==; + <b that was mentioned in the previous section, 


and let us demonstrate that it is odd: 


pj ge FL 
I") Seo =D YD eo 20° gon) 


We can also see that its graph is symmetric to the origin (Figure 1.3). 
Next, here is a problem for you to try. 
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Problem 12 It is known that the function f(x) is an odd function defined on 
the entire real number line and that x=4 is the only positive root of the 
equation f(x) = 0. Find other roots of the equation. 


Solution Ifa function is odd, then f(—x) = —f() and then f(—4) = —f(4). However, 
f(4) =0 = f(—4) =0. Moreover, each odd function defined on the entire real 
number line passes the origin. Therefore there are three real zeroes: —4, 0, and 4. 


Answer —4, 0, and 4. 


Remark Can you give an example of such an odd function? Yes, we can. Assum- 
ing that the function is a polynomial of the minimal degree, then, for example, it can 
be f(x) = a(x — 4)(x+ 4)x = ax? — 16ax. 

In general, a polynomial function that satisfies the problem’s condition can be 
written as 9(x) = a(x — 4)(x+4)x”" where a € R andn=2k—1,k EN, ie., the 
natural numbers. Please check this yourself by evaluating g(—x). 


1.5 Periodic Functions 


Function y = f(x) is called a periodic function if there exists a number T > 0 that is 
called the period of the function, such that for all x € D(f) the following is true: 
x+T €ED(f), x-—T € D(f) and f(x —T) = f(x) = f(x+T). 

Note that a periodic function is necessarily cyclic on its domain, which can be 
either infinite or finite. Thus all trigonometric functions are periodic. For example, 
sin (x + 2n) = sinx, n € Z. Yes, the simple sine function has infinitely many 
periods—all multiples of 2z so that the minimal period of the sine function is 27. 
This can be proven by contradiction. 

Assume that there exists a positive number 1< 2a, such that 
sin(x+/) = sinx, Vx € R. Then at x=0, sin(x+/)=0 so sin(/) =0. The 
number / must be a zero of the function sinx. There is only one zero of the sine 
function on the interval (0, 27), i.e., . However, sin (x +) # sinx, e.g., ifx = 5s 
then sin () = 1, but sin (3 + m) = —1, which contradicts the presumption, so z is 
not a period of the sine function. 

You can read more about trigonometric functions in Chapter 3 of the book. 
Many functions are not periodic, such as polynomial functions or exponential 
functions. However, there exist functions that are not trigonometric but also 
periodic. For example, consider the floor function |x| which is defined as the 
greatest integer not exceeding x. For example, |—3.4] = —4, |—4.1] =—S, 
|—4| = —4, and |3.4| = 3. Consider a function y = f(x) = {x}. By this notation, 
we will represent a fractional part of number x that is the difference between the 
number x and its floor |x|. Thus, {x} = x — |x|. 
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x— floor(x) — Sawtooth _ Periodic 
2 


Figure 1.11 Sawtooth function 


Next, we can look at some values of this function, {3} = 3 — |3| =0; 
{3.1} =3.1— [3.1] =0.1; {-3.4} = -3.4- |-3.4] = -3.44+4=0.6. It fol- 
lows from the definition of y = f(x) = {x} that its domain is all real numbers 
and that its range is y € [0,1). This function is greater than or equal to zero and 
also defined by Graham et al. in his book “Concrete Mathematics: A Foundation 
for Computer Science.” 

The period of this function is any natural number T = n, n € N. 


Proof {x+n}=(x+n) — |x+n] =x+n- |x| —n=x—- |x| = {x}. The 
minimal period for this function is T= 1. This function y= f(x) = {x} is 
frequently known as the sawtooth function because of its look (see Figure 1.11). 

In general we can create a sawtooth function with period T = a, where b is a 
parameter and y(x) = b(z _ |4 + x|), Both functions are shown below (the latter 
function is shown in Figure 1.12 by the dashed line for b = 1, a = 3). 

Another periodic function with period one y = g(x) = x — round(x) is sketched 
in Figure 1.13. 

Let us list the basic properties of periodic functions. 


Property 1 If the function f(x) is periodic with period T, then function f(kx) 
is also periodic with period T,; = fr 
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Figure 1.12 Sawtooth functions with periods T = 1 and T = 3 


f(x) = x-round(x) 
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Figure 1.13 Periodic function 


Example Function cosx has period, T = 2a. Similarly, the function cos 3x has 
period T; = 2E 


Property 2 If a function is the sum or the product of two periodic functions 
of the same period 7, then this function is also periodic with period T. 
However this number 7 may not be its minimal period. 
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Example Both functions cosx and sinx are periodic functions with periods 
T = 2a. Their product, the function f(x) = cosxsinx, is also periodic but its 
minimal period is T = z. 


Property 3 If a function is the sum of periodic functions with different 
periods, then the function is not necessarily a periodic function. 


Problem 13 Find the minimal period of f(x) = cosx + cos 3x. 


Solution Because 2z is the period for both functions of the sum then 27 is the 
period of the function. Let us show that 2z is also the minimal period. In order to 
prove this it is enough to prove that 27 is the distance between two neighboring 
maximums of the functions. If both cosine terms equal one, the function will obtain 
a maximum at that x value. To determine if this occurs, we attempt to solve the 
system: 


Boge a7 X= 2anneEZ 
S&S 2nm =>x=2an,ne€ Z. 
cos 3x = 1 meer ee Z 


So the distance between two neighboring maxima is 27. 


Answer The minimal period is 2z. 


Problem 14 Let f(x) be a periodic function with period T = i. Evaluate f(1) if 
f?(2) — Sf(0) + 34 = 0 and 4f?(—1) — 4f (2) = 35. 


Solution This is an unusual problem and in order to solve it we need to apply 
the properties of periodic functions. Since f(x) is periodic, f(x) = f(x + nT), where 
n€NandT = i. Replacing n by 1, +1, —1, +2, —2, +3, —3, +4, —4, etc. we obtain 


rvas(ve8)=1(e-9) A(t) 10 21609) 18) 
3 
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From which we can see that f(1) = f(2) = f(0) = f(-1) = f(¥). Next, our 
equations can be written as a system for unknown f(1): 


PUL) ~ 5f(1) +7 =0 ee 
4f?(1) —4f(1) = 35 4f?(1) —4f(1) = 35 


16f(1) = 56 F(1) =4 


We can check that this value also satisfies the second equation of the system. 
Answer f(1) = 4. 


Remark To solve this problem we did not need to know the function itself but we 
were able to find its value at x = 1. 


Problem 15 The function f(x) is defined for all real numbers. It is an odd 
periodic function with period, T = 4, and it is defined by the formula f(x) 
= 1-|x-1| onx € [0,2]. Solve 2f(x) - f(x — 8) + 5f(x+ 12) +2 =0. 


Solution Because the function has period of four, it is suitable to consider 
this function on any segment of length four, e.g., [—2, 2]. Because our function is 
odd and we already know its behavior on [0,2], we can extend it onto [—2,0) by 
f(—x) = —f(x) equivalently, so f(x) = —f(—x) =—-(1 -|-x- 1|) =-14+|x+1, 
x € [—2,0] where there is equality at x = 0 for the system of equations: 


oe [—2, 0] 


TE 4g png celin 


Together with the periodic condition, f(x) = f(x + 4n) where n € Z it immediately 
follows that f(x) = f(x+ 12) = f(x — 8). Then the equation that we need to solve 
will be written as 2f(x)’ + 5f(x) +2 =0. 

This quadratic equation has the solutions: 


is ata 
IWas 
Casel x € [—2,0] 
1 
—14+|x+1)/=-2 Ix+1,=-1 x= 5 
1s 11> 
-14+|x+1)=-= Ix + 1J == ae 
2 2 aman 
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Case2 x € (0,2) 


1—|x-1|=-2 |x —1| =3 x € {—2,4} 
le 3>]. 15 
Le Rad) a5 k-t=5 XE =3} 


We can see that only Case 1 gives us solutions satisfying the restricted segment. We 
rewrite them in terms of the periodicity of the function 
x=—}+4n,x= —3+4m where n,m € Z. 


Answer x = —5+ 4n, x = —3+ 4m where n,m € Z. 


Problem 16 The function f(x) = {x} =x — |x| is defined for all real 
numbers. Solve the equation {(x + 1)°} = 


Solution It follows from the definition of the fractional function that 


0<xr<1530K<x<1. 
Expanding the left side of the equation, we can rewrite it as 
{x3 + 3x? + 3x+1} =23 oras {2+ T} = {z},z=%°. 
Because 0 < z=.x° <1 then the given equation will be true if and only if 
p(x) = 3x? + 3x =n,n € Z* (n = 0,1,2,3,...). 


Note that p(x) is increasing since x is increasing on [0, 1). Thus p(0) = 0 and 
p(1) = 6. 
Then 7 can take any values between 0 and 6, excluding 6: 
3x? + 3x-n=0 
_ —3+V9+4+ 12n 


x= —__, — .,n=0,1,2,3,4,5. 
x 6 n 
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It is useful to remember the following: 


P ty 4 1 
ia a+->2 if a>0 
a 


1 
a+-<-2 if a<0 
a 


Let us prove Property 4 for a > 0. Using the inequality between the arithmetic 


and geometric means, i.e., anh > Vab, we have a ++ >2,/a- i = 2. 
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Now we will prove the second part of this statement. If a < 0, then we can 
rewrite the left side as a + 4 =- (—a + +) and apply the now familiar formula to 
the expression within parentheses. For all x < 0, —x — 1 > 2 so that x +4 < -2. 


Problem 17 Solve 2'""! = 1 +2? +45. 


Solution You can notice that the left side of the equation is always positive and 
decreasing for any x. It is less than or equal to two for any real x. The expression on 
the right-hand side is positive as well and its lower bound can be estimated as 


1 a 
142 


1 
ifs tae (1 +x?) 


where we used the inequality between the geometric and arithmetic means. The 
solution exists only when the left-hand side equals two. Thus x = 0. 


Answer x = 0. 
Property 5 |sinx| < 1 and |cosx| < 1,xE R. 


Let us apply this property for the following problem. 


Problem 18 Solve cos7/>x + sin°/3x = V2. 


Solution Since the right side of the given equation is positive, we should consider 
only such situations when both cosx > 0 and sinx > 0. Then cos7/>x < cos.x and 
sin>/3x < sinx. Adding the left and the right sides of two inequalities, we obtain 
that cos7/5x+ sin5/3x < cosx+ sinx = V2sin (x+2)< /2. The left side is 
always less than the right side, so the equation has no solutions. 


Answer No solutions. 


Remark In the problem above we used the Method of the Auxiliary Argument 
that allows the user to rewrite cosx + sinx as /2 sin (x + *). You can read more 
about how to employ this method in Chapter 3. 


Property 6 A quadratic function with a 0, f(x) = ax? + bx +c has a 
lower bound at f(-#) if a > 0 and an upper bound at f(-Z)if a<0. 
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Let us illustrate this statement with an example. After completing the square, the 
function f(x) = x2 — 4x +9 can be rewritten as f(x) = (x — 2)° +5. We can see 
that f(2) = 5 is minimum of f(x). For any other value of x, f(x) > 5. 

From the properties of quadratic functions we know that the value x = 2 is the 
x coordinate of the vertex of a parabola. If the leading coefficient is positive, a > 0, 
the parabola opens upward, and the quadratic function has a minimum at its vertex, 
and it will be the lower bound. On the other hand, if a < 0, then the parabola opens 
downward, the quadratic function has a maximum at its vertex, and it will be the 
upper bound. 


Property 7 If f(x) >0 and g(x) >0, then 
f(x) + g(x) =0 © (if and only if) ve =e 


The problem below shows how this property can be applied. 


Problem 19 Solve the equation: sin?(a x) + Vx? + 3x+2=0. 


Solution Notice that the left side of the equation is the sum of two nonnegative 
functions, but the right side equals 0. This can happen if and only if sin?(z x) = 0 
and Vx? + 3x+2 = 0 simultaneously. The first equation yields 


mx = an 
x=n, n=0,+1, +2, +3... 


The second gives us two roots, x = —1 and x = —2. 
By finding the intersection of the first and the second solutions, we obtain the 
answer x= —1 and x= —2. 


Answer x=-—1 and x=-2. 


Property 8 If f(x) >a, but g(x) <a, then 
f(x) =a 


f(x) = sl) & tee ae 


The following problem will help you to understand this rule. 


Problem 20 Solve the equation 1 + x7 = cos 3x. 
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Solution By Property 6 above, the left side of the equation is greater than or equal 
to 1, while the right side (cos3x) by Property 5 is less than or equal to 1. This fits 
property 8, and therefore yields the system: 


14+2=1 x=0 ear 
= = 2n @=x=0 


cos 3x = 1 3x = 2nn x=—-n, n=0,+1,+2,... 


Answer x = 0. 


Property 9 |f(x)| >a, but |g(x)| >b for a> 0, b > 0 and f(x) and g(x) 


have the same sign, then f(x) - g(x) =ab © 


Let us show how Property 9 can be used. 


Problem 21 Does the equation lo =o) 4] - [x +4] = 8 have any real 


solutions? 


Solution Instead of trying to simplify the equation, we will look closely at the 
functions within the brackets. Notice that [(« = 2) + 4] > 4, and [x + 1) > 2.On 


the other hand, 8 = 4- 2. 
By Property 9 the given equation can have solutions if and only if 


2 

can +4=4 = ped 

x+-=2 c= 1 
x 


This system has no solutions! Our two functions cannot approach their lower 
bounds 4 and 2, respectively, at the same value of x. 


Answer There are no solutions. 


Remark Of course, any equation of the form [(« = 4. 4] - [x ++] =a, where 


a<8 will have no solutions. 
Let us change the previous problem just a little bit and look what will happen if 
a> 8&8. 


Problem 22 Find all real solutions of the equation 
[(e-2)° +4] - fe +4] = 10. 


1.6 Summary of Useful Properties and Their Applications 29 


Solution Though the left side stays the same, the right side, 10, is greater than the 
product of lower bounds of two functions (8), so Property 9 cannot be applied. 
However, the given equation can be written as 

(x? — 4x+8)(x7 +1) = 10x, x40 

xt — 493 + 9x? — 14x +8 =0 


This polynomial equation has two real solutions x= 1 and x= 2. 


Answer x= 1 and x=2. 


Note: Read more about polynomial equations in Chapter 2 of the book. 


Problem 23 Can you change the previous equation so that it will fit 
Property 9? Solve that equation. 


Solution Yes, we can. For example, the equation lo a1) +4] -[x++] =8 


perfectly fits Property 9 because the functions approach their lower bounds at the 
same x= 1: 
(x-1)7 +4=4 iea 
1 
x+-=2 { x=1 
x 


Answer x= 1. 


Property 10 If |f(x)| > a, and |g(x)| < 6, a> 0, b > 0 and f(x) and g(x) 
f@) _ a esis 


have the same sign, then Wo) be |g(x)| = b° 


Problem 24 Solve the equation ey a 
sin oy 


Solution Let us complete the square in the numerator of the fraction and obtain 


2 
CS rg 
sin () 
Now by Property 10 we have 
(x-1)7 +4>4 (x1)? +4=4 x=1 
: = & <mX 7 ce 1 
jsin (S)] <1 sin (S) =1 a yt 2an x 
2 2 


Answer x= 1. 
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Next, in the problems below, you have to try to recognize a pattern and apply an 
appropriate rule. 


Problem 25 Solve the equation 2(1 + sin2(x — 1)) = 2-* 


Solution This is an example of a transcendental equation. Using the boundedness 
of the functions we can solve it in two steps. 


Step 1: Consider the given equation as g(x) = f(x). We are looking for common 
points of the left and right sides. 
Next, g(x) = 2(1 + sin?(x — 1)) is continuous for all real x and has the lower 
bound g(x) = 2 and the upper bound g(x) = 4 because 0 < sin?(x— 1) < 1, so 
2 < g(x) <4. 
On the other hand, f(x) = 2?" is bounded above (has the upper bound) 


because 2x—x2 =—(x—1)?+1 has its maximum at x= 1, and then 
0 < f(x) <2. 

Step 2: Putting the equation and the two inequalities together, we can solve the 
following system: 


2< g(x) <4 
OST R)S2 


Therefore the system has a solution if and only if g(x) = f(x) = 2. This occurs at 
x=1, 


Answer x = 1. 


I hope you developed a “taste” for such problems and can recognize them now. 
So I offer you the following problem. 


Problem 26 Solve the equation log, ;(tan ax + cot x) = 8(2x? + 3x +1). 


Solution A transcendental equation again? Well, it can be written as 


The argument of the logarithmic function is the bounded function can be analyzed 
using the inequality between the geometric and arithmetic means: 
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tanax + cotax > 2 tanax- cotax = 2 


Because logg.5u is decreasing over the entire domain for all u > 0, it will decrease 
for u = tanax+ cotax and g(x) = logy s(tanax+ cotax) < logy;2 = —1. We 
obtained that g(x) < —1. On the other hand, by completing the square on the right- 
hand side of the given equation, we have 


3 9 1 
2 e = rs gael c= 2) cae 
8(2x +341) =8[2(. +2 +7) 4 
f(x) = 16(x+3)°-1 
We can see that f(x) has the minimum value —1 or the lower bound at x = —3/4 


(Property 6). Thus f(x) > —1. 
These can also be combined into the system: 


g(x) <-1 
f@) 2-1 
a(x) = f(x) 


This system has a solution iff (if and only if) g(x) = f(x)=-—1 = and 
x = —3/4 = -0.75. 


Answer x = —0.75. 


Problem 27 Does the equation 2°" ** + 2°°* = 1.5(tan.x + cotx) have any 
solutions? 


Solution Let us rewrite the equation in the form f(x) = g(x). Applying 
the formula a + b > 2\V/ab to the left and right sides of the equation and replacing 
cos?x = 1 — sin? 
the equation 


x in the exponent, we obtain the lower bounds for both sides of 


; ‘ 2, ay 2 
f(x) _ gsin*x +9608 x — sm x + = 2/2 


2 sin2x — 


g(x) = 1.5(tanx+ cotx) >3 


On the other hand, f(x) has an upper bound as well. Since 0 < sin?x < 1, then 
f(x) < 3. We can unite these into the system: 


2V2 < f(x) <3 
g(x) 23 S es) = fa) =2 
f(x) = g(x) 
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Are we getting closer? Can g(x) and f(x) approach the value of 3 simultaneously? 
We should mention that f(x) approaches its upper bound, 3, when sin*x = 1 or 
sin2x = 0. The latter conditions take place if x= ah mn orx = ak, n,k € Z, 
respectively. 
However, our function g(x) is undefined for all these values of x. 


Answer This equation has no solutions. 


Problem 28 Solve the equation 
V3x7 + 6x +74 /5(? + 2x + 1) 4+9=4- 2x2. 


Solution Noticing a trinomial square within the second radicand, let us complete 
the squares under the first root and on the right-hand side. This yields 


Shy 4 + 4 5G 1) 9 sey 
+2 ab >3 = <5 


Because (x + 1)” > Othen y/3(x+ 1)? +4 > V4 =2,)/5(x+ 1)° +9 > V9 =3, 


and 5 — (x + Wa < 5. Thus, the left side is greater than or equal to 5 but the right 
side is less than or equal to 5. Now, using property 5 we conclude that such an 
equation has a solution only when both sides equal 5. This happens when x + 1 = 0 
orx=-—l. 


Answer x = —1. 


In order to solve the following and many other problems we need to recall 
properties of exponential functions. 


Property 11 Property of exponential functions: 
Consider an exponential function f(x) = a‘. Depending on the values of the 
base and the power, the following is true: 


a’>1 if a>landb>0 
0<a’<1 if a>landb<0 


Problem 29 Solve the inequality (x? + 2x +2)" > 1. 
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Solution Completing the square on the left-hand side, we obtain 
2 - 
(+1? +1) 21 


a. If x= —1, then 1~' > 1 is true. 
b. If x # —1, then (x+1)?+1> 1 foranyx>0. 


The function on the left can be written as a‘, where a = (x+1)?+1>1. 
Therefore, a* is increasing over the entire domain. Moreover, a‘ > 1 if x > 0. 
Combining both cases we get the answer below. 


Answer x = —l orx>0. 


Problem 30 For what real values of p does the equation 4* + 2**? + 7 = 
p—4%* —2-2!'~* have a solution? 


Solution Let us rewrite the equation in a different form by moving all terms except 
p to the left-hand side and using the properties of exponents: 


4°+4%*44.2*4+4-27%47=p 
And then combining the first two and the next two terms 
(4.+47*)4+4.(2°4+2*)4+7= p. 


Because a” > 0 and applying Property 4 to the expressions within parentheses, we 
notice that the left side of this equation is greater than or equal to 
2+4-2+7=17. 

Now we can conclude that because f(x) = 4° +4*+4-2°+4-27%+4+72>17 
then the equation f(x) = p has solutions only if p > 17. 


Answer The equation will have solutions for any values of p > 17 or p € [17, 00). 


Remark In Problem 30 we did not find the solution of the equation but just 
described the values of the parameter p for which such a solution exists. Please 
look in Section 2.4 for the complete solution to this problem (Problem 75). 


Problem 31 Solve the inequality (2° + 3 -27*)712*-Ph&C49) x 1, 


Solution At first glance, this problem seems very difficult. 
Applying the inequality between arithmetic and geometric mean (see Prop- 
erty 1), for the base of the exponent on the left side of the inequality we obtain 


that 2*+3-2* > 2, ie = 2/3 > 1. On the right-hand side, we have 1. 
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Because the base of the exponential function on the left (2° + 3-2“) is greater 
than 1, it is enough to require that the power (2log,x — log,(x + 6)) be greater than 
0, and the given inequality will be always true. Because logarithmic functions have 
a restricted domains (x > 0 and x + 6 > 0), we will also add a second inequality to 
our system: 


2 2 
2log,x — log,(x + 6) > 0 1 SS >0 a 
> So ( ) a 0g) (- = :) = >1 


ani sid x+6 
omain: x > oh Pe, 


We can solve the first inequality by moving | to the left side and then putting two 
fractions over the common denominator: 


oe. A _— 
eee Dealer, (c+2)(% 3) £4 x>3 

x+6 S (x + 6) So Sx>3 
x>0 x>0 oe 


Remark In order to solve the first inequality, we put zeros of the numerator and 
the denominator on the number line in increasing order, and then find the signs of 
the function f(x) = a on each interval, x<—6, -6 <x< -2, 
—2 < x<3,andx>3. 

We chose those intervals where f(x) is positive (—6 < x < —2 and x > 3). This 
method is often called the Interval Method: The intersection of these intervals and 
x>Oisx > 3. 


Answer x > 3. 
Problem 32 Solve the equation sin®x + cos7°x = 1 + cos*x. 


Solution Because a function a’ is decreasing over all real t if 0<a<1, then sin® 


< sin?x and cos?°x < cos2x. Next, sin®x + cos”°x < sin2x + cos*x = 1. We have 
determined that the left side of the equation is less than or equal to 1. On the other 
hand, the right side of the equation is greater than or equal to 1: 1 + cos?x > 1. 
Next, by Property 8, in order to have solutions, both sides of the equation must be 
equal to 1. The right-hand side equals 1 when cosx = 0,x = 4+ an,n € Z. The 
same values of x make the left side equal to |. Here set Z is the set of all integers, 
ie. Z=0, £1,422, 23,.... 


Answer x =5+an,n€Z, 
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Problem 33 Solve the equation log,(3 — sinx) = sinx. 


Solution Because |sinx| <1 for any real x, then 3— sinx >2 Vx ER, and 
log,(3 — sinx) > log,2 = 1. 

From this we can see that the left side is always greater or equal to 1. Simulta- 
neously, the right side of the given equation is less than or equal to one. ( sinx < 1) 
The equation will have solutions if and only if both sides are equal to 1. This yields 
X= 5+2an, neZ, 


Answer x=5+ 2an, ne€Z. 


Problem 34 Solve the equation | sin 3x|°"7* = 1 


Solution To solve this equation we need to consider two cases: 


a. If sin3x 4 0, then cot 2x = 0 


2x = +an,andx=F+3-n, n=0,4£1, +2,.... 


3 
b. If sin3x = +1, then 


+ ak, and x = 


Ta . 
6 3 > 


Remark See more about solving trigonometric equations in Chapter 3 of the book. 


Problem 35 f(x) satisfies the equation (x — 1)f #44) — f(x) =x, Wx 1. 
Find all such functions. 


Solution If the given equation works for Vx 4 1, then it will work for x > at, We 
have the following: 


x+1 1 qj?! x+1 _x+1 
x-1 f x+1 f x-1 x1 
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Simplifying expressions inside the parentheses we obtain that 


x+til—-x+1 (=) (4) axel 


x-1 xtl—-x+1 —-1) x-1 
2 {x+1 x+1 
Pea h, (4) = 


Solving this equation together with the original equation, we can find the function 
from the system: 


F(x) (=) + aaeest 


x-1) x-1 


1 2 1 
From the first equation, we obtain that f aa = A) Ae : 
x-—1 x-1l x-1 


Substituting this value into the second equation, we have 


(« yf xt] 


x-1l x-1 
Answer f(x) = 1+ 2x. 


| f(x) = x, from which we finally have f(x) = 1 + 2x. 


1.7 Homework on Chapter 1 


1. Prove that the function f(x) =./%x is increasing over its entire domain, 
D(f) = [0, + 00). 
Proof: Let x2 > x,, and (x;,x2 € D(f)), and consider the difference f (x2) — f(x1) 
and transform it by multiplying the numerator and denominator by the positive 


factor (\/x2 + Ji): 


(Vai + vii) (VR vi) 
(V+ Vii) 
f (x2) > £1) 


f2) — fla) = Va — Vr = 
X2—X, 


= >0 
Vn tA 


The proof is completed. 
2. Is the function f(x) = Vx + 1— Vx — 1 increasing or decreasing? 
Answer: The function is decreasing on its domain: x > 1 because it can be 
. a 2 . . 
written as f(x) = Fa that is always less than another monotonically 


decreasing function g(x): 
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2 2 1 
FQ) ae tale 1 Ta x+1 


f(x) < s(x) 


3. Prove for all nonnegative values a and b that the following inequality is true: 
(a+ 1)(b+ 1)(ab + 1) > 8ab. 
Proof: Using the inequality between arithmetic and geometric means we have 
the following correct inequalities: 


(a+ 1) >2Va 


(b+1) > 2vb 
(ab + 1) > 2Vab 


Multiplying positive left and right sides, we get the required inequality: 
(a+1)-(b+1)-(ab+1) > 2Va-2Vb- 2Vab = 8ab. 


4. How many times does the line y = 12 intersect the graph of function f(x) 
=Vx+34+Vx+104+ Vx+19? Find coordinates for all the points of 
intersection. 

Solution: Function f(x) is the sum of three monotonically increasing functions, 
so it takes each y value only one time. Therefore, it can have only one 
intersection with the line y = 12 (see Figure 1.14). We can find that x = 6 is 
the solution of /x+34+ /x+104+ Vx+19=12, so x=6 is the only 
solution to this equation. 

Answer: (6, 12). 

5. It is known that the function f(x) is an odd function defined on the entire real 
number line. It is also known that 0 € D(f) and x = 5,x = —2 are zeros of the 
function. Find other possible zeros of the function. 

Hint: See Problem 12. 
Answer: x € {—5, — 2,0,2,5}. 


6. If f(x) =x + px* + 1 and f(2) = 305, find f(—2) and the value of p. 
Solution: The function is even, so f(—2) = f(2) = 305. Next, with a=2 
we get 


fF) =28 + pxt +1 
_f(a)-1-a@ 305-1-256 | 


7 at 16 3 


Answer: p = 3, f(—2) = 305. 
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15-5 


Figure 1.14 HW Problem 4 (Chapter 1) 


7. Solve the equation W/x + 14+.Wx — 1= W2 


Solution: Because the function on the left is monotonically increasing, this 
equation can have only one solution. 
Answer: x = 1. 


. Solve the equation V1 +x +22 + V1 +22 —x =2. 


Solution: Completing the square inside each root we obtain 


Vea) ef (ea) ot 


Answer: x = 0. 


. Prove that the sum of two increasing functions is increasing and the sum of two 


decreasing functions is a decreasing function. 

Proof: Let g(x) = f(x) + g(x) where D(y) = D(f) 7 D(g) and let both x; and 

X2 belong to the domain of the function g(x) and also satisfy x2 > x). 
Consider the difference 


(x2) — ea) = Fa2) + g(x2) — Fa) + g(r) 
= (f(%2) — F)) + (842) — 8) 
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Figure 1.15 Sketch for HW Problem 10 (Chapter 1) 


g(x 


If both f(x) and g(x) are increasing functions, then f(x) > f(x) and 
2) > g(x). Hence f(x2) — f(x1) > 0 and g(x2) — g(x) > 0. Therefore (x2) 


—(x) > 0 and g(x) is an increasing function. 


10. 


11. 


If both f(x) and g(x) are decreasing functions, then f(x.) < f(x,) and 
g(x2) < g(x1). Hence f(x.) — f(x1) <0 and g(x2) — g(x) < 0. Therefore 
(x2) — (x1) < 0 and g(x) is a decreasing function. 

The proof is completed. 


Give an example of a function that is continuous on [—5, 5] and takes the value 
of 5 exactly 5 times (see Figure 1.15). 
(x+2)(t))x(x—1)(x—2) | 5 

36-22 i 


Answer: f(x) = 


Solve the equation /x + x7 —2=0. 
Solution: Consider the function of the left-hand side f(x) = /x +27 — 2. It is 


defined for all positive values of x. Also it consists of three monotonically 


increasing functions, \/x, x*, and — 2. (The last one is increasing because it is 


x 
a reciprocal of the monotonically decreasing function y = —3.) Because any 
monotonically increasing function has at most one zero and x = | satisfies the 
equation, then it is the only solution to the equation. 


Answer: x = 1. 
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12. 


13. 


14. 


15. 


16. 
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Prove that these functions are decreasing functions and find their domains: 


a. Because the first function is the composition of an increasing, g(x) = \/x, 
and decreasing function, y(x) = 4 — x, then by Theorem 6 it is a decreasing 
function. 

b. By Theorem 7, the given function is a decreasing function as a reciprocal of 


an increasing function, g = /4+4+ x. 
Prove that the functions are increasing functions: 
a. f(x) = V8E- Fe 
b. o(x = aes xe (3, 00) 
Hint: 


a. Apply Theorems 2, 7, and 3. The first function is an increasing function as 
the sum of two increasing functions. 

b. Apply Theorem 4: g(x) = (5x +3) sh is an increasing function on the 
interval x > 3 as a product of two positive increasing functions. 

Prove Theorem 6 that if f(x) is a decreasing function and g(x) is an increasing 

function, then their composition function h(x) = (fog)(x) is a decreasing 

function. 

Hint: The proof is similar to that of Theorem 5. 

Proof: If g(x) is increasing, then Vx2 > x), and g(x2) > g(x,). Next, because 

f®) is decreasing, then f(g(x1)) > f(g(x2)). Hence (x1) > h(x2). Therefore 


h(x) = (fog)(x) = f(g(x)) is a decreasing function. 


Solve the equation x? + |x| + /x+2x = 111. 

Solution: First, because of the square root, the solution must belong to x > 0 
and the function f(x) = x? + |x| + /x + 2x — 111 is monotonically increasing. 
Hence, the given equation will have only one solution. We can see that x = 9 
satisfies the equation. 

Answer: x = 9. 


Find the type of monotonic behavior of the functions. 


Hint: Apply Theorem 3 and then Theorem 7. 
Answer: Both functions are decreasing functions. 
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17. 


18. 


19. 


20. 


21. 


Solve the system of equations: we V <% ae a eS y" a 
y+ 


Hint: Use properties of monotonic functions. 

Solution: On the one hand, the quantity under the square root must be nonneg- 
ative, so that x — y > 0 => x > y. On the other hand, the function on the left- 
hand side of the first equation of the system is increasing, so that x — y = | is 
the only solution to the first equation. Substituting x = y+ 1 into the second 
equation of the system and after simplification we obtain a quadratic equation 
in y: y* — 4y + 2 = 0. Selecting the only root that is less than 1, we obtain our 
answer. 


Answer: (x, y) = (3 — V2;2 — v2). 


Solve the equation x? + 2x + /x+1 -#= 
Solution: We can rewrite this equation as 


= 14. 


5 12 
x +2x+1+/7x+ 1—-——=14+1 
X+ 


f(x) = (41)? + oa 15 
f(x) = 15 


Because the function f(x) is increasing, then it takes each value only once. We 
notice that f(3) = 15, then x = 3 is the only solution to this equation. 
Answer: x = 3. 


Prove that if w(x) with the domain symmetric with respect to zero, then 


a. f(x) = wh} tw(—a) is an even function. 


y 
b. f(x) = Y=» is an odd function. 


Using properties of monotonic functions solve sepsae l= =7. 


Solution: Because x = 0 is not in the domain of the function on - left, then we 
will divide the are by x obtaining = =x+5—2—7 which is 
equivalent to x° — 2B = 2. The function on the ‘left is the sum af two increasing 
functions, so it will be monotonically increasing on the domain and it will take 
each value once. Therefore x = 2 is the only solution to this equation. 


Answer: x = 2. 


Solve the equation /x7 + 14+ V1 —» =3. 


Solution: Let us find the interval for all possible values of x as restricted by the 
domains of the square root functions. We obtain |x| < 1. Then the following is true: 


0< Vx +1< V2 
0<V1-x< V2 
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22. 


23. 


24. 


25. 


1 Solving Problems Using Properties of Functions 


and the left side of the equation is bounded, f(x) = Vx’/+1+vV1—x 


< 2/2= V/8. Because 8 < /9 = 3 (the right side of the equation), then 
there are no solutions. 


Answer: No solutions. 


Solve the equation //4 — x + Vx —2 =x? —6x 411. 


Solution: After completing the square on the right-hand side we obtain 


(x — 3) +2 > 2, so the function on the right has the lower boundary of 2. 
Let us show that the function on the left is less than or equal to 2: 


V4—x+Vx—-2= f(x) >0 

4—x+x 24+2./(4—x)@- 2) =f?) 
2+ 2y/(4— x) —2) = fP(2) 

fP() =24+2/-A-37 +1<4> fF) <2 
f(3) =2 


Answer: x = 3. 


Find the maximum and minimum of the function y = aa 7 


2 


Hint: Divide the numerator and denominator by x*: y = Zyl: Because 
ee 


YP4+5>2>y<1. 


Answer: max(25;) = =, min(25;) = = 0. 


Find the maximum and minimum of y = + oI 


x 4+x4+1" 


Solution: The function can be rewritten as 


er+xtl x = 1 


P+x+1 P4+x41 — x44 


y= 


Therefore, we need to consider two cases: 


Case 1 If x>O0>x++ >2>x+ +1>3> then y> 1- 


pera pe 
iss 42, £372: 
37 3? Ymin = 3: 


Case2 Ifx<O>xt+,<-23x4+7+1<5-1> 5572-1, then 


y<1—(-1) =2 5 yin = 2. 
Answer: Ymin = z: Ymax = 2. 
Solve the equation 16 — 8x + x? + V4x? — 13x— 17 =x—-4. 


Solution: Because the left side is nonnegative, then x — 4 > 0 > x > 4. Com- 
pleting the square under the first square root and using the inequality above, we 


obtain V16 — 8x +.x2 = \/(4—x)° = |4 —x| = x— 4. Now the equation will 


be rewritten as 
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26. 


27. 


28. 


29. 


30. 


vee 13x 17=0 


x>A4 
Solving this we will obtain the answer x = 4.25. 


Answer: x = 4.25. 


Solve the equation 2 sinx = y + : 


Solution: Using the boundedness of the left and right sides, there are two cases: 

sinx = | 
Casel y>0: ee 
sinx = —1 
i aaa 


Answer: (—3 + 2an; —1); ($+ 2am; 1). 


@x= 5+ 2an;y=1. 


Case 2 y<of @x=—F+2am;y=—1. 


Solve the equation x7 + 4x - cos (xy) +4 =0. 


Solution: If we consider this equation as quadratic in x, then for real solutions 
its discriminant must be nonnegative: p =4cos*xy —4>0. Because 
|cosxy| < 1, then we will have real solutions if | cos xy| = 1. 


cosxy = 1 

1. 4 xy =2an =>x=-2,y=an 
+-4x+4=0 
cosxy = —1 _ odes 

ag ae =>x=2,y= 5k 


Answer: (—2, an); (2,%), k,n € Z. 
Solve the inequality | tan 3 + | cot | <2- (x = a)? 


Solution: Because tan.x = ., then | tan | + | cot P| > 2. On the other hand, 
the right side is less than or equal to 2. Therefore, the solution occurs if both 
sides are equal to 2. 


Answer: x = t 


SSe 4 35) 4y 
Solve the system { yout 6 =1° 


Solution: Consider the second equation of the system; it follows that it is 
possible if |x| < 1,|y| < 1. From the first equation we obtain [y>| - [1 — x) 
< 1 and thus we have two solutions. 


Answer: (0, 1); (1, 0). 
Solve the equation sin?(zx) + Vx? + 3x+2=0. 
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31. 


32. 


33. 
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Solution: In order for this equation to have a solution, each term must be zero. 
Thus 


sin2ax = 0 qx = an x=n, neZ 
> > 
x°+3x+2=0 (x + 1)(x+ 2) =0 x=—ljx=-2 
Answer: x € {—1,2}. 


Solve the inequality Vx? — 36-(x+4) <0. 


Solution: The product of two quantities is positive when both quantities are 
positive or both are negative. The first factor is nonnegative, so we will have the 
following system: 


x < —6 
x7 -—36>0 (x — 6)(x + 6) > 0 x>—-4 
=> > 
x+4>0 x>--4 x>6 

x>—4 


Answer: x > 6. 
Solve the inequality \/76+5° °° < 5s RR a, 


Solution: Using boundedness of the function y = cos x and monotonic behavior 
S 1—cos x 
of y=a", we know that 1— cosx >0=3 5! > f=135 >5 


(bounded below), then V 764+5° ne 1/76 +5 = 3. On the other hand, the 


expression under the square root on the right-hand side is bounded above and 


27 <0 3207" <1 35.2 <5 


=> f/5-2°" 44<3 


Therefore the two sides are equal if and only if x = 0. 
Answer: x = 0. 
Solve the inequality cos?(x + 1) -log(9 — 2x —x*) > 1. 


Solution: The left side of the inequality is a product of two functions, 
f(x) = cos?(x+1), g(x) =log(9—2x—x*), and can be written as 
f(x) - g(x) > 1. Because cosine is a bounded function, we know that 
0< cos?(x + 1) < 1. On the other hand, a logarithmic function with base 
10 is a monotonically increasing function (for all x, such that 9 — 2x — x? 
> 0). Thus the following must be true: 
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f(x) <1 cos?(x-+1)<1 
=> 
1 log(9 — 2x — x?) > 1 


9-2x-7 > 106 (x +1? <0ex=-1. 
Answer: x = —1. 
34. Solve the inequality 2°°S* + 257 > 2-2, 


Solution: Let us show that the left side is bounded below as 


: : : : : v2 x 
gQcosx 4 9 sinx > Qv/2.c08x 22 sinx 2/2 c08-x+ sinx =) gv2 sin (x+4) = 2! 7 yo sin (x + 2) 


2cosx 2 sinx > p+ 2: sin (x + 4) > gi+ ee 


Because 2s > 2-3 is always true, then the given inequality is true for all 
real x. 

You might want to learn about using an auxiliary argument in Chapter 3 
before attempting this problem. 


Answer: x € R. 


35. Solve the inequality logy 5|1 — x| — log,_,2 < 2. 
Solution: First, we will find the domain of all functions: 


eae & x € (1,2) U (2, 00). 


Second, we will rewrite all logarithms with base 2: 


1 
ne 
ne Toga(x— 1) 
log,|1 — x| 
log,-1|1 — x| = fons! = —log,|1 — x| = —log,(x — 1) 
22 


Now the inequality can be rewritten as 


1 
log, (x — 1) ieeen= 1) <2 


Considering its left side and using Property 4, Section 1.6, we will have the 
following two cases: 
Case 1 If log,(x — 1) > 0 so that x > 2, then 


(to8s(s 1) +E 5) >2 


or 
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1 
—{1 1 a? =D 
(ozo ese D) Sone 


The given inequality is true for all x > 2. 
Case 2 If log,(x — 1) < 0, using the domain of the logarithmic function, this 
is possible if x € (1,2) only and the following is true: 


1 
— 
"Tone —1) ~ 


-(togs(s +p) 2? 


Then from this case, we can include only such values of x that make the last 
inequality an equality, i.e., log,(x — 1) = —1. The solution of this equation is 


2 


log,(x — 1) 


ie ’ 
x= = 
22 « 2 


Combining the two cases, we finally get the solution to this inequality as one 
value (3/2) and an interval. 


Answer: x > 3/2 and x > 2. 


(Budak) Solve the inequality: eh abet 6 <0, 


xl 
x+1 


Hint: Show that the function on the left-hand side is always positive. 


Solution: We can rewrite the left side as 


It helps us to see the boundedness of the functions and the intervals on which 
the functions are negative, positive, or zero. Thus, f(x) is bounded and it has the 
upper bound, —1. The sign of f(x) depends on the numerator, so 


f(x) <0, x € (-1,1) 
f(x) > 0, x € (—o0, — 1) U(1, 00). 
f(x) =0,x=-I,x=1 


Similarly, g(x) is also bounded and has the lower bound, —1/4. Also, 
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g(x) <0, x € (2,3) 
g(x) > 0, x € (—o00, 2) U (3, 00) 
g(x) =0,x=2, x =3 


Combining the behavior of the two functions, the following is true: 


1. Ifx € (2,3), then 


1 
—— < g(x) <0 

; pee) acs 5 20 
fa)> 1-3 


There is no solution on this interval. 

2. Ifx € (— co, 1] U [1,2] U (3, 00), then f(x) > 0, g(x) > 0 > A(x) > 0.No 
solutions. 

3. Ifx € (-1,1) > -1 < f(x) < 0, g(x) > 2 => A(x) > 1. No solution. 


Therefore, the function on the left is always positive! 
Answer: No solution. 
37. Solve the equation In3x + =e = 2sin (3x + z) 


Solution: Because the following is true: 


sin (3x+2)| <2 


then applying Property 8, we can consider two cases: 


1 
In3x +— = 2 
Case 1 In3x i 
2 sin (3x +2) —2 
6 
or 
1 
In3x + —— = —2 
Case 2 In3x 


2 sin (3x4 4 a9 
Neither case has a solution. 
Answer: No solutions. 


38. Find all functions f(x) defined Vx € R and that Vx, y € R satisfies the inequality: 
|f(x+y) + sinx+ sin y| < 2. 
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Solution: If the given inequality is true for any real x and y, then we can check 
two simple cases: 


a. Letx = §, y = § then | f(z) + 2| <2 => f(a) <0. 
b. Let x = 34, y = —% then | f(x) —2| <2 => f(a) >0. 


We obtain a contradiction. 
Therefore, f(x) does not exist. 


39. Solve the equation ( 2- v3) + (v 2 v3) = 4, 


Hint: Use the fact that ( 2- v3) = ( u ) = y, then the equation can 


V24+v3 


be written as y+ - =4 and solved as the quadratic y? —4y+1 =0, so 
Ji2= 2+ V3. 


Answer: x = 2. 


40. Function f(x) satisfies the following relationships for any real x and y: 
f(x+y) = f(x) + f(y) + 80xy. Evaluate f (4) if f(¢) = 2. 


Solution: 
1 1 1 1\ /1 


f (2x) = 2f (x) + 80x? 


) 
fi) =4(5+5) =9+-9+-80(5) (5) 


Ff (3x) = 3f(x) + 3(80)x2 
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) 
f(2) = f(1 + 1) = 38 + 38 + 80(1)(1) = 156 
f (4x) = 4f (x) + 6-80- x? 
f(4) = f(2 + 2) = 156 + 156 + 80-2-2 = 682 
f (5x) = Sf(x) + 10-80: x? 


Now, 


(9-9) m6) 
f(4) =5 -1(3) +5125 
032=5-s(3) L512 


Solving for f (2) = OSahle = 24, we obtain the answer. 


Answer: f (4) = 24. 


Chapter 2 
Polynomials 


This chapter covers problems involving polynomials. You will learn or review very 
important theorems, most with proofs, properties of polynomial functions starting 
from quadratic functions and ending with polynomial functions of the nth order. 
You will see the generalized form of the Vieta’s Theorem and its special cases for 
quadratic, cubic, and quartic equations. Newton’s Binomial Theorem will be 
introduced as will some well-known special products. In order to solve complex 
problems, we will need to review simple methods of solving polynomial equations 
of special types: then you will be ready to recognize when it might be helpful 
to make a special substitution that would simplify the equation, or the methods 
that can be used for an equation of a special type (for example, one that can be 
applied to a recurrent polynomial equation). We will spend some time working 
on the derivation of Cardano’s formula for a general cubic equation and even 
demonstrate how Babylonians solved cubic equations of a special type. Though 
many facts can be found now on the Internet and using other sources, we will 
learn how to derive such formulas using the Vieta’s Theorem or the Fundamental 
Theorem of Algebra, and also how to solve quartic equation by Ferrari or 
Euler methods. An important part of this chapter is the many problems with a 
parameter, and the variety of different approaches to solving such problems. 
Additionally, there are many problems involving integer solutions. For example, 
we know that a prime number in form 4m-+ 1 can be written as the sum of two 
squares, such as 27 + 3* = 13; 4? +5? = 41. Can you prove that for any quadratic 
equation x? + ax + 1 = b with natural roots, the expression a” + b? is never a prime 
number? This and many other interesting and challenging problems will be solved 
in this chapter. Some topics will be familiar to you and some not. For example, we 
will solve polynomial equations in real variable and will look mainly for real 
solutions. However, we will demonstrate how sometimes it is convenient to eval- 
uate a polynomial at an imaginary number in order to solve the equation in real 
numbers! This technique can be applied to the problem mentioned above and many 
others. Moreover, we will use Rolle’s and Lagrange’s Theorems and _ their 
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applications by going one step beyond elementary mathematics content, in order to 
get additional proofs for our statements, or in order to see how different fields of 
mathematics are connected. 


2.1 Introduction to Polynomial Equations: Important 
Theorems 


In general, a polynomial of nth degree in one variable x can be written as 
Py(X) = px" + ayy?! +... +.a3x? + anx* +ajx+ao, an ~ 0. 

In this book, we consider only polynomials with real and most of the time with 
integer coefficients. 


Theorem 10 Two polynomials in x are equal if and only if they have the same 
degree and equal coefficients for corresponding powers of x. 


Theorem 11 /fa product of two polynomials equals zero, then at least one of 
the polynomials equals zero. 


For example, if («— 1)4%+3)=0, then x= 1 or x= —3. 


Theorem 12 For any two polynomials P(x) and D(x), (D(x) 4 0) there exists 
a unique pair of polynomials q(x) and r(x) such that P(x) = D(x)q(x) + r(x). 


This theorem can also be written in the following form: 


From which we can see that the degree of the remainder polynomial r(x) must 
be less than the degree of the divisor polynomial D(x). Thus if we divide a 
polynomial of the third degree by a quadratic polynomial, then the remainder’s 
degree must be less than 2. Therefore, the remainder polynomial will be either 
linear or a constant. 

In order to understand it, we can think of division with and without a remainder. 
For example, 15 is divisible by 3(divisor) and can be written as 15 = 3-5 + 0. 16is 
not divisible by 3 and when divided by 3 gives a remainder of 1. Thus 16 = 3-5 + 1 


16 1 
or it can be written as a= 3+ 3 Polynomials also can be divided with a remainder 
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or without a remainder. For example, cubic polynomial P(x) = x? — 2x? — x — 2 
is divisible by D(x) =x? — 1 with the resulting quotient g(x) = x — 2: so we can 
write x? — 2x7 —x—2= (x? —1)-(x-2). 

On the other hand, p(x) = x° — 2x* — 2 is not divisible by D(x) = x? — 1, and 
after long division can be written as x37 — 2x7 — 2 = (x? — 1)- (v— 2) + [v- 4]. 
Therefore, [x — 4] is the remainder. Division with a remainder can also be written in 
the equivalent form as 


Theorem 13 (Bezout’s) The remainder from the division of polynomial P(x) 
by the binomial (x—a) equals the value of the polynomial P(x) at x=a, i.e., 
r(a) = P(a). 


Proof Consider the equality P,,(x) = (x — a)q(x) + r(x). Substituting a for x we 
obtain P,(a) = (a— a)q(a) + r(a) =r(a). 
Therefore, we state the following. 


Theorem 14 Polynomial P(x) is divisible by the binomial (x—a) if and only if 
the value of the polynomial at x = a equals zero, i.e., P(a)=0. 


We can also say that if x = a is not zero of a polynomial, then P(a) 4 0. 

This theorem helps us quickly create a polynomial of any desired degree with a 
given zero. For example, let x = 1 be a zero; then we can claim that the polynomial 
7x — 5x3 — x? +3x—4=0 has this root because simple arithmetic operation 
gives us 7-14—5-13—1*+3-1—4=0. This simple trick can be used in a 
classroom when a polynomial with certain zeroes must be created for demonstra- 
tion. You can try any integer as a zero, but the simplest way is to always try x= 1. 

Let us see how this property can be used for the following problem: 


Problem 36 Let a,b,c be real numbers such that no pair of these numbers is 
equal. Prove the expression a*(c — b) + b’(a—c) +c?(b—a) £0. 


Proof If no pair of the parameters is equal, then no difference of two parameters is 
zero, i.e., a—b #0orb—c #0 ora—c #0. However, it looks like the given 
expression is divisible by (a — b)(b—c)(a—c). 
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Let us prove this as follows: 
2(c—b) +P (a-—c) + C(b—a)=a@c—a@b+ba—be+cb— ca 


2(¢ — b) — a(c — b)(c + b) + be(c — b) = (c — b) (a? — ac — ab + be) 
=(c—b)(a— b)(a—c). 


a 
a 
There are several corollaries of Bezout’s Theorem. 


Corollary 1 Polynomial P,,(x) = x" — a" is divisible by binomial (x — a) for 
any natural n. 


Proof Obviously, P,(a) = a" — a" =0. 


Corollary 2 Polynomial P,,(x) = x" — a" is divisible without remainder by 
binomial (x + a) for any even degree n (n= 2k, k € N). 


Proof In fact, P,(—a) = (=a)" —@k=0. 


Corollary 3 Polynomial P,,(x) = x" +a" is divisible without remainder by 
binomial (x + a) for any odd degree n (n=2k+1,k EN). 


Proof In fact, P2,41(—a) = Gan +1 — 9, 
The following problem will demonstrate application of these corollaries and 
Bezout’s Theorem. 


Problem 37 Prove that for any even n the number (20” + 16” — 3” — 1) is 
divisible by 19. 


Proof Because n = 2k,k € N, then using special product formulas (see more about 
special product formulas in the following section) we obtain 


20” + 16" — 3” — 1 = (20% — 1) + (16% — 3”) 
= (20* — 1) (20* + 1) + (16* + 3*) (16* — 3*) 


In the first term, the first factor (20 — 1) is divisible by 19 for any value of k. 

In the second term, if k= 2m+1 then the second factor of it can be written as 
(16” + 3”)(16” — 3”). Thus if m is odd, then decomposition of the second factor 
(16” — 3”) is completed. If m is even, then we continue to factor; after a finite 
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number of steps, that is at most (n — 1), the factorization will be completed and one 
of the factors of this decomposition will have the form of (16° + 3°), s = 2/+1 
(s is an odd number). Then this factor (16° + 3°) is divisible by 19. We showed that 
both terms above are divisible by 19 Vk € N; therefore, 20” + 16” — 3” —1 is 
divisible by 19 for any even natural number n. 


Definition A number a is a zero of polynomial P(x) if P(a) =0. 


Theorem 15 A number a is a zero of polynomial P(x) if and only if the 
polynomial is divisible by (x— a). 


Theorem 16 (Rational Zero Theorem). If P(x) is a polynomial with integer 
coefficients and if 3 is a zero of P(x), (P (2) = 0), then p is a factor of the 


constant term ao of P(x) and q is a factor of the leading coefficient a, of P(x) 


(ao a 0, Qn a 0). 


We can use the Rational Zero Theorem to find all the rational zeroes of a 
polynomial. Here are the steps: 


1. Arrange the polynomial in descending order. 

2. Write down all the factors of the constant term. These are all the possible values 
of p. 

3. Write down all the factors of the leading coefficient. These are all the possible 
values of q. 


4. Write down all the possible values of us Remember that since factors can be 
q 


negative, z and —” must both be included. Simplify each value and cross out 
q q 


any duplicates. 
5. Use synthetic or long-term division to determine the values of P for which 
q 
P (2) = (0. These are all the rational roots of P(x). 
q 
Example Find all rational zeroes of P(x) = x° — 9x49 + 2x4 — 197. 
1. P(x) = 2x4 4.23 — 19x? — 9x49. 


2. Factors of the constant term: +1, +3, +9. 
3. Factors of the leading coefficient: +1, +2. 
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Figure 2.1 Synthetic = 4 
division | 2 : " P ae 


2 3 -16 -25 -16 
Remainder = -16. Nota zero. 


A] 2 1-19 9 9 


-2 1 #18 -9 


2 -1 -18 9 0 
Remainder = 0. Is a zero. 


1/2] 2 1 +19 9 9 


1 1 -9 -9 


2 2 -18 -18 0 
Remainder = 0. Is a zero. 


-1/2| 2 1-19 -9 9 


-1 0 19/2 -1/4 


2 O -19 1/2 35/4 
Remainder = 35/4. Not a zero. 


_3] 2 1 +19 -9 9 


6 21 6 -9 


a wb 2 3 O 


etc. Remainder = 0. Is a zero. 
4. Possible values of P : : , = = 7 ?, which can be simplified to: 
qd 1 2 1 2 1 2 
1 3 9 
Ee et ee eo de 
qd 2 2 2 


5. Use synthetic division (Figure 2.1). 


Remark If x=<a is the root of polynomial p,(x) and x= b is also the root of p,(x), 
then p,(x) = (x —a)q,_\(x) and (x—b) must be a factor of q,_,, such that 
Qn—-1 = (x — b)Spn_2(x), etc. Therefore as soon as we find one of the rational zeroes, 
for example, when we find p,(a) =0 we can continue to divide the resulting 
polynomial by the next zero until we are done. For example, because in the previous 
example x= —1, x=3, x= —3 are zeroes, then we could obtain the following by 
using Horner synthetic division: 
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P,(x) = («+ 1)(x— 3)(4 + 3)(2x- 1) =0 


Hence the last root is x= 1/2. 


Theorem 17 /f all coefficients of a polynomial of nth degree are integers 
(n > 1) and a zero of this polynomial is also an integer, then it is a factor 
of the constant term. 


Proof Consider a polynomial p,(x) = dpx" + ay x" 1+... +43 +anx*+ 
ax+ay, n>1, a, #0, with a zero x = a. Suppose that we can divide p(x) by 
the binomial (x — a) with a remainder, and obtain the divisor as a polynomial of 
degree (n— 1), i.e., Qn_1(*) = Dn-ix™ | +... +33 +box* + bix+bo, n>1, 
b,-, # 0 and the remainder r. 

Because all coefficients of p(x) are integers and number a is also integer, then the 
numbers b,_1, ...53,b2, 51, bo and r are also integers. 

Using synthetic division (William George Horner, British mathematician, 
1786-1837, functional analysis, number theory, known for Horner synthetic division 
algorithm) we obtain that r = a, + a- b,_1. However, it follows from Theorem 13 
that if a is a root of a polynomial then r(a) = 0; hence a, = a+ (—by_1). 

Since a,, a and (—b,_;) are integer numbers, a must be a factor of a,. The 
theorem is proven. 


Corollary 4 Integer zeroes of a polynomial are the factors of its constant term. 


Problem 38 Does polynomial p,(x) = x4 + 2x3 — 2x? — 6x + 5 have any 
integer roots? 


Solution Divisors of a constant term are: 1, —1,5, and —5. 
Let us evaluate the polynomial at each of the possible integer roots: 
pa(1) = 17 +2-1? —2-1?-6-14+5=0>x= 1isazero 
pa(—1) = (-1)* +2: (-1 2: (-1)? -6-(-1) +5 =8 40 
=> x = —1 is not a zero 
p4(5) = 14 +2-5°9-2-57-6-5+5 = 800 £0 > x =5 is not a zero 
pal —5) = (—5)* +2 5)? = 2- (5)? — 6+ (—5) 45. = 360 4 0 


=> x = —5 is not a zero 
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Therefore, only integer x = 1 makes the polynomial zero. However, a polyno- 
mial of 4th degree can have at most 4 real roots; furthermore, some roots can have 
multiplicity more than one. Applying Horner’s algorithm (synthetic division) let us 
divide p(x) by x — 1): 

pa(x) = x4 + 2x3 — 2x? — 6x +5 = (x- 1) (0° + 3x7 +.x—-5). 


Next, we will consider polynomial p;(x) = x° + 3x? +x — 5. There is no need to 
evaluate this at x= —1, 5, and —5. However, let us evaluate it at x= 1: 


p(x) = 1 +3-7 +1-5=05 x= 1 is zero. 
Applying Horner’s algorithm again we finally obtain 
pa(x) = 24 + 2? — 2? — 6 +5 = (4-1)? (0 +40 +5). 
The second factor does not have real zeroes (its discriminant is negative, see more 


in the following section). The given polynomial has two integer roots x= 1 and 
x= 1 or we say that it has an integer root x= 1 of multiplicity 2. 


Definition If p,,(x)=anx" + ay_1x 1+... +.43x° +anx* +ayx+a9, n> 1, 


a, #0 is divisible by (x — a)* then x=a is zero of the polynomial of 
multiplicity k. 


Theorem 18 If a polynomial p,,(x) =x” + a,_1x7"! +... + a3x° + apx? 4 


ax+do, n= 1 with integer coefficients and with the leading coefficient 
equal to | has a rational zero, then that zero is an integer. 


Proof We will prove this by contradiction. Assume that a zero of the polynomial 
can be written asa = 4 where p and q are relatively prime. Then the following must 


n n—-1 3 2 
(2) +a,1(2) +...+4 (2) + a (2) ae a =0, 
q q q q q 


which can be written as 


be true: 
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Multiplying this by g"~! we will obtain an equivalent equality 


n 
- = aap” < oF An-2p"q Shy tee a, pq" _ agq" |. 


Because p and q are relatively prime, then 7 cannot be an integer number. On the 


other hand, the right side is an integer number. Such equality cannot occur. 
Therefore, our assumption was wrong. The theorem is proven. 


Problem 39 Find all real zeroes of x° + 2x2 — 3136 = 0. 


Solution By the Rational Zero Theorem if this polynomial has a rational zero, 
then it is an integer. Hence we will factorize 3136: 


3136 =2- 1568 =2-2-784=2-2-2-392=2°.7° 


By substitution we can see that x= 14 is a zero, then (x— 14) is a factor of 
p(x) = x3 + 2x” — 3136 =0. 

Hence, we can divide the given polynomial by (x — 14) using long division or 
Horner synthetic division and obtain 


x? + 2x7 — 3136 = (x — 14) (x7 + 16x + 224) =0 


The second factor never equals zero over the set of real numbers. You can check it 
yourself by finding that the discriminant of the quadratic equation is negative 
(—160). 


Answer x= 14. 


Remark There is another proof that x=14 is the only real solution for 
the problem above. If we take a derivative of p(x), we obtain, 
p (x) = 3x? + 4x = x (3x +4) = 0. Then the polynomial function will increase 
monotonically for x >0 and x < —4/3 and it will decrease on (—4/3, 0). At x=0 
p(O) = —3136, at x= 14 p(14) = 0; therefore this zero x = 14 is unique. This prob- 
lem is also solved later in this book using the Babylonian’s approach. 


Corollary 5 For any polynomial with integer coefficients and unit leading 
coefficient, all its rational zeroes are integers. 
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Let us see how it can be applied to the problem below. 


Problem 40 Find all real solutions of the equation x° + x — 34 = 0. 


Solution The function on the left is monotonically increasing over the entire set of 
real numbers because f(x) = f,(x) + f(x), where both f, (x) = 2°, f,(x) = x — 34 
are monotonically increasing functions. Therefore, if we find a divisor of 34 that 
would make the function zero, then that value of x is the only real root that the 
function has. Divisors of 34 are £1; +2;+17;+34 and x=2 is the zero because 


f(2) =0. 


Answer x=2. 


You can practice more on such functions in the HW section. 
Consider a polynomial P,,(x) = a,x" + ay_yx"~! +... + a3x°+ anx? + a,x + ao, 
n > | with integer coefficients and another polynomial 


Q,(x) = An" 'P,(x) 
= (a,x)" +.a,-1(a,x)” ) +... 
+ aay" 4(ayx)? + aay" 3 (yx) + aay" ?(anx) + an” !a9 
It is obvious that P,,(x) and Q,(x) have the same zeroes. Denote y = a,x, then 
P(x) =T,(x): 


n—4,3 


T.<o)=7 tay +...+@0) “y +m, ¥ +a, -y +a ae 


By Theorem 18 this polynomial has only integer zeroes yj, y2,...y, then the 
numbers x; = aa {1,2,3,...,m}. 
an 
And they will be the only rational zeroes of Q,,(x). Thus for any polynomial with 
integer coefficients we can always find all its rational zeroes. If a polynomial has 


rational coefficients we can always multiply it by the greatest common denominator 
and then find solutions of the corresponding polynomial. 


Problem 41 Find real solutions of the following equation: 


ls f= i 


Solution Multiplying by 8 we will obtain the equivalent polynomial equation 
8x? + 4x? — 2x — 1 = 0, which if y = 2x can be written as 


T(y)=y+y’—y-1=0. 


The only rational roots of this equation must be integers and factors of (—1). 
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T(1) =T(—1) =0, then (y + 1)(y — 1) are factors of the polynomial 7T(y). 
Applying Horner’s algorithm we obtain 


y+y-y-l=(-I(yt D(y+ 1) =0 


Therefore T(y) has three zeroes, 1, —1, and —1, and hence P(x)’s zeroes are 1/2, 
—1/2, and —1/2. 


Remark This method was known to ancient Babylonians. See more problems later 
in this chapter. 


Any polynomial of nth degree has n zeroes. However, it has at most n real 
zeroes. Some zeroes are not necessarily real. 


Theorem 19 (Fundamental Theorem of Algebra). Any polynomial of nth 
degree has n complex zeroes. 


Moreover, if x =a-+ib is a complex zero of a polynomial then its complex 
conjugate a — ib is also the root of the function. 

Simple behavior of the graphs of polynomial functions predicted based on their 
degree and leading coefficients can be summarized as follows: 


¢ The graph of a polynomial function of even degree with positive leading 
coefficient increases on the left and on the right. 

¢ The graph of a polynomial function of even degree with negative leading 
coefficient decreases on the left and on the right. 

¢ The graph of a polynomial function of odd degree with positive leading coeffi- 
cient decreases on the left and increases on the right. 

¢ The graph of a polynomial function of odd degree with negative leading coef- 
ficient increases on the left and decreases on the right. 


Remark 1 It is clear that polynomials of odd degree will always have at least one 
X-intercept (real zero). Moreover, if p, (x) = f;(x) + f,(x),n = 2k+ 1,k © Nand 
if both f,(),f4() are monotonically increasing or decreasing functions, then the 
polynomial function has only one real zero. You can try to investigate the following 
functions: f(x) = 2° + 3x — 3, g(x) = 2x? + x — 18 or solve similar problems in 
the HW. 


Remark 2 We can also explain the “left” and “right” behavior of a polynomial 
function by the sign of the leading coefficient (the coefficient of the highest degree 
term) and by the degree (odd or even n). For example, for a polynomial function of 
nth degree y = a,x" + p,_,(x) as x increases or decreases without bound, the 
behavior of the function at the ends is dominated by the term of the largest degree, 
a,x". Thus, for a positive leading coefficient, and odd degree, the function y = a,x" 
is monotonically increasing and it falls to the left and rises to the right. 
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On the other hand, if the function y = a,x” is of even degree and positive a,,, then 
it rises to both ends, as does the entire polynomial y = a,x" + p,,_ (x). 


Problem 42 Find a polynomial function that has the given zeroes and 
Y-intercept. Zeroes: 37, —2, 1 and the Y-intercept (0, 18). 


Solution 
y = a(x — 3i)(x + 3i)(x + 2)(x — 1) = a(x + 9)? +x - 2) 
= a(x4 +23 + 7x? + 9x — 18) 
y(0) = 18 > a=-1. 


Answer y = —(x* +3° + 7x° + 9x — 18). 
Theorem 20 (Vieta’s Theorem). If x, x2,xX3...X, are the zeroes of the poly- 


nomial equation ay)xX" + dy4x""! +...+. a,x +a) =0, (dn #0), then the 
following relationships are true: 


Mi), SRO FP ccs aR = 


an-2 


RED AP LOB SP o oe AP Gaia = 
n 


Vieta’s Theorem is very important and is most applicable to quadratic and cubic 
polynomials. For example, for a polynomial of fourth degree with the unit leading 
coefficient p(x) = x* + ax? + bx* +. cx +d =0 with four real roots, x1, x2,x3,.%4 
the following is valid: 

XX + .xx3 + XyX4 + X9.X3 + XQX4 + 13X4 = D 
X1XIX3X4 = d 
Xj +%x2+%3+%x%4 = —-a 


X1X2X3 + XXX 4 + XIN3X4 + Xj X3BX4 = —C 
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Problem 43 Factor the polynomial (x + y + z)? —x3 — y3— 23. 


Solution Note that if we substitute x=—y, y= —zor x = —z, then the given 
expression becomes zero. Therefore, by Bezout’s Theorem, the given expression must 
be divisible by (x + y)(x + z)(y + z). Finally, the answer is 3(x + y)(x + z)(y+2z). 
The coefficient 3 can be explained by the formula for the cube of a sum. Thus, 
the given expression is divisible by (x + y), and we can rewrite it as 


(aty) tz -P-~-P=ty)! +3etyzt3at yP-W+y) 
= 3(x + y)(2? + 2(x + y) +29) 
= 300+ y)(Z +4) + y). 


Two other factors come from Vieta’s Theorem applied to a quadratic function in 
variable z. 


Answer 3(x+ y)(x+z)(y +z). 


Sometimes, it is helpful to consider a polynomial at a complex number, i, P(7); 
then P(—i) will be its complex conjugate, and their product will be a real number. 
For example, consider a linear function P(x) =ax+b. Evaluate P(i) = 
ai +b, P(—i) = —ai+ b, then P(i) - P(—i) = (b+ ia)(b— ia) = bb’ +a ER. 

In the following problem we will apply these ideas; however, it could also be 
solved with the use of Vieta’s Theorem. Please try it yourself. 


Problem 44 Polynomial function p(x) = x* + ax + bx +c has three real 
roots. Assuming that |c — a| = 8, b = 7, evaluate (x7 + 1) (x3 + 1) (x3 + 1). 


Solution If x;,%2,x3 are the roots, then the polynomial can be factored as 
p(x) = (x — x1)(x — x2)(x — x3), and by the ideas mentioned above, we have 


pli) p(—i) = (1+) (1 +29) (1 +5) 


On the other hand, 


pi) =P +a? +bi+c=—-i-atbitc=(c—a) +i-(b-1) 
p(—i) = (-i)? + a(—i)* + b(-i) +e =i-a—bite =(c—a)—-i-(b—-1) 
(-i) = (ca) + (b- 1) 


px 
~ 
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Therefore, (1 + x7) (1 + x3) (1+) = (c — a)? + (b- 1)? =8? + (7-1) = 100. 


Answer (1+ x7)(1 +23) (1 +24) =(c—a)’ +(b—1)° = 100. 


2.2 Quadratic Functions and Quadratic Equations 


In order to solve many problems about polynomials, we need to review quadratic 
functions and quadratic equations. A function f(x) = ax* + bx +c, a £ Ois called 
a quadratic function, and the graph of it is a parabola. Unfortunately, just a few facts 
are studied in high schools such as that a parabola opens upward if a>0O and 
downward if a<0O, that all parabolas are symmetric with respect to the line 


b 
KEG = 3A" and that the point (x,,/(x,)) is the vertex of the parabola. 
a 


When a student is asked to find zeroes of a quadratic function or solve the 
corresponding quadratic equation 


ar +bx+c=0 (2.1) 


he or she usually factors the equation using the FOIL technique or tries to use 
graphing technology. 

However, it is important to introduce the discriminant (here and below we 
denote it by D) of a quadratic equation: a special feature of each quadratic equation 
that determines the number of its real zeroes or X-intercepts of the quadratic 
function, respectively. 

The roots of a quadratic equation ax” + bx + c = 0 can be found as 


—b+V/D 
2a ‘ 


x12 = D=' — 4ac (2.2) 


If D > 0, then a quadratic equation has two real roots, and if D <0, then it has no 
real roots. 


Proof Let us factor a out and complete the square inside parentheses: 


b 
ast + bvte= a(x? +2345) =0 
a a 


2.2 Quadratic Functions and Quadratic Equations 63 


Denote D = b* — 4ac and substitute it into the previous equation: 


(2) > 


If D > 0, then the right side of the equation above is positive and it can be solved 
for x as 


2 
x4+ 
2a 


D 
4a? 


b VD 
x+—=—— 
2a 2a 


Both roots can be written as 


+ VD 


1,2 >= 


If D > 0, then a quadratic equation has two real roots and the quadratic function 
intersects the X-axis at two points. 

If D=0 then we obtain one real root x = 2% of multiplicity two. Hence, the 
quadratic function has only one X-intercept. 

If D < 0, then (2.1) has no real roots and the quadratic function does not intersect 
the X-axis! 

If the coefficient b of the linear term of a quadratic equation is an even, then it is 
better to use the so-called D/4 formula. Dividing all terms of (2.2) by 2 we obtain 


b |[P-4ac 6 b oo 
oe a 4 2° V2 
a 2. ¢ a 
2) 
Thus D/4 formula can also be written as 
b D 
“9 = 4 b 2 
x1. = ———_., h —={-]}] —-ac 23 
X12 ; where 7 (5) ac (2.3) 


The advantage of using this formula can be demonstrated by the following example. 
Solve the equation 


Tx? —4x-1=0 


D 
—=2?4+7=11 
i + 
2+vVi11 
2 = 


7 


Additionally, it gives us a solution in the simplest form. 
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Problem 45 For what value of a parameter a does the quadratic function 
f(x) = (5a — 1)x? — (5a + 2)x + 3a — 2 have one X-intercept? 


Solution If the discriminant equals zero then there is one X-intercept: 


D = (5a + 2)* — 4(5a — 1)(3a — 2) = 0 


35a —72a+4=0 
a: 
357 


a=2,a 


Answer a=2,a= 2 
35 


2.2.1 Vieta’s Theorem for a Quadratic Equation 


The French mathematician Vieta is well known for his work in number theory 
and analysis. Rational and of course integer zeroes x),x2 of a quadratic equation 


ax* + bx +c=0, a#0can be found using Vieta’s Theorem. 


Vieta’s Theorem: If x1,x. are the roots of a quadratic equation 
ax? +bx+c=0, a4 0, then 


Cc 
X1°xX2 = 
a 

b 

Xi +X. = —— 

a 


Reversed Vieta’s Theorem: If numbers x, x satisfy the following system: 


Xp = : : 
howe then x;,X2 are the roots of a quadratic equation 
XxX} +%2=—p 


e+ pxtq=0. 


Though Vieta’s Theorem is not well known in the USA, some students can factor 
quadratic trinomials mentally using FOIL. If you have such skills go ahead and 
factor, but do not forget to check your factorization by multiplication. Of course, 
every technique has an underlying explanation. Let us expand the expression 
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(x+a)(x+f) =x + (a+ Bx + ap =0 


Working backward this formula is FOIL. 
On the other hand, if we need to solve x? + (a + f)x + af = Oinstead, we could 
apply Vieta’s Theorem and obtain 


X1 +X = af 
=> Xi = —-a,xX2 = —/p. 
eee ; ‘ 
This gives the same zeros. 
Vieta’s Theorem and its reverse are very useful, especially when you can guess 
one of the zeroes or that zero is given. 


Example You can see by substitution that x= 1 is the root of 
17x? + 4x—21=0 


Since a= 17, b=4, c= —21, and x; = 1, then from the first formula of Vieta’s 
Theorem we obtain right away that the second root is x2 = —=. 


Remark When I teach lower level math classes and I have to create a quadratic 
equation with real roots, I quickly in my mind make one of the roots 1 and then by 
“playing” with the coefficients, I can make several equations with this root, by 
mentally satisfying the equation 

a+b+c=0. For example, I can set a=12, b=—5, then c=—7, and 
2= —4. 

Or, if I chose a= 4, b= —15, then c =9 and x2 = 2, etc. It is a very useful trick 
when you do not have a calculator and have to check your students’ work. 

If a= 1 the factoring looks easier: 


x + bx +c = (x —x1)(x— x2), where 


Xp+X2 =C 


Xj +x. =—b 


Therefore, we are looking for such numbers x; and x2, the product of which 
equals the constant term (c), and the sum of which adds up to a negative coefficient 
of x. 


Example x? — 7x + 6 = (x — 1)(x — 6) because 


Let us apply Vieta’s Theorem to the following problems. 
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Problem 46 It is known that x;, x2 are the roots of the equation 
2x7 (v3 { 5)x V/4+2\/3=0. Find the value of A=X, +X, +X. +X. 


Solution Expression A contains the sum and the product of the zeroes of the 
quadratic equation, so it will be useful to apply Vieta’s Theorem right away. We 


V3t5 — V442V3 
2 


obtain the following: A = (4; +2) +41 +42 = a 
This can be the answer but it does not look nice and we will try to simplify 
it. Consider the radicand of the second term, 4 + 2/3, and try to recognize in it a 


trinomial square. Indeed, 4+ V3 =1+ W3+ (v3) = (V3 + 1)’. Since 
i = 
V3 +1>0, then /4+2V3 = V3 41. (va - la| = 1 ere 


Finally, we can evaluate A as 


_v34+5 vV3+1_ V3+5-V3-1_ 
aa: o, 2 7 


A 2. 


Answer A=2. 


Problem 47 Find such parameter a, for which the sum of the squares of the 
roots of a quadratic equation x* + (3a — 1)x + a = 0 equals 1. 


Solution Applying Vieta’s Theorem we have the system below: 


xy +%x%=1-3a 
X}-%.2=a 


xy + x75 =1 
In order to have two roots, the discriminant must be positive: 


D = (3a—1)° — 4a = 9a — 10a +1 > 0 


By completing the square the last equality can be rewritten in terms of the sum 
and product of the roots as 
(x1 +2) —2-x, mH = 1 
(3a —1)°-2-a=1 
9a? — 8a = 0 


2.2 Quadratic Functions and Quadratic Equations 67 


Finally, substituting both values of the parameter into discriminant formula, we 
conclude that the quadratic equation has two real roots only at a=0. 


Answer a=0. 


Problem 48 x,,x> are the roots of a quadratic equation x* + bx — 1 = 0. 
Evaluate x} + x3. 


Solution Let us rewrite the requested expression using the formula of the cube of 
a sum: 


(x1 Beg = ac +3 + 3x1 xX : (x1 +r X2) 


p+ x5 = (M1 +x)? — 3x1x2 + (41 + x2) 


= (—b)* — 3(—b)(—1) = —b* — 3b 


In the last expression we substituted the sum and the product of the roots given 
by Vieta’s Theorem. 


Answer x; +.x3 = —b? — 3b. 


Problem 49 For what value of a parameter a is the ratio of the roots of quadratic 
equation x* + ax — 16 = 0 equal to —4? 


Solution We will apply Vieta’s Theorem as follows: 


X1°-X2 = —16 Xx, = —4x xX) = 2o0rx = —2 
x, > 2 o 
ee —4(x2)" = —16 x; = —8orx, = 8 


Therefore, a = —(x; + x2) = +6. 


Answer a= +6. 


Problem 50 For what values of parameters p and q does the difference of the 
roots of x? + px +q = 0 equal 5 and the difference of their cubes equal 35? 
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Solution Let us use the following formula: 


ae = (Oy 2) (xq t Xx4X2 4 5) 


x} — x3 = (x1 — x2) ((n - x») + 3x1¥2). 
Additionally, we will use Vieta’s Theorem for the product of the roots as 


x1 °xX2=¢q 
Xj, +X. =—p 


Substituting the second set of equalities into the first formula and using the 
condition of the problem, such that x; — x. = 5 and et - a = 35, we obtain 


35 =5-(5°+3-q) 
3q= 7-25 
q= —6. 
On the other hand, from the difference of squares the following is also true: 
(x1 + x) —= (x1 aa x») = 4x1 *X2 


This relationship gives us the connection between parameters p and q of the 
quadratic equation 


(—p) — (5) = 4q 
p* =4q+25=4-(-6)+25=1 
p=lorp=-l1 

Therefore we have two possible pairs for parameters p and g: 


(p,q) = {(1, — 6); (—1, — 6)} 


It is interesting that using Vieta’s Theorem, the difference of squares, and 
difference of cubes formulas, we were able to find the answer without finding the 
roots (2, —3) and (3, —2) of the equations e+x—6=0 and P—x—-6=0, 
respectively. 


Answer (p,q) = {(1, — 6);(—1, — 6)}. 
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Problem 51 Solve the equation x? + x = 1111111122222222. 


Solution We are not going to solve it using a quadratic formula because the 
number on the right side is too big. Instead, we will factor the left side and rewrite 
the big number in a standard form with base 10: 


x(x+1)=1-10'°+1-10% +...4+1-10!41-10° 
+ 2(108 + 107+...+ 107+ 10+ 1) 


Next, we can regroup terms on the right-hand side and obtain 


x(x+1) = (1-10 +1-10+...4+1-10?+1-10+1) 
+ (10° + 107 +...+10? + 10+ 1) 
_ 10-1 108-1 
10-1 10-1 


Here we applied the formula for the sum of a geometric series twice, with common 
ratio 10, first term 1 with 16 and 8 terms, respectively. 

Next, we can further simplify the right-hand side by applying the difference of 
squares to the first term and factoring the common factor: 


10'6—1 108-1 


x(x +1) = 9 9 
_ (108 1)(10% +1) 108-1 1 
= 3-3 3 3 
_ 108-1 (108 +14+1\ 108-1 (108-143 
ewe 3 ~~ 3 


_ 108-1 108-1 ; 
aa: 3 


It follows from the last equality that one of the roots of the given quadratic 
equation is 
_ 108-1 


xX, = 


= 33333333. 


Then by Vieta’s Theorem, the second root is 


108 — 1 
m= 7 1 = —33333334. 


Answer The roots are 33333333 and —33333334. 
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2.2.2 Interesting Facts About Quadratic Functions 
and Their Roots 


Many challenging problems in elementary mathematics are related to location of 
the zeroes of a quadratic function on the X-axis but can be solved without actual 
evaluation of these zeroes. Below are some examples that can be very helpful. 


Case I Figure 2.2 demonstrates the case when both roots of quadratic function 
are greater than a given number (number ™ for the red curve and number N for 
the blue). For example, this condition for the red parabola and point M can be 
written as 


D>O0 
x, >M 
a: f(M) >0 


The same set of the inequalities can be obtained for the blue parabola and point N. 


Case 2 Both roots of a quadratic function lie inside segment [M, N] (see 
Figure 2.3). 
The following system is valid: 


f(x) = (x2-5-x)44 


Q(x) = -x?-10-x-24 


Figure 2.2. Case | for quadratic functions 
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f(x) = (X?+5-x)+4 


f(M) \ 


Figure 2.3. Case 2 for quadratic functions 


Below we show a parabola with positive leading coefficient. However, the same 
system will be valid for a negative leading coefficient. Sketch it yourself and you 
will see that both products, a- f(M) and a- f(N), will be greater than or equal to 
zero as products of two negative numbers. 


Case 3 One of the zeroes of a quadratic function is inside of the given interval 
[M, N] and the other zero is to the left of the given interval: 

D>0 

x, € [M,N] 

a: f(M) <0 

a: f(N) >0 
For illustration we can consider parabola with a negative leading coefficient 


(Figure 2.4). You can show that the set of the relationships is valid for any sign 
of the leading coefficient. 


Case 4 Quadratic function has two real zeroes and one of them is inside of the 
given interval [M, N] and the other is to the right of the interval. 
The following is true: 
D>0 
x, € [M,N] 
a: f(M) >0 
a: f(N) <0 
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F(x) = (-X?-4-x) 45 
y=f(x) 


Figure 2.4 Case 3 for quadratic functions 


Please sketch the parabola yourself and make sure that you understand it, and that 
now you can consider all other cases that we omitted here and left for you as an 
exercise. 


Problem 52 (MGU Exam 1996). Find the sum of all integer values of a 
parameter a for which function f(x) = x* + 2ax + a* + 4a is negative for 
all x € (1,3). 


Solution This parabola opens upward, and it can have negative behavior for all 
x from the given interval if and only if it has two zeroes x,,x2 such that if x2 > x1, 
then x2 > 3,x, < 1. Moreover, ? > 0, f(1) < 0, f(3) < 0. We have the system 


—=a — (a + 4a) = —4a > 0 


fl) =2+6a+1<0 
f3)=@+10a+9 <0 


Using D/4 formula for both trinomials, we obtain 


a<0 
BRI eye BAO) 2s we [-3 - 2v2, = 
-9<a<-l 
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The following natural numbers belong to this interval: a= {—5, —4, —3, —2, —-1}. 
Adding all these numbers gives us the answer. 


Answer —15. 


Problem 53 Find all values of a parameter a at which the minimal value of 
the function y = x(x — 1 — a) — a* + 3a +7 on the interval [0, 2] equals 2. 


Solution This function can be written as 


yor —(a41)x-e +3447 


The graph of this function is a parabola that is opened upward and it will have an 
absolute minimum at its vertex, 


a+1 
— : 2.4 
HS (2.4) 


However, we need to look for the minimal value on the given interval. 
The following cases are possible: 


1. Vertex of the parabola x, € [0,2] and the value of the function at x, equals 2: 
= (a+ 1)x—a* +3a+7=2 
or 
= (a4+1)x—a@ +3a+5=0 (2.5) 
Because this equation must have only one root (the value of 2 must occur at 
the vertex of a parabola) then the discriminant of this quadratic equation must be 
zero! 
D =(a+1) +4(a —3a—5) =0 
or 
Sa’ — 10a — 19 =0 
This occurs at two values of parameter a: 


5 — 230 - 5+ 2/30 
DSLENEN, agp eet oe 
5 
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r(x) = (x°-6-x)+10 


Figure 2.5 Sketch for Problem 53 


However, if we substitute either of these values into the formula (2.4) for the 
vertex, we obtain that x,(a1) < 0, x,(a2) > 2. 

This contradicts our assumption that the parabola’s vertex belongs to the 
given interval (blue curve in Figure 2.5). 

2. Consider now the case illustrated by the black curve. The coordinate of its vertex 
(B) is greater than 2 and the function is decreasing on the given interval [0, 2]; 
then it approaches its minimal value on [0, 2] at x=2. (See point M on the 
graph.) 

Replacing x by 2 into (2.5) we obtain the following quadratic equation: 


a—a—-7=0 
1— 29 1+ 729 
a are on a 


If we substitute each of the a values into (2.4), we obtain that only at the second 
value the vertex of the parabola will lie to the right of x = 2: 


14 ¥294+2 34+ 729 
a 4 | 


X,(a2) >2 


is one of the solutions. 


14+ V2 
Therefore, a = ua i 
3. Consider the third and the last possible cases illustrated by the purple curve. This 
parabola is increasing on the interval [0, 2] and has its vertex (C) located to the 
left of 0. Therefore, its minimal value on [0, 2] will occur at x =0 (point N in 
Figure 2.5). 
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If we substitute x = 0 into (2.5) we obtain 


a —3a—5=0 
_ 3-29 


q= 2 ; 


34+ 729 
—— 


a2 


Substituting both values of a into vertex formula (2.4) we obtain that only at 


Ba.  2=V20t2 39/29 
. 4 


= Ay 4 
left of the left boundary of the interval, 0). Therefore this value for the parameter 
a will also be an answer. 


1+ V2 3- V2 
2 , 2 


<0 (the vertex is located to the 


Answer a= 


Problem 54 For what values of a parameter a does one of the roots of quadratic 
function f(x) = 4x” — 4x — 3a lie in the interval [—1, 1]? 


Solution Note that if one of the roots belongs to the given interval, [a, b], then the 
quadratic function takes opposite values at the ends of the given interval. This can 
be written as 


Answer 0<a< ; 


Remark Please notice that while solving the above problem, we did not use the 
positiveness of discriminant. Explain why that was not necessary in order to get the 
answer. 


Problem 55 Find all solutions of the given equation 
|x? — 2|x] + 1] = 3/2 —x|-1. 


716 2 Polynomials 


Solution Let us rewrite the equation in a different form by completing the square 
on the left: 


({x| — 1)? =3-|x-2|-1 (2.6) 
And consider this equation as 
Sa) = g@) 
on each on the following intervals ( — oO, 0] U (0, 2] U (2,00): 


1. If x € (— co, 0] then |x| = —x and |x — 2) = 2—x 
Then (2.6) takes the form 


x +5x-—4=0, 
which has to be solved under the condition x < 0. Hence out of the two roots 


_ 5-741 _ -54+V41 


x1 = x2 


2 , 2 
—5-Vv4l1 
only the first one, — works. 
2. If 0 <x < 2, then (2.6) becomes 
xr +x-4=0 
-1-VJ17 -14+v¥V17 
x =——,, 2» = — 
2 2 
-1l+v17 
Only x=— Te (0, 2]. 
3. If x > 2, then (2.6) has the form 
x —5x+8=0 


Because the discriminant of this equation is less than zero, this equation does not 
have real roots. 


—5-V4l | -14 VI7 


Answer The equation has two solutions: x = =- = and x 5) 


Next, I want to offer you a problem that will use algebra and geometry. 
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Problem 56 Consider all quadratic functions f(x) = x? + px + q that inter- 
sect the coordinate system at three points. Prove that all circles that pass 
through each of such three points have a common point. Find its coordinates. 


Proof If a parabola with positive leading coefficient intersects the coordinate 
system at three points, then it has a positive discriminant. Assume that two 
of these points are X-intercepts A(x, 0), B(x2, 0) and the third one is the Y-intercept, 
C(0, g). For different values of the parameters in the quadratic function the origin is 
either between the two intercepts or on one side of both X-intercepts. Consider both 
cases shown in Figure 2.6. We need to prove that point G is that common point of 
all possible circles. 


Case 1 Let us connect points A and C, C and B, A and B, A and G, and G and B (see 
Figure 2.7). 
Because the angles ACO and GBA are the same (they subtend the same arc AG), 


triangles AOC and GOB are similar. Therefore, a = a Denote |OG| = y, then 
bil _ lal 
yl el 


Solving which for y will give us 


X1X2 =q-y 


f(x) = (x+2)-(x-4) 
g(x) = (-1)-(x-5) 


Figure 2.6 Sketch for Problem 56 
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Figure 2.7 Case | 
(Problem 56) 


On the other hand, from Vieta’s Theorem we have that 
X1x2 = q 


It follows from these two equations that y= 1, and that G(0,1). 


Case 2 Let us draw the second parabola and form a red cyclic quadrilateral by 
connecting G, EF, F, and D (see Figure 2.8). We need to prove that in this case point 
G is the same as in Case 1, 1.e., G(0,1). 

In order to prove this, we will erase our parabola and the coordinate system as it 
is shown in Figure 2.9. Angles GDO and GDF are supplementary angles. Quadri- 
lateral EFDG is cyclic, so the angles GDF and GEF are also supplementary. 
Therefore, 2GDO = ZGEF (shown by green atc). 

Because the angle EOF is the right angle triangles GDO and EOF are similar 
right triangles, where |OF| = |x2|,|OD| =x, |OE| = gq and OG = y. The follow- 
ing is valid: 


Imi] _ lal, mix. _ 
ly} xl q 


1 = |OG| 


The proof is complete and all circles pass through the point G(0,1). 
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10 5 10 15 
Figure 2.8 Case 2 (Problem 56) 
Figure 2.9 Similar 
triangles (Problem 56) 
E 
G 
Oo oD F 


2.3. Polynomial Equations in Two or Three Variables 


Equations in integers or natural numbers are often used at different mathematics 
contests. Very often students are afraid to even start solving such problems. Some 
techniques will be taught here. In order to introduce you to the topic, I want to offer 
the following problems. 


Problem 57 Can a quadratic equation ax” + bx + c = 0 with integer coef- 
ficients have discriminant 23? 
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Solution Assume that discriminant is 23, i.e., b* — 4ac = 23. 
Adding 2 to both sides and moving 4ac to the right-hand side, we rewrite it as 


b* — 25 = 4ac — 2 


Applying the difference of squares to the left side and factoring the right side, we 
have 


(b — 5)(b +5) = 2(2ac — 1) (2.7) 


The two factors on the left-hand side differ by 10 and they are either both odd or 
both even. If the factors are odd, then the equation has no solution. 

If the factors are even, then the left side is divisible by 4. The right side, in turn, is 
even, but not divisible by 4. Equation (2.7) has no solution in integers. Since (2.7) 
has no solution, its discriminant cannot be 23. 


Answer No. 


Problem 58 (USSR Olympiad 1986) It is known that the roots of the equation 
x? + ax + 1 = bare natural numbers. Prove thata? + b’ is not a prime number. 


Proof 1 (Using Vieta’s Theorem) 
Let us rewrite the equation as 


xr tax+1—b=0 


By Vieta’s Theorem we have 
Xp+%=1-—b 
Xj +X. = —a 
Solving for a and b 


b=1-—x,-x2 

a = —(x; +x») 

Bb? =(l—x1-%)° 

a? = (x, +x9)* 

Cth =x2+xy2 414+ (x1x2)" 
= xy? (1 +37) + (1 +37) 
= (1+a)(1+8) 


Because the sum of the squares is a product of two quantities, it is a composite 
number. Therefore, it is not prime. 
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Proof 2 (Using complex conjugate polynomials) 
Consider p(x) = x? + ax + (1 — 5), then 


pi) p(-i) = (P +a-i+1—b)- ((-i? ait 1-5) 
= (ai — b) - (—ai — b) (2.8) 
gag 


On the other hand, if x,,x2 are natural roots of the quadratic equation 
x? +ax+1—b =O, then the quadratic function can be written as 


P(x) = (x — x1) (4 — 22) 


Substituting x = i,x = —i, we obtain the following: 


p(i)- p(-i) = +1) 9 +1) (2.9) 
Equating the right sides of (2.8) and (2.9), we obtain that 
a+b = (1+x7)- (1+23) 


Because the sum of the squares is the product of two numbers, each different 
from one, the sum of the squares cannot be a prime number. 


2.3.1 Special Products 


Many equations in two or three variables that are subject to solution over the set of all 
integers can be essentially simplified if we apply factoring. In order to refresh your 
factoring skills I want to give you the most important formulas called special products. 


A Difference of Squares 
A difference of squares can be factored as 
2 2 


uo —v = (u—v)(u+v) (2.10) 


whatever we have for u and v. 
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Example (x — 1)? — 9 = (x— 1)? — 3? = (x —1-—3)(x—14+3) = (x-—4)(x + 2) 

Here u=x— 1 and v=3. 

Many students now are very addicted to a calculator. If they do not have a 
calculator, they panic and start using their cell phone calculator. Most of them still 
know their multiplication tables and squares of simple numbers. So I tell the 
following story: Suppose you like windsurfing and, seeking the best wave, you 
come to a Pacific island X where some aborigines are still practicing cannibalism. 
You appear to be in a small village of these “cruel” people who are preparing to eat 
you. The only thing that can save your life is to give them the answer right away: 

What is 3999*4001? 

Students who do not know the difference of squares formula would not get out 
alive .... 

Those who notice that 


3999 - 4001 = (4000 — 1)(4000 + 1) 
would get the answer immediately as 
(4000)? — 1 = 16000000 — 1 = 15999999. 


Of course, the story is a joke. However, formulas above and those below are created 
and proven for us in order to make our mathematical experience a more pleasant 
journey. By the way, this formula for the difference of squares was known to 
ancient Greeks, who used geometric approach for its proof. 


Proof Consider a big square ABCD with side a and a small red square EBGF with 
side b (see Figure 2.10). 


a2-b2=(a-b)a+(a-b)b=(a-b)(a+b) 


AB=BC=AD=DC=a 
EB=BG=EF=FG=b 
AE=a-b 
GC=FH=a-b 

t +t t + 


Figure 2.10 Big and small squares 
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AB=BC=AD=DC=a 
EB=BG=EF=FG=b 


Figure 2.11 Difference of squares 


If we cut out the red square, we will obtain a geometric figure containing a green 
rectangle with sides (a — b) and a, and the yellow rectangle with sides b and again 
(a — b). In order to find the sum of the areas of both rectangles we can rearrange 
them in such a way that they will touch each other by the side of the same length 
(a—b). Thus, a new rectangle will be formed with one side (a — b) and the other 
(a+b), the area of which is (a — b)(a +b) (see Figure 2.11). 

By taking the area of b” away from the larger area of a’, or in other words, 
finding a* — b’, we have found that the area is also equal to (a — b)(a + b). Done. 


Difference of Cubes 
w—v =(u—v)(w’+uv+v’) (2.11) 


Sum of Cubes 


w+v = (ut+v)(w —u+v’) (2.12) 


Difference of nth Powers 


If n= 2k (an even power), then 
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= (w)* — (?)F = (v2 —v?) > piog_2) (2.14) 
= (u—v)(U+V) > Peer) 


where p(24_2) is a polynomial of (2k — 2) degree. 
This formula plays a very important role in solving problems on integers and 
divisibility. 


A Trinomial Square 


u? + Quv + v? = (u+yv) 


2.15 
uw —2uv + v* = (u—v)* a2) 


Example x2 +1—2x =? —2x-14 2 =(x-1). 


Factoring Quadratic Function 
Any quadratic equation with zeros x, and x2 can be factored as 
ax’ + bx +¢ = a(x — x1)(x — x2) 


Example Factor x* — 2x” — 8. 
Let u = x’; then the given function becomes quadratic with respect to u: 


ue — 2u—8 = (u—4)(ut 2) = (x? — 4) (x? +2) = (x - 2)(e + 2) (0? +2) 


To complete factoring we applied the formula of the difference of squares 
as well. 

Some problems involving numbers contain exponential expressions, so we have 
to list two of the most useful properties of exponents. We utilized these formulas 
earlier in this chapter. 


Cube of a Binomial 


(a+b) =a +3a°b + 3ab? + B® = a3 + B® + 3ab(a + b) 


B73 2 2 73 _ 3 _ 23 (2.16) 
(a — b)’ =a — 3a*b + 3ab* — b° =a’ — b° — 3ab(a — b) 
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Problem 59 Prove that ‘| 6+ 4/ a } i/ 6-—, Se is a rational number. 
/84 /84 
Proof Assume that x = i 6+ sald + i 6— sald and let us cube both sides 


using the formula above: 


This can be written as x°7 — 5x — 12 = 0. 
By the Rational Zero Theorem, we can find that x= 3 is a zero of the equation. 
Continuing factoring it, we get 


x — Sx — 12 = (x—3)(x° +3x+4) =0 


The second factor does not have any real zeroes. 
3 4 4 
Therefore, x = i 6+4/ sol + i 6—4/ . - = 3 is a rational number. 


Useful Formula 


a+b +c) —3abe=(atbt+e)(@ +b? +c? —ab—be-ac) (2.17) 
Factoring of an Exponent 


(2.18) 


Example 4° —1 = (4*)? — ? = (4° -1)(47 +1). 
Doing this problem, we used properties of exponents and again a difference of 
squares. 


Factoring the Sum of Squares 


(ac + bd)’ + (ad — be)” = (a? +b) (c? + a?) (2.19) 
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Please prove this formula yourself. The usage of this formula is very important when 
you have to rewrite a number as sum of squares of other numbers. Though this formula 
is true for any a, b, c, and d, not every integer can be written as a sum of two squares. 


Homogeneous Polynomials 

If a polynomial f(x,y) possesses the property f(tx, ty) = ¢" f(x, y) for some natural 
number n, then f(x,y) is said to be a homogeneous polynomial of degree 1 in two 
variables x, y. 


For example, f(x, y) = x° + 2x*y + y*is a homogeneous polynomial of degree 3 
because 


f (tx, ty) = (te) + 2(x)"(ty) + (oy)? = A? +2? ty’) = PFO) 
There exists a general approach of factoring homogeneous polynomials as 


f(x,y) = y"f(1, 4), where u a (2.20) 


Let us consider a homogeneous polynomial of the 4th degree: 


f(x,y) = Gxt + 25x y + 12x*y* — 25xy’ + by* (2.21) 


Next, we apply (2.20) to it. For this we factor out ay 


Xx : X - xX : Xx 
fons) =x4[6(%) +25(=) +12(*) —25-+6 
y a y y 


= y*[6u* + 25u + 12u? — 25u + 6] 


(2.22) 


If polynomial (2.21) can be factored, then the polynomial within brackets must have 
rational zeroes. Using the Rational Zero Theorem we find u = —2, u=—3, u= 1/2, 
and u= 1/3. Now the polynomial (2.22) can be factored as 


f(x,y) = y*[(u + 3)(u + 2)(3u — 1)(2u — 1)] 
= b@ + 3))b@ + 2)]bGu— D]ly(2u— D] 
Replacing u=x/y into above, we obtain that f(x,y) = (x+3y)(x+2y) 
(3x — y)(2x — y). 
Remark 1 have to mention here that some homogeneous polynomials of second 


degree can be factored mentally using FOIL as 


ax’ + bxy + cy” = (mx + py)(nx + sy), 
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if we can find m, n, p, and s such that mn =a, ps =c, and ms+ pn=b 
Thus, 15x” — l1lxy + 2y? = (5x — 2y)(3x — y), because 
5-3=15, (—2)(—1) =2and5-(-1) +(-2)-3=-11. 


Special Property of Homogeneous Equations of Even Degree 


For a homogeneous equation of second, fourth, sixth, and so on (any even degree) if 
(a, b) is a solution, then (—a, —b) will be a solution as well. From the definition of a 
homogeneous polynomial we find that f(—a, — b) = (—1)"- f(a, b). But if n= 2k 
(even degree), then f(—a, —b) = f(a, b). 

Therefore, if (a, b) is a solution, then (—a, —b) is another solution. 


Summary Every time you have a problem in integers, first try to factor it. For this, 
you have to be able to recognize a special product or rewrite the given expression 
such that you can use a special product. 


Problem 60 (Sophie Germain) Prove that n* + 4 cannot be prime, if n> 1. 


Proof Let us show that this number can be factored. Thus, 


m+ 4 ant 44-4? + 4n? = nt + 4n? +4 (2n)? = (Wn? +2) — (2n)? 
= (n? + 2n4+ 2)(n? — 2n+ 2) = ((n+ 1)? +1) ((n— 1)? +1) 


Therefore this number is a product of two other numbers and of course, it cannot be 
prime. 


Problem 61 DeBouvelles (1509) claimed that one or both of (6n+ 1) and 
(6n — 1) are primes for all positive integers. Show that there are infinitely 
many n such that (6n — 1) and (6n+ 1) are composite. 


Solution Because the sum and the difference of cubes can be factored, let 
n= 36m. 


6n +1 = 6-36m3 +1 = (6m)? + 18 = (6m + 1)(36m — 6m + 1) 
6n — 1 = 6 - 36m} — 1 = (6m)? — 13 = (6m — 1)(36m? + 6m + 1) 


For example, 


m=1,n=36,6n—-1=215=5-43; 6n+1=217=7-31 
m= 2,n = 288,6n — 1 = 1727 = 11-15-7; 6n4+1=1729=7- 13-19 


88 2 Polynomials 


There are other possible values for n that allow us to factor (6n + 1) or (6n — 1). 
For example, if n = 6k?, kN => 6n—1=36k? —1=(6k—1)-(6k+ 1). 
Some such numbers are shown below. Note that the above substitution will not 

work for (6n + 1): 


k=1,n=6, 6n—1=35=5-7 


k=2, n= 24, 6n-—1= 143 = 11-13 
k=3,n=54, 6n-—1=323= 17-19 


Problem 62 (American Mathematical Monthly 1977) The difference of two 
consecutive cubes is a perfect square of some number. Prove that this number 
can be represented as the sum of two consecutive squares. 


Proof Let us consider the difference of two consecutive cubes: 


(x+1) —P =37 4+3x4+1=y' 


Here y is unknown and we must prove that it can be written as the sum of two 
consecutive squares. Multiply both sides by 4: 


A(3x? + 3x +1) =4y* 
12x? + 12x +4=4y* 


Completing the square on the left and moving one to the right-hand side: 


3(47 + 4x-+1)+1=4y* 
3(2x +1)? =4y*-1 
3(2x +1)? = (2y— 1)(2y + 1) 


Because (2y — 1,2y+ 1) are relatively prime, we have two possible cases: 
Case 1 


2y —1= 3m’, (n,m) =1 
2y+1an7, 47 =r? +3n’, 


Case 2 


2y-1l=m’, (n,m)=1 
2yt+1=3n, 4y =3n? +m, 


Of course, m and n are odd integers. 
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Case | is not possible because it leads to the equation 
n — 3m? =2 


which does not have a solution in integers (the square of any number divided by 
3 leaves a remainder of 0 or 1, not 2). 
From case 2 we have 

2y—1=m’, (n,m) =1 

2y=m +1 

2y = (2k +1) +1 

2y = 4K + 4k +2 = 2(k +2k+14+k) 


2y = 2](k+ 1)? +P] 
y=(kt+1P +h 


The last formula represents y as the sum of two consecutive squares. 


Problem 63 Find all integers x and y that satisfy the equation xy =x+y. 


Solution Let us rewrite the equation in the form 
xy-x-y+1=1 


Factoring by grouping the left-hand side we have 


We have obtained a very interesting situation. Because a number on the right side is 
one, we have only two opportunities. 


If y—1=1 andx—1=1, then y=2 and x=2. 
If y— 1=—1 and x— 1=~—1, then x=0 and y=0. 


Answer (0, 0) and (2, 2). 


Problem 64 Find all primes x and y (positive and negative) that satisfy the 
equation 2x7 + xy —7=0. 


90 2 Polynomials 


Solution This problem may look unusual, because it has one equation and two 
variables x and y. Of course, you noticed that 7 is a prime number. Using ideas from 
the previous problem, we can see the advantage of moving 7 to the right-hand side 
of the equation 


xt +xy=7 
The left side of this equation can be factored as 
x(2x? + y) 


The right side (number 7) in turn can be factored as follows: 


7=1x7 
exe. 
7 = (-1) x (-7) 
7 = (-7) x (-1) 


Next, we have four possible cases for numbers x and y that are reducible to four 
systems: 


Case 2 a 7 97 

‘ase =i. y= = 

2x’+y=1 

Geog) 1 9 

‘ase x=-l,y=- 
27 + y= -7 » 
x=-7 

Case 4 x=-7,y=-99. 
2?+y=-1 


We find four ordered pairs of (x,y) that satisfy the given equation, but among 
them only the pair of primes (7, —97) x =7 and y = —97 satisfies the condition of 
the problem. 


Answer x=7 and y=—97. 


Problem 65 Find all integers n and m, such that nm > 9, that satisfy the 
equation 2mn + n= 14. 
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Solution Factoring the given equation gives us 


(2m+1)n=14 
Since (2m+ 1) is an odd number, n must be even. This can be written as 


2n+1=1 
1. &=m=0, n= 14, nm = 0 not a solution 


n= 14 
2m+1=7 
2. ; m= 3,n=2, mn=6 < 9 nota solution 
n= 
2m+1=-7 
5 o&m= —4,n=—-—2, nm =8 < 9 nota solution 
n=— 


2nm+1=-1 
4, e&m=—l1,n=-—14, nm= 14> 9 true. 
n=-—14 


Answer m=-—1 andn=—14. 


In the following problem, we will learn how, by adding an expression that is 
equal to zero, we are able to complete a square or cube. 


Problem 66 Assume that a > 1 is the root of x°> — x — 1 = 0. Evaluate 
V3a2 — 4a + W3a? + 4a +2. 


Solution Since a> — a — 1 = 0, by adding or subtracting it inside the radicals we 
will not change anything! We can then use the cube of difference and cube of sum 
formulas: 


3a —4a = 3/302 — 4a —(@ —a—1) = V1 —3a4+3a2-@ = \/(1—a) =1-a 


V3a? + 4a4+2+4+(a-—a-1) =V/(1+ay =1+a 


Therefore adding the left and the right’ sides, we _ get 
V3a? — 4a + W3a?+4a+2 =1—at+1+a=2. 


Answer 2. 
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Figure 2.12 Pascal’s 1 
triangle ‘a 
A, oD fF 
i133 1 
14641 


i: $2030 64 


2.3.2. Newton’s Binomial Theorem 


You are probably familiar with Pascal’s triangle (Blaisé Pascal, French mathema- 
tician, 1623-1662) that allows one to raise (x + y) or (x — y) to an integer power and 
find appropriate coefficients of the expansion (Figure 2.12). 

Thus after making a Pascal triangle as above, and considering that the starting 
1 belongs to a zero row and selecting, for example, row 5, we can evaluate the fifth 
power of (x+y): 


sy? =i 6 ty 1 Y Slory pay ey 


In this way you could find coefficients for any other power of (x+y) or (~—y). 
However, it is not a very efficient way if the power is greater than 10. In order to 
expand any power of (x+y), we will introduce Newton’s Binomial Theorem: 


n 


n! 
(u+yv)" = S- = ne 
tao Kin — k) (2.23) 
n(n — 1) yy 


5 +...+nuv™! + y" 


= y" + nut ly + 


This identity is known as Newton’s Binomial Theorem because it was first stated by 
Isaac Newton, and (x+y) is a “binomial,” an expression with two terms. 
The binomial coefficient in the formula above is often denoted by the symbol 


k 
k by formulas 


C : = (; ) (pronounced “n choose k’’) and defined for nonnegative integers n and 


n n! 
Gio k=0,1,...,n. (2.24) 


Here and below we introduce the factorial of a nonnegative integer n, denoted by 
n! that is the product of all positive integers less than or equal to n. 
The factorial can be written as 


nl=1-2-3-...-(n-—1)-n 
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Zero factorial equals one (0! = 1) and 1! = 1. We can continue as follows: 


W=1-2=2 
31=1-2-3=2!-3=6 
Al=1-2-3-4=3!-4=6-4=24 
51=4!-5=24-5=120 


nl = (n— tin 


Each time we use formula (2.24) we try to factor the factorial in the numerator so 

that one of the factors would match with a factorial in the denominator. Because 
! ! 

tor bi = = ae. (@—byP we also can state the following property of the 


binomial coefficients: 


C=C (2.25) 


By applying formula (2.24) directly, it is easy to show that 


n—k __ n _ ki n _ n! 
i Pa) Gh i) ~ ki(n—k)! 


Let us evaluate some of the binomial coefficients: 


_ n! _(a-Dln | 
—“Taai! Gain" 
Cu n! _ (n= 2)!(n— Wn _ (n—=1)n 
"=n —2)! 2(n — 2)! 2 
oo n! (n—1)!n 


— => =n 


n (n—1)!(n—(n—1))! (n—-1)!-1 


If you have taken a probability course or even introductory statistics, then you are 
familiar with binomial coefficients and their properties. In statistics, when someone 
selects a simple random sample of size n from a population of size N, the total 
number of possible samples can be found using the formula 


c= (1) aay 


Formula (2.23) can also be rewritten for the nth power of the difference of u and v, 
by placing “minus” before each odd power of v. For example, if v= 1 and n= 100, 
we obtain the following: 
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1 ‘ 
00 - 99 9s 


(w= 1)" Sa = 1000” + 100u +1 


Problem 67 Show that 


Proof The proof can be done directly by applying formula (2.24): 


n n\ n! n! _ mk+ni(n—k+1) 
gat) \2) Gear OG Wie 


ni(ntl) | (n+ 1)! (°) 


(iin—-k+)! (Olnt+1—-bH! Vz 


Next, let us show that Newton’s formula is true. 


Theorem 21 For any nonnegative number n, the following statement is valid: 
pee 
(1 +x) =i) (2.27) 


This statement can be deduced to 


(a+b)"=S_ ( {at for any a, b. (2.28) 


k=0 


Proof We will conduct the proof of (2.27) by induction. 


1 
1. Letn=1.(1+x)' = S- (.)*=(9)2+ (1) =14+x. 


k=0 
2. Assume that (2.27) is true forn=t, t > 1, Le., 


atay= (4) 


=(5)+ (s+ Geet (ete (e229) 


i=1 
3. Let us show that (2.27) is also true form =t+ 1, i.e.,(1 + oe = @ 3 
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(142)! =(1+.0)(1 +2) 


“oon 
“020. [() Qe QeeCJe=(4 


t 


Above we substituted (2.29) into the formula because we have assumed it to be 
true. Using distributive law we will obtain the following: 


; t t t t t 
+ x+ e+ a ao xt xt. 
0 1 2 t-—1 t 


Next, we will combine like terms and use the property of binomial coefficients 
such as (2.26) and the formulas below: 


n n+1 m 
Cr Coal = Cn = =1 
0 0 0 
n n+l n+1 m ue 
Cr CrH = Cn — = 
n n+1 m 


Raed OO) OO) ins 
(4) QheGe 
= (0) + (ss (S ‘ett (ee 


Because we have shown it to be true for n = t+ 1, by induction we have proven 
that it is true for all n € N. 


In order to prove (2.28), we will use a similar induction approach, but because 
we understand now how to proceed, we will use only sigma notation. 


Problem 68 Prove that (a + b)” = Se ({ ator 
k=0 
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Proof 


1. For n= 1 the statement is true (please check yourself). 
2. Assume that A(7) is true and that (a + b)" = ps (; eon 


k=0 
3. Let us show that A(n+ 1) is also true: 


(a+ by"! = (a4 d)(a+ 8)" = (at. )9- ( : ap’ 


k=0 


> ght pr Holt Jaws 
k=0 k k=0 


Next, we will do a little “trick” by introducing a new variable j=k+1. 
Then k =j — 1, and if k is changing between 0 and n, then j will change between 1 
and n+ 1. Now the summation in our two sums will use this new index /: 


n+l n 

= é Jair ("at 
ji\j—1 j=0 \J 
n+l n 

5" Jeter So "ate 
eld j=0 \J 


Combining like terms a”b"*!~” from j=1 to j=n and applying formula (2.26) 
again we complete the proof: 


3((5.1)+(_) errs (Saree (Jjearne 
j- j ‘ 
7 3 a 1 aipttt-i4 n+l gopt!-9 4. n+l gti perl (+) 

aN j 0 n+1 


n+l n+1 : ; 
= ¥( | Jatin =(a+0)"*". 
j=0 \ J 


The proof is completed. 

Next, we will discuss Pascal’s triangle and other properties of the binomial 
coefficients. 

Let us expand (2.28): 


-1 —1 
(a+ 6)" =a" + na tp 4 ) pra 4 Bin ) Pp? 


+ nab" +b" (2.30) 
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We notice that the coefficients of the terms are symmetric with respect to the 
“center” of the formula. Thus, going from the ends to the center of the formula, 
we have | and 1, 1 and n, etc. This symmetry follows from (2.25). 

In high school, many students learn Pascal’s triangle, which has already been 
mentioned above. Using Figure 2.12 let us see how some properties of the binomial 
coefficients can be visualized from it. 


1. The numbers in each row are the coefficients of (x + y)". 

2. In each row, the numbers symmetric with respect to the center of the row are the 
same. This is true because Cc = Cr 

3. The numbers in each consecutive row can be obtained from the previous one by 
the rule Ck + Ck*! = Ck). Thus number 10 in row 5 is the sum of 4 and 6 in the 


mM 
previous row 4. 


Lemma 1 The sum of all binomial coefficients in the row corresponding to 
power n equals 2”. 


Proof Thus, if 7=1 we obtain 1+1=2, ifn=2 we have 1+2+1=4= Oe for 
n=3 we get 14+34+3+1=8= 23, ete. 
Let us prove these properties of the binomial coefficients, i.e., 


E(f)-()+()+G)++(h ae ()-2 en 


The proof of this statement is simple. 
Consider formula (2.27) again: 


atat= 5 (t)e 


If this formula is correct, then it is correct for any value of x. Let x be 1, then the 
answer follows immediately: 


Remark Though Newton’s binomial formula can be used for any power of n, it is 
useful to memorize some often-used formulas without deriving them all the time; 
no need to reinvent the wheel each time you need one. This is why some rules and 
formulas I recommend remembering by heart. 
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Problem 69 Find m and n if the following is true: 
n+1 n+1 n+l 
(eA1). (M22). (21) ass. 


Solution On one hand, 


oo (n +1)! m-(n—m+1)!_ n—m+1_ 5 


m+1 m ) (m+Di(n—m)! (n+l)! om4l1— 5 


= 1. 
On the other hand, 


Ge Gel - Go via SES a = = : 


Answer n=6,m=3. 
1\8 
Problem 70 Evaluate the constant term of the expansion: (: ap a ap -) , 
x 


Solution Let u =x + 4, then the given formula can be rewritten as 
(1+u)§=14+8u+ (5)? + (3) fb (5) + u’, where 


k Ly k-2 kK \ 42m I 
w=(xt—-) =e +b? 4.004 gr te ce oe 
Xx 


m 
We can see that u“ will have zero power whenever k= 2m. There are four 


possible pairs when this is true for k and m: (k,m): {(2, 1), (4, 2), (6, 3), (8, 4)}. 
Thus the constant term is 


(2) C+) G) +) G) )) 


= 1456 + 420 + 560 + 70 = 1107. 


Answer 1107. 
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2.4 Biquadratic Equations: Special Substitutions 
Some equations can be simplified to a quadratic type equation if we introduce a new 


variable. 


Example 1 Solve 4x° — 13x37 +9 =0. 
By introducing a new variable y = x° (x = y/y), the equation will become a 
quadratic in y: 


4y? — 13y+9=0 


J 2-7 
3/9 
x, =1,0%= \/— 


4 


Example 2 Solve 15x3 + 113 — 26 = 0. 
Denote y= x3, x >0 (x=y’). 


15y? + lly —26=0 
26 


Here we had to remember that rational exponent function y = x3 is defined only for 
positive values of the independent variable. This is why we have one answer, x = 1. 
For some equations, a good substitution can be not that obvious and we need to 


ee ‘ : F 4 ax 
learn how to recognize it. For example, if an equation contains the terms like -; b 
x 


raised to some power, you can try to introduce a new variable as 


a x 
=-t-. 2.32 
y= +5 (2.32) 
Then for example, 
> (¢ * 2 ae a i es 
4 Cet) a ne ae 
ee 4 a 
Sy 2. 
x? os b b 


100 


Solution We can try to introduce a new variable using (2.32): 


Squaring both sides of the equation above we obtain 


4\? 2 8 16 
y? = (; *) = 5 3 + 2 which can be written as 


8 16 
3 9° x 
Multiplying both sides by 3 we have 


2 
igo 4 
3y a ae 
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(2.33) 


This we can substitute back into the original equation and get the following: 


3y? +8 = 10y or 3y? — 10y +8 =0 


This quadratic equation in variable y can be solved easily and it has the 


following roots: y, = 2 and y, = 4 
Next, we have to solve (2.33) for each y value. 


iz 4 5 422 4 4 
.>—-=2.and2.---=-. 
3 x 3 x 3 


The first equation is equivalent to a quadratic equation: 


x? —6x—12=0, x40 
no =34V9FT2 

xy =34+ V21 

my =3-V21 


The second equation is equivalent to a quadratic equation: 


x? —4x—12=0, x40 
x34=2+ V4+12 


+43 =6 


X= —2 


Therefore, the original equation has four real roots. 


Answer X=34+V21,x=3-v21,x=6, x= -2. 
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Remark Youcan argue that the problem could be solved without any substitution if 
we multiply both sides of the equation by 3x°. Then the given equation would take 
the following polynomial form of the fourth degree x* — 10x° + 120x + 144 = 0, 
and fortunately, by the Rational Zero Theorem, we could find two integer solutions 
x= -—2 and x=6. Then by dividing the given polynomial by (x + 2) and (x — 6) we 
would obtain a quadratic equation that would give us two other irrational roots. 
I agree that the method introduced in this section is not the only method of solving 
the equation given in this particular problem. However, it is always nice to solve a 
problem in several ways. In my opinion, learning how some equations can be 
simplified is important for developing problem solving skills. Indeed, the more 
you know, the better you will be prepared for any math contest. For example, a 
similar idea of substitution can be applied to some cubic equations and for solving 
symmetric polynomial equations. You will see it soon in the text. 


Other types of substitution can be seen in the following problems. 


Problem 72 Solve the equation Vx +3-4V/x-—1+ Vx +8-6Vx-1=1. 


Solution Let us introduce a new variable: 
y=vx—1>0,x>1. Then yy =x—-1,andx=y* +1. 


In terms of the new variable, our equation looks like 


Vy +14+3-4y4+ Jy? +14+8-6y=1 
Vv-2°+ Vo-3" =1 


Next, we will open each square root as an absolute value: 


ly —2|+|y—3|=1. (2.34) 


We will solve this equation using the method of intervals. Let us place 2 and 3 on 
the number line in increasing order. They divide the number line into three 
intervals: y < 2,2 < y < 3,y > 3. We will solve the modulus equation on each 
of these intervals. Thus 


1. 
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2<y<3 
y-2+3-y=1 
1=1 (true) 
y € [2,3) 

3. 
ya3 
y-2+y-3=1 
y=3 


Therefore, (2.34) is true on the closed interval y € [2, 3]. 
Next, we will find the interval for x. The following is valid: 


2<vx-1<3 
4<x-1<9 
5 10. 


Answer x € [5, 10}. 


We obtained a very interesting case, because the solution to the equation is 
the closed interval and then any real value of x from that interval makes the 
equation true. You can check for example x = 6. We need to show that 


6 +3—4v5 + 1/6 +865 =1 


or that 


9 —4V5 + 1/14 -6V5 =1. (2.35) 
v V 


At first glance, it does not look right. However, let us complete the square under 
each radical, and consider 


yy =2 2.2.75 4 (v5) =9-4V5 
)? =32?-2-3-V5+ (v5) = 14-65 


Because \/5 > 2 and V5 < 3, finally, (2.35) becomes |2 — V5| + [3 — v5| a 
V5 —-2+3-V5=1. 


A similar result can be obtained for any real x € [5, 10}. 


1 [x — 1 
Problem 73 Solve the equation Baal ai “= 2. 
x-1 x+1 2 
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Solution Instead of working with radicals, we can denote 


x+1 1 Ix — 1 
y= >-= : 
x-l sy x+1 


Then the equation can be rewritten as 


y—1t=or2y-2=3y,y>0. 


With the solution y= 2. (Note that the second root of the quadratic equation, 
y=-—1/2, would not satisfy the original equation domain.) 
Next, we will find the corresponding x: 


Answer x = 2 
3 
Problem 74 Solve the equation (x* +x — 1) + (x? +.x+ 1) =2. 


Solution You can simplify this equation of the 4th degree to a quadratic by making 


a substitution of t = x7 + x 
Then the equation becomes 


(t—1)(t+1) =2 
P-1=2 

ty = V3,t. = —V3 

Ptx= V3 or eP+x=—V3 


Only the first equation leads to real solutions in x: 


vr+x—V73=0 
—-14v714+4v3 Reg oe en 
=~ peg NE 


2 
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~14/1+4V3 


2 


Remark Tf you tried to solve this equation directly without recognizing an appro- 
priate substitution you would get the following polynomial equations of the fourth 
degree: x4 + 2x7 +27 -3=0. 

You would see that there are no integer solutions to this equation because 
numbers 1, —1, 3, and —3 do not make this polynomial zero. However, if you 


Answer x),2 = 


rewrite it as x+ + 2x° + x? = 3, you could notice a trinomial square on the left and 
then the solution is similar to the previous one: 


+x= +73, etc. 


Problem 75 Solve the equation 4° + 2°? +7 = p—4*—2.-2'°, 


Solution Let us rewrite this equation in the following form: 


Spo dk bie 
4°+—4+4-(2%4+5)4+7-p= 
at ( +z) 47 p=0 


Denote 
y=2*>0 


Then y? = 4", =2™,, ete. 


In terms of the new variables our equation becomes 
,, 1 1 
Yeates | ye = pH 0 (2.36) 
y y 
It is natural to introduce another variable 
1 
z=yt- (2.37) 


from which 


Now instead of solving a polynomial equation of 4th degree in variable x (2.36), 
we will solve a quadratic in z: 
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2 +42+(5— p)=0. 


Because the coefficient of z is even, we will use D/4 formula (2.3) for the roots of 
a quadratic equation. The value of x is real if D/4 is nonnegative: 


D 
qu2-(G-p)=p-120 
p2l 


And the roots are 


z=—2+ p-l. 


Because z is positive as the sum of two positive expressions, then out of two 
possible values of z, we will select only one, such as 


z= V/p-1-2, p>S5. 


Substituting it into (2.37), we obtain a new quadratic equation in y: 


y° (VP 2)-y+1=0 (2.38) 


Da(/po1=27 =450 
p-1-4/p—14+4-42>0 
p-1>4/p-1 

(p—1)° > 16(p — 1) 
(p—-Dip—17) 20 


Because the first factor is positive, in order for the inequality to be true, p — 17 > 0 
must hold or 


p>17. (2.39) 


Do you remember that we obtained this restriction on p by solving Problem 30 of 
Chapter 1? From (2.38) and under condition (2.39), we obtain two solutions for 
variable y: 


_vp—1-2+ Vp—1-4yp—1 
7 2 


2a/fal=ta7p=1=4a/ pal 
2 


Jy 


y2 
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Both values of y satisfying the inequality (2.39) are positive at any p. 
The corresponding values of x can be found as 


(Yeates toNeT) 
x1 = log, 2 


(2 1-9-4) p= 1a , 
x2 = log, 5 


For example, if p= 17, we obtain that x; = x2 = 0. 


2.5 Symmetric (Recurrent) Polynomial Equations 


An equation a,x" + nx"! +... + a,x + ao = Ois called recurrent if and only if 
a =an_-p, K=0,1,2,...,n. (2.40) 


We will consider separately recurrent equations of odd and even degree. 


2.5.1 Symmetric Polynomial Equations of Even Degree 


If for any polynomial of even degree written in descending form, the left and right 
coefficients are symmetric (equal), satisfying (2.40), such equation can be simpli- 
fied by substitution: 


1 
y=x+— (2.41) 
x 
Example Consider a polynomial equation of the 4th order: 
ax’ + bx? +.cx* + bx +a=0. 
First, we will divide both sides of it by x7 (x 4 0) and obtain its equivalent form: 
b 
ax +bx+co4+-+5=0 
xX Xx 


This equation will be reduced to a biquadratic equation in variable y given by 
formula (2.40). 
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Thus, y? = x* +4+ 2 or 


1 2 


r+ [=y-2 (2.42) 
Xx 


Regrouping the terms and making substitution (2.41) and (2.42), we obtain a 
quadratic equation in y that can be solved using standard methods: 


1 1 
a(x? +5) +o(+2) +c=0 
XxX Xx 


a(y? —2) +by+c=0 
ay’ + by + (c — 2a) =0. 


Problem 76 Solve the equation x* — 5x° + 6x? —5x+1=0. 


Solution This equation is a symmetric polynomial equation of the 4th order, so we 
can use the method and substitution discussed above. 
Dividing by the square of x, we obtain the new form of the equation: 


1 
x —5x+6 2 5 =0. 
x Xx 


1 
y=x+- (2.43) 
x 
and \ 

2 _ 2 

x a a —2 

y —5y+4=0 

y= ae: 


Next, for each value of y we have to solve (2.43): 


1 1 
lx+-=1 2.x+-=4 
x x 
vr—x+1=0 ?—4x+1=0 
no real solutions x=2+ V3, x=2- V3. 


Remark As you could see, for this problem the Rational Zero Theorem would not 
be helpful because the equation has two irrational roots. Our method allowed us to 
find these roots analytically. The graph of the polynomial function with two 
irrational roots is given in Figure 2.13. 
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p=x*-5x3+6x2-5xt1 


-15- 


Figure 2.13 Sketch for Problem 76 


Problem 77 Solve 4x* + 12x +244 = 47. 


Solution Method 1: This equation is not polynomial but can be solved using a 
similar substitution: 


2 
y=2x+- 
x 
2 2,4 
y= 4x + =) + 8 
x 
Then the given equation will be reduced to a quadratic in y: 


y +6y—55=0 
¥=—lly,=5 
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Qn? + 11x +2=0 Qn? —S5x+2=0 
—l1+v105 
7 3 = 2,%4 = 5 


Method 2: We can multiply both sides by x* and obtain polynomial equation of 4th 
order: 


4x4 +1233 — 47x? + 12x +4=0 


Using the Rational Zero Theorem we can find that x = 2,x = 5 are the roots, and 

then using Horner’s algorithm we will divide the original polynomial by factors 

(x — 2) and (x — 1) and obtain the quadratic equation 2x? + 11x +2=0 whose 

solution will give us the remaining roots. 

1+ V105_ 
4 


—]1 1 
Answer ————_———_;, =; 2. 
wi no? 


2.5.2 Symmetric Polynomial Equations of Odd Degree 


Lemma 2 Any symmetric polynomial equation of odd degree has a solution 
r==ll, 


This lemma can be easily proven in general. Instead, let us consider a cubic 
symmetric equation: 


ax’ + bx? + bx +a =0. 
Regrouping the terms and factoring out common factors we obtain 
a(x +1) + d(x? +x) =0 
a(x + 1)? —x+ 1) + bx(x+ 1) =0 
(x + 1)(ax* — (a— b)x +a) =0 
The solution of x = —1 is obtained. 


Remark A similar approach can be used for a skew symmetric odd equation. For 
example, the equation ax?>+bx*—bx—a=0 can be rewritten as 
(x — 1)(ax* + (a+ b)x +a) = 0 and will have at least one real zero x= 1. 
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In general, any cubic equation ax* + bx? + cx + d = 0, a 0 has at least one real 
zero and at most three real zeroes. Even ancient Babylonians tried to solve cubic 
equations. We can try to find such zeroes using the Rational Zero Theorem. 
However, if there is no rational zero, then finding the solution to a cubic equation 
can be challenging. In this section, we discuss some helpful methods and derive 
important formulas. 


2.6.1 Vieta’s Theorem for Cubic Equations 


In the previous sections, we formulated Vieta’s Theorem for quadratic equations. 
This important theorem is also valid for polynomials of higher degree and it is very 
useful for cubic equations. For example, if x,,.x2, x3 are the roots of the polynomial 
equation 


xe +ar+bx+c=0 (2.44) 


then they satisfy the following system of equations: 


Xj +%2+%3=-a 
Xy +X. +27 +3 +X, °x3 =) (2.45) 
X1X2X3 = —C 


The reverse theorem is also valid: Solutions of system (2.45) are the roots of cubic 
equation (2.44). 


Remark In general, for any equation ax* + bx* + cx +d =0,a #0, the Vieta’s 
Theorem can be applied. For example, if x,,x2,x3 are the roots of the polynomial 
equation 
3 oe = 
ax? + bx’ +ex+d=0,a40 (2.46) 
then they satisfy the following system of equations: 
b 
Xjit%.+%3=-- 
a 
c 
Xp +X +X2-x3 +X] ae (2.47) 


d 
X1X2X3 = —— 
a 


Let us see how this can be used for solving the following problem. 
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Problem 78 Find such pairs of positive values of parameters a and c for which 
all three roots of the equation 2x? — 2ax* + (a* — 81)x — c = 0 are natural 
numbers. 


Solution Assume that we know all natural zeroes of the given equation, x; < x2 < x3; 
then they must satisfy Vieta’s Theorem (2.45): 


Xi +%2+%3=a 


a’ —81 
XX. $X2° XB 4X1 °X3B = 5) 
Cc 
X1X2X3 = F 
2, 


Using the true equality 
(x1 + x2 +43)? = x2 4.38 4.98 + (ays xp tmp x3 +11 + 3) 
the first two equations of the system can be combined as 


(a* — 81) 


(a) = +3442] 


xj $33 +23 = 81 


We can find the following triples of natural numbers, the sum of the squares of 
which is 81: 


(x1,%2,%3) = {(1,4,8), (4,4,7), (3,6, 6)} 


And for each triple we obtain the corresponding values of a = x; + x2 +.x3 and 
corresponding value of parameter c = 2 - x1x2x3: 

(1,4,8):@=x +4293 =14448 = 13,c=2-x x3 =2-1-4-8 = 64 
(4,4,7):@=x, +433 =44447= 15,c=2- x43 =2-4-4-7= 224 
(3,6,6):a=x +m4+%3=34646= 15,c=2-x%0x3 =2-3-6-6 = 216 


Finally, the positive pairs of the parameters are given as 
(a,c) : {(13, 64), (15, 224), (15, 216)}. 


Remark Because we obtained three different polynomial functions with all even 
coefficients, the polynomials can be simplified as 
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p(x) = 2 — 13x? + 44x — 32 © (x1, x2,%3) = (1,4, 8) 
p(x) = x9 — 15x? + 72x — 112 © (x1,x2,x3) = (4,4,7) 
p3(x) = x9 — 15x? + 72x — 108 © (x1,x2,x3) = (3,6, 6) 


2.6.2 The Babylonian Approach to Cubic Equations 


It is known that ancient Babylonians could solve simple cubic equations 
(Table 2.1). 


Table 2.1 Babylonian N we rw e+ 

Method 
1 1 1 2 
2 8 4 12 
3 27 9 36 
4 64 16 80 
5 125 25 150 
6 216 36 252 
7 343 49 392 
8 512 64 576 
9 729 81 810 
10 1000 100 1100 


We will review their methods by solving the following problem. 


Problem 79 A Babylonian tablet has been discovered that gives the value of 
n> +n? for n=1 to 30. Make such a table for n=1 to 10. Using the table 
solve the equation x° + 2x* — 3136 = 0. 


Solution The equation x* + 2x* — 3136 = 0 is not ready to be solved using the 
table. Notice that the Table 2.1 gives us the sum of the cube and square of a number 
with the unit coefficients of each term. Let us divide the given equation by 2° = 8 


and then introduce a new variable n = =: 
° x _ 3136 


ait 253 pe 


Answer x= 14. 
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Problem 80 Solve a cubic equation 3x° + 5x = 16. 


Solution First, this equation can be rewritten as f(x) = 3x° + 5x — 16 =0 and 
before we find any way to solve this equation, we know that the function on the left 
is monotonically increasing as the sum of two increasing functions, and hence it 
will have only one real root. Second, it does not have a quadratic term (linear 
instead), so it will be difficult to use the Babylonian table here. It looks like a good 
idea to multiply this by 9 and then rewrite the equation as 


(3x)? + 15-3x = 144 


: (2.48) 
y3 + I5y — 144=0, y = 3x 


Do not try to solve this cubic equation using the quadratic formula because it 
works only for quadratic equations. Because the Rational Zero Theorem does not 
give any help (this equation does not have any integer solutions either), one 
technique is to apply Cardano’s formula that gives a closed form solution for an 
equation of the form x* + px +q = 0. This formula is derived later in the text. 

The other option here is to try the substitution: 


ga tag (2.49) 


Z 


from which we obtain that 
P+y-z—-5=0 (2.50) 
From the Vieta’s Theorem for a quadratic equation we have that 
y=-(1 +2), (2.51) 


where Zz), Z> are the solutions of the quadratic equation (2.50). 
Raise both sides of (2.49) to the third power: 


5 > 495 25 
y=( 2) = 3-—=+3.52—2° (2.52) 


Z 


Next, we will evaluate I5y: 
5 75 
ISy = 15 ( _ 2) = —— 15z (2.53) 
Zz Zz 


Adding (2.52) and (2.53) and substituting the result in (2.48), we obtain 
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125 
y+ Sy=—-2 = 144 
Zz 
or 


125 
——- z= 144 (2.54) 


Equation (2.54) becomes quadratic in a new variable 


t=27 (2.55) 
and can be written as 


f+ 144¢-125=0 
ty = —72 + 5309 and tf = —72 — 5309 


Then using (2.55) we will evaluate two values of z: 


7 = V—-72+ V5309 #416 >0 22 
= /-n — V5309 = 7 + V5309 = —5.25 <0 (2.56) 


For each z using (2.49) we can obtain the corresponding value of y: 
) 
Vv -72 + 5309 


: 5 
yy = V72 + V5309 
V 72 + 5309 


Finally, dividing each y by 3 we will obtain two real x as 


y, = —V—-72 + V5309 + 
(2.57) 


On the other hand, we could substitute (2.56) into (2.51) and evaluate just one value 
of y as 


y= -/-n + V5309 + Vn + V5309 (2.58) 


Then we would have just one value of x. 


Question Are there two or one real zeros? Which formula (2.57) or (2.58) should 
we use? 

Usually my students get only formulas (2.57) and answer that the polynomial 
equation has two real zeroes given by (2.57) and that it is fine because a polynomial 
function can have two X-intercepts. I say then that yes, a polynomial function of 
third degree can have one, two, or three X-intercepts, but we need to find out if the 
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given polynomial function of this special type can have two X-intercepts. I also tell 
them that independently of (2.57), they could get just one solution for y given by 
(2.58) and ask them to solve this “contradiction” because formulas (2.57) and (2.58) 
at first glance do not look the same. 

Consider a polynomial function p(x) = x? + 3ax — 2b, a > 0. 

Our polynomial function above fits this type ata=5, b=72. 

Let us take its first derivative: 


p(x) = 3x" + 3a = 3(x? +a) >0, VxER 


Moreover, our polynomial has a negative Y-intercept (p(0) = —2b <0) and 
passing through this intercept, the function is monotonically increasing; then its 
X-intercept must be positive and unique! 

Further, if we rationalize the denominator in the second terms of the formulas 
(2.57) and use the difference of squares formula (2.10), we would obtain that 


5 5. 72 — 5309 
V72 + V5309 Vl 72 + V5309) (72 — 5309) 


7: V 72 — V5309 — 3/49 /5309 
W125 


and that 


5 5-72 — V5309 
= 72+ V5309 
V-72 + 5309 al ~72 + 5309) (-72 — 5309) 


Thus in the formulas (2.57) both values of y are identical and equal to the value for 
y given by (2.58). 


—</—72 + 5309+ 0/72 + 5309 
3 


Remark Of course, we do not need calculus in order to show the existence of only 
one real root for this equation. Consider x7 + px +g =0,(p >0,q 40). If p>0, 
then f(x) = x* + px +q is a monotonically increasing function (g(x) = —f(x) is 
monotonically decreasing) and it can have only one real zero! 


Answer x = 


2.6.3 Special Substitutions for Cubic Equations 
Special Substitution for Cubic Equations of Type x° + 3ax = 2b, (a > 0) 


As we have already learned by solving Problem 81, this equation we will have only 
one real zero. Let us try a new variable: 
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x=-- 2.59 
rae (2.59) 


First, we will multiply both sides by y and obtain 


a—y’=xy 
y +x-y-a=0 


Applying Vieta’s Theorem to the quadratic equation, we have that y, - y, = —a 
and that 


x =—(y, + yo) (2.60) 
Second, let us cube both sides: 
e 3 
eG) 
J 
a 3a 
ae — + 3ay — y? (2.61) 


On the other hand, we can obtain 
3 2 
3ax = 3a (: = ») Le ayy (2.62) 
y y 


Adding (2.61) and (2.62) we obtain that 


3 
x +3ax = - y?, 
y 


Now, the given equation can be written as 
——y=2b (2.63) 


I hope you recognized that (2.63) is a quadratic type equation that can be obtained 
by substitution: 


24+2bz-a =0 
m1 =—b+V0?4+2 (2.65) 


z2=—-b—-Vb?+a3 
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For each z given by (2.65), the values of y can be found from (2.64) as a cubic root 
of z 


(y, = vo Jb? + a3; y= p= Vb? + a3) and then using (2.60), we 


find the corresponding x: 


xa -b4 Vita — V-b— ViP +a = b+ Ve +e — 04 Verve 
Answer x= Vb Vbe+a3 ‘/-b4 b+ a3. 


Special Substitution for Cubic Equations of Type 


x3 — 3ax = 2b (a > 0,b > 0) 
Let us find out if we can do something similar to the (2.59) substitution here, such as 


x= of y (2.66) 


First, we will multiply both sides by y and obtain 


aty =xy 
y—x-yt+a=0 


Applying Vieta’s Theorem to the quadratic equation, we have that y, - y, = a and 
that 


x =(y, + yy) (2.67) 
Second, let us cube both sides: 


a 3 
(G0) 
J 


3 3 2 
P= oo 7 +3ay+y° (2.68) 


On the other hand, we can obtain 


3 2 
~3ax = —3a (: a. r) =—— _3ay (2.69) 
y y 
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Adding (2.68) and (2.69) we obtain that 


3 
0 —3ar=S+y". 


Now, the given equation can be written as 
—=+y'=2b (2.70) 


Equation (2.70) becomes a quadratic equation after substitution: 


zy (2.71) 
2 —2bz+a3>=0 
z,=b+vP-—a (2.72) 
2 =b-VP-—a 


If b? > a’, then using (2.71) we will find the corresponding y for each z given by 
(2.72), and then applying (2.67) we will get one unique solution for x as follows: 


Pa4 ba b? — a3 + Vo-VP—a (2.73) 


Remark Despite the fact that the idea of solving a cubic equation of this type is 
very similar to the previous problem, there is an obvious difference here that 
depends on the expression under the square root of formulas (2.72). We will get 
real values of z if and only if the discriminant of a quadratic equation is nonneg- 


ative, o =—P—@>0. 


The following cases are valid. 


Case] b? = a’, then we have only one value for z, z = band one value of y and x, 
respectively: 


y=Wvb 
x=2Vb 


This means that the polynomial function has only one X-intercept at the indicated 
x (and two complex conjugate roots). 


Case 2 b? > a’. (2.74) 


If (2.74) holds, then from (2.71) the solutions for y will be written as 


y= Vb+ Vb — a 
y= Vb-VP- a 


2.6 Cubic Equations 119 


Please also notice that under condition (2.74) both roots for y are positive because 


b> Vb? — a’. Next, let us see what solutions can be obtained for x: 
It follows from (2.67) that 


X=yy +y2 > 0, 


which would lead us to the real solution (2.73). 
Moreover, in this case the cubic equation has only one real root and two complex 
roots. 


Case 3 b* <a’. In this case the discriminant of a quadratic equation (2.72) is 


negative, and then Vb? — a3 =i-s, i= V—1 
x=V-bt+i-s + V-b-i-s 


It is not obvious but in this case, the cubic function has three distinct real roots and 
three X-intercepts. However, the roots cannot be written in radicals 
(irreducible case). 
An example of such a polynomial is x* — 9x — 8 = 0 (a =3,b=4,4 < a), 
Obviously, it has an integer solution x, = —1 because (—1)*? — 9(—1) — 8 = 0. 
Two other irrational real roots can be obtained by using synthetic division of the 
polynomial by (x+ 1): 


x —9x-8 = (x4 1)(° —x—8)=0 


The second factor (quadratic function) gives two additional real roots: x2,3 = cea 
Let us see what would happen to our equation if we try to solve it using the 


substitution (2.66): 


3 
x=—-+y 
y 


y® — 8y? + 27=0 

= 

y=vz 

z —§8z+27=0 
n2=44+vV11-i 

y = V44 Vili y, = V4 - Vili 
x= V44Villi+ V4- 


Of course, it is hard to recognize three real roots xj = —1,x2,3 = 1/33 in the 


answer obtained above. However, if you studied complex numbers, then you 
probably remember that there are three different cubic roots of a complex number. 
Thus, the last formula actually represents three real zeroes. 
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Calculus Question for Case 2 Is there always only one X-intercept for the 
function p(x) =2° —3ax—2b, (a >0,b > Oand b* > a)? 
Consider again the first derivative of p(x): 


p (x) =3 —3a= 3(x — Va) (x + Va) 


Since a > 0, the derivative takes zero values atx = —,/a,x = ,/aand the function is 
decreasing on x € (—\/a, /a) and is increasing on x € (—oo, — V/a) U (v/a, 00). 

Using an inequality between geometric and arithmetic means applied to (2.66) 
and remembering that y > 0, we obtain that the following is true: 


x= “+y>2,/"-y=2Va 
y y 


Therefore, the unique real root satisfying this inequality is positive. The function 
p(x) =x? —3ax—2b has a negative Y-intercept and does not have other 
X-intercepts. 


Problem 81 Solve the equation x* — 15x = 144, 


Solution This equation fits the required substitution x = ae y fora=5, b=72. It 


can be rewritten as y° — 144y* + 125 = 0 (biquadratic type equation). Because 
72° > 5°, we could solve the equation or simply use formulas (2.73): 


y, = Vb+ VP — a = v/72 + 5059 > 0 
yy = Vb—- VP —a@ = 72 — 5059 > 0 


The answer can be written as x = y; + yp = V/72 + V5059 + EP) — V¥5059 
Answer x = \/72 + 5059 + 1/72 — 5059. 


Problem 82 Consider a polynomial equation x° + 2x” + x + a = 0. Explain 
how you would solve it. Answer the following questions: 


a. What values of a parameter a make this equation solvable using the Rational 
Zero Theorem? Give an example and solve the equation. Explain how three, 
two, or one real zeros of the function depend on the value of a. 

b. If the Rational Zero Theorem is not applicable, then the equation can be 
solved by factoring or by other methods presented above. However, those 
methods require that there be no x7 term. What substitution can you use in 
order to rewrite it in the form z*> + pz+q=0? Let a=11. Solve the 
equation. 
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Table 2.2 Problem 82 


x a e422? +x+a=0 (x — a) - po(x) Real zeros 
—4 e+2?+x-4=0 (x — 1I)(x?7 + 3x +4) x=1 
-1 0 P+27+x=0 x(x + 1? x, =0,x23 = —-1 
2 —18 eP+27+4+x-18=0 (x — 2)(x? + 4x + 9) x= 2 
=2 2 Pe +4+27+4+x4+2=0 (x + 2)(x7 + 1) x=-2 


Solution (a) Consider x° + 2x2 +x+a=0. We can rewrite the equation as 
a= —(x? + 2x? +x) = —f(x). It is clear that there are infinitely many values of 
x for which this equation can be solved using the Rational Zero Theorem. For 
example, Table 2.2 demonstrates some possible pairs of x and a: (1, —4); (—1, 0); 
(2, —18); (—2, 2). You can continue this table. 

Next we will investigate how behavior of the function depends on the value of its 
parameter a. 

Obviously, if a = 0, then the function y = x* + 2x” + x has two X-intercepts; at 
x = —1 the function has its local maximum and its graph is tangent to the X-axis. 

Can we get an irreducible case with three real roots? 

Let us use a calculus approach now and find the first derivative: 


f(x) =P +2 +x+4 


y 


f (®) =3x4+4e4+1 
f(x) =0 
1 
=-]1 => 
x 5X 3 


Therefore the function is increasing on x € (—oo, — 1) U ( is oo) and decreasing 
1 
on x € (-1, _ 3): Assume that a > 0. Then it will have one real zero on the 


interval 4 <x <0. 


In order for f(x) = x° + 2x? + x + a to have two additional real zeros, then one 
; 1 . ; 
root must be on the interval x € (-1, — :) and the other one is on the interval 


x € (—oo, — 1). Thus on each interval of monotonic increasing and decreasing, the 
function must have one zero. 
This can be achieved if the following inequality is true: 


which means that the function takes opposite signs at its two critical points. 
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Figure 2.14a Cubic 
function with three 
X-intercepts 


Figure 2.14b One 
X-intercept (Problem 82) 


1 
Replacing x = “3 and x = —1 we obtain the inequality for a parameter a: 


If a satisfies the inequality, then the function f(x) = x? + 2x* +x-+a will have 


precisely three real zeroes. For example, we can choose a = 4 and state that the 
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Figure 2.14c Graph of 
4 

peers! 2 2 ; 
f(x) =x + 2x +x+ 55 


(two X-intercepts) 


1 
N 


equation x? + 2x? +x + 4 = 0 or the equivalent equation 27x* + 54x? + 27x + 1 
= 0 has three real zeroes. Below you can see the graph (Figure 2.14a) of the 
function f(x) =x42x7 +x+ +. We cannot find its zeros using the ideas 
described above because we need to eliminate a quadratic term first. Detailed 
methods of finding its zeroes analytically and the methods of solving a general 
type cubic equation are presented in the following section. 
If f(—1) - f(—4) > O(ora- (a — 3) > 0) then the quantities keep the same sign, 
4 
either both positive or both negative. This will happen if either a < 0 ora > 7 
1 4 
If f(-1) -t(-3) =0 (or a- (« — =) = 0), then one of the two possible 
X-intercepts of the function is also either its local maximum (x = —1, a = 0) or 
1 4 
local minimum { x = —~a=--}. 
3 27 
If a < 0, then the function f(x) = x? + 2x? + x + will have only one positive 


real zero, to the right of its local minimum x = -; and if a = 0 then f(x) has two 
real zeros, x = 0 and x = —1 (of multiplicity two). Ifa > the function will have 
one negative real zero, to the left of the local maximum, x = —1, and ifa = - the 
function will have two real zeros, x = + and x = — (of multiplicity two). 

4 


Two cases with one X-intercept for a= —4 < 0,x=1 and fora=2> 7 


x = —2 are shown in Figure 2.14b as red and green curves, respectively. 
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4 
There are only two values of the parameter a (« =0,a= =) at which our 


4 
function will have two X-intercepts. Let us confirm our statement for a = 7 


The first case (a = 0) is trivial and can be seen in Table 2.2. 
4 4 
Ata= WF f(x) =P +2 +44 7 and its zeros can be found by solving the 


following equation: 


27x° + 547 +27x+4=0. 


Making the substitution z = 3x we obtain a simpler equation in z: 
3 2 es 
z +6z°+9z7+4=0. 


Using the Rational Zero Theorem we can find that z = —1 (x = —4) is the root. 
After synthetic division we obtain that the modified equation can be factored as 
(z+ 1)(z+ 1)(z +4) = 0. Hence zero x = —}has multiplicity two (coincides with 
the local minimum of the function) and another real zero for f(x) is x = —} <-l 
(to the left of the local maximum). See Figure 2.14c. 

(b) One of this type of problem with a= 11 and hence the equation x° + 2x?+ 
x+11=0 can be rewritten in the form z* — 3z + 295 = 0 by first introducing 
x = y—§ and then by replacing z= 3y. Since a= 11 > ma we can state that the 
equation will have only one real zero, which is located to the left of x = —1. This 
equation is solved later as Problem 84. 


2.6.4 Cardano’s Formula for Cubic Equations 


Consider a polynomial equation of the third order: 
x +axr+bxt+e=0 (2.75) 


Our goal is to solve this equation if for example the Rational Zero Theorem or 
other methods cannot be applied to find its zeroes. 

First, we will learn what substitution would eliminate the quadratic term making 
the equation look like one that we solved in the previous sections 
(> + py +q = 0). Next, we will derive Cardano’s formula. Cardano in 1545 
published methods developed by Tartaglia for solving a cubic equation of a 
general type. 
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Let 


x=y--x (2.76) 


Then 


(0-9) 4a 9) 490-9) ene 


We will show all work here: 


3 9. 21 3 9 3 
2 3 
3 ay 2a | ab | 
Bag ie ae 
2 2a> ab 
34 (b-T)-y+(c4 ~ 
p+ (b-$) 9+ (e457 -$) =0 
a 2a3 b . . : 
Let p=b—- 3° q=ct+ 377 33 then we can rewrite the previous equation 
in the form 
y+ py+q=0, (2.77) 
where p,q € R (real numbers). 
After the familiar substitution 
P 
=zZ—-— 2.78 
yoa=3 (2.78) 
we obtain the following 
3 2 3 2 3 
¢-.. (2.2 2 2 P ?P Pp =. 3 P Pp 
- (2 a eee a ae 922-2723 . oo 3z 2723 


Now, in terms of the new variable, z, the equation (2.77) has the following form: 


3 p 


a Ts 


+q=0. 


This can be changed to a quadratic type polynomial equation in ¢ by letting t = z°, 


= 75 as 
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p 
EGE a (2.79) 


From (2.79) we obtain the solutions as 


3 
ee ce ae qd, a p 


After taking a cubic root the solutions look as 


2 3 2 3 
3} gq q D 3; q P 
stp at deed S. me ee, en 2.80 
zy a 4 +9 Zo 5 z + ( ) 


It follows from (2.78) that there are two solutions for y: 


yan gyi 1,2: 
Zi 


However, as we have already seen, the two answers are the same, and the 
solution of (2.78) is 


a oe I OF Oe I 
ae ae ee i y) 4°97 5 4°97 (28)) 


Formula (2.81) is known as Cardano’s formula for a cubic equation of type (2.77). 
The value of y depends on the relationships between parameters q and p and their 
values. This dependence will be discussed later in this section. The corresponding 
value of x for the general type cubic equation (2.75) can be easily obtained from 
formula (2.76). 


Historical Solution of Cardano-Tartaglia: Vieta’s Theorem Approach 


In order to solve cubic equation (2.77), we can also use Vieta’s Theorem. 
Let 


y=u+yv (2.82) 
(uty) = 4 3vvt3Vutv =u + Vv 4+ 3ur(u-+ v) 


Then we can substitute this into (2.77): 
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w+v+3uv(ut+v)+ plutv)+q=0 (2.83) 
Next, we can impose a new condition: 
p= —3uv (2.84) 
This would make (2.83) have the following form: 


w+v = -—q (2.85) 


wy = — = (2.86) 


If we look at (2.84) and (2.85) together, we can recognize the Reversed Vieta’s 
Theorem written for the roots 


1 =wi,th=Vv (2.87) 
of a quadratic equation 
2 P 
t -t-—~=0 2.88 
Teta (2.88) 
such as 
fh +h=—q 
3 
Pp 
teb=-= 
1+ 4 


The roots of a quadratic equation (2.88) can be found using the discriminant divided 
by 4 version of the quadratic formula: 


t2= + += 


I hope that you understand the great “plan” of Cardano-Tartaglia. 


1. Using substitution (2.76), you rewrite x* + ax? + bx + c = 0 in terms of a new 
variable y without quadratic term as y> + py +q = 0. 


3 
2. Write corresponding to it a quadratic equation f + q+ t— 4 = 0 and find its 


solutions. 


3 Pe 3 
3. Because y= u+v and w = —5+ gta and y= 3 ae 
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we will have to evaluate the corresponding values of u and v. Of course, this 
would lead us to Cardano’s formula. However, we need to understand 


that further calculation of the roots will depend strongly on the value of the 


D 2, 3 2 3 
discriminant ia t + oa = (2) + (5) of the quadratic equation and on the 


values of parameters qg and p. Thus the following cases are possible: 


Case 1 (Trivial) p=q=0, then y=0, then x = —5 is the real root of multiplicity 3. 
Case 2 If p=0,q #40, then u = 0,v = —\/q, y = —\@. 


D 
Case 3 If Pa£4P 0 (p <0,q #0), then u=v=—hy=—9, In this 


case, we will have either one real root of multiplicity 3 or one real root 
of multiplicity 2 and one single real root. Hence, the cubic function has one 
X-intercept or two X-intercepts. Therefore, the function will not change its sign at 
its intercept, or at one of its intercepts, respectively, but will be tangent to the X-axis 
at that point. 

Algebraically we can show that discriminant of a cubic equation x* + px + q =0 
can be written asD = (x; — xo)" (x1 = x3)°(x3 — x). If D=Oorif4p* + 27q* = 0, 
then at least two roots of the cubic equation must be the same. 


DF GP ee PP 
Ceed os a eh: Se + 4/ if 
ore ag cies _ i at Vata tT V2 Vata 


In this case, a polynomial of third degree has only one real root and two complex 
roots. 


2 3 
Case 5 If rie =F4+5 <0 (discriminant is strictly negative), then there are 


three real roots. This case is called Casus irreducibilis and it means that the roots 
cannot be written in the radical form. 

Case 5 needs clarification. Because each complex root has three different cubic 
roots, in order to find all solutions of the corresponding cubic equation, it is 
convenient to use Cardano’s formula in the form 


3 3 
ee ee ee (2.89) 


Remark Let us now see how well you learned the material of Chapter 1. Please 
answer the following question: How many X-intercepts does the function y = f(x) = 
x? +x-+ 1 have? 
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D 2 3 
Of course, you can easily calculate the discriminant: 7. (4) + (2) = 


1 1 
4 + 7 > 0, and then state that the function has only one X-intercept. 


However, we can look at the function as the sum of two increasing functions, 
h(x) = x°, g(x) =x-+ 1, and therefore, their sum is also an increasing function with 
only one real zero. 


Problem 83 Solve the equation 27x* + 54x? + 27x + 1=0. 


Solution Denote ¢ = 3x, and then x = P = 27x°, P = 9x? and the equation has 


t 
3 
the form fF + 6° +9¢+1=0. 

Our next step is to eliminate the quadratic term by following (2.76): 


6 
ot ae ae aa 


(y— 2) + 6(y —2)° + (y—2)+1=0 


After simplification we will obtain the equation in the form y*? + py+q=0: 
y’ — 3y —1=0 where p = —3,g= —1. 

In order to write solutions to this equation, first we will evaluate the 
discriminant: 


D ¢ p_1,(-3) 
£4 oo 4” a7 > a 
_3_v3 , 

4. 2 


In this case, we have three real irrational roots. Thus, we need to evaluate three 


V3. 


1 
different cubic roots of a complex number 3 + ah 


Using Euler’s formulae’’ = cos g + isin g, we will denote the complex number 
under the cubic root by Zp and rewrite it in the exponential form 


1 V3 . jf i- (4+2an) 
a 


Note, that sine and cosine are periodic functions, and this is why we added the 
period in the power. Assume that z is the 3rd root of zo. Then the following is true: 
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e3? _ ei (§+2an) 


nan 2x 

Pnr=g tae n=0,1,2 
oe. oi eld 

=> — a 

P\ 9 1 
71 re 
— Z e 

2 9 2 
13x 32 
— Z e 

/P\ 9 3 


For each z we will find the corresponding value of y (2.89) and then ¢ and x: 


in ae om 
y, =2z =e%9+—~=e%+1e % =2cos— 
? 9 


y-2 2cos§— 2 = ) 
y= = =—( cos 1) = —0.04 
a a 3 3 
a 1 an tn 7 
Yo = - a oF $e Fi te = B08 
329 eo 9 


3 3 3 9 
3x 1 132 Lg 5 
yz = 23 - =e 4 a = eS" + ¢*5" = 2c08 ‘G 2 cos > 
—-2 2 
ee =5 (00s a 1) ~ —.782 


Answer x = =(cos%— 1) x =e Sa a t a2 ad 
a re ee 9 Ba 5 9 


Note that the trigonometric form of the three real zeroes is more appropriate 
than a complex radical form (see Figure 2.15). This way we can always see our 
zeroes exactly and even check that the answer is true on a graphing calculator. 
Maple, for example, for this equation, gives the following roots presented in 
Figure 2.16. 
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1.5 : 
xX 
34 
Figure 2.15 The graph of f(x) = 273° + 54x? + 27x41 
4 (4441/3) +——4—,, - 4, -4 
3(4+41/3) : 
+41¥3) — 2 


3(4441V3)' al 
fghe | Gute) a ae 7 } 


(4441/3 
1 1/3 1 2 
—sy (44-41V3) ~ Steaaey? a 
=e WE [2 Ge) oe] 
2 G+aiss) 


Figure 2.16 MAPLE 15 answer for 27x° + 54x? + 27x +1=0 


More about the trigonometric approach to solving cubic equations and Casus 
irreducibilis can be found in Chapter 3 of this book. 


Problem 84 Find solutions to the equation x° + 2x7 +x+11=0. 
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Solution Based on the Rational Zero Theorem, this equation does not have integer 
zeroes. Let us use Cardano’s formula: 


2 
y=x+b=x4+ = 
3 
1 295 
3 
ap pe = 6 
3 137 


2Ty? — 9y + 295 = 0 
Let z = 3y and we obtain a cubic equation without a quadratic term: 
2 — 3z+ 295 =0 


295” 
Define the corresponding p = —3 and g = 295. Because? = 1 > 0, we have 


only one real root and one X-intercept (see Figure 2.17). 
In order to make simplifications, let us use a difference of squares formula (2.10) 


2957 205° — 2" 293 - 297 293 -9-33 3/9669 
again. Thus l= > a 5 = 5 = 
4 2 a a 2 


s/f 295 3/9669 3/ 295 3/9669 2957 295 
2= if | -i/ < —V 295% —6.656|{ 4/—— — 1 < — 
2 2, 2 2 4 2 
Figure 2.17 The graph of 
y=rH2rtxtll 
T T T 1 
-4 2 3 4 
x 
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The answer can be simplified as 


fy ee a ) 
ae 2 2 2 


= = we —2.88. 
we 3 


Problem 85 Solve the equation x* — 12x* + 21x — 11 =0. 


Solution If this equation has any rational zeroes, then they must be integers and 
factors of (—11). If we check for x= 1, —1, 11, and —11, then we can state that this 
equation does not have integer roots. Let us use Cardano’s formula and rewrite this 
equation in terms of y: 


y+ pyt+q=0 
y=x-4 


Let us substitute x = y + 4 into the original equation: 


(y+ 4)? — 12(y +4) + 21(y +4) — 11 =0 
y3 — 27y —55=0 
p= —27,q = —55 


2 3 __5wy2 _ 47,3 2 972 
Calculate the ena ee que ml eb) es) 22 ea] = 
4 27 4 27) 4 4 
55 — 54)(55 + 54 109 
(55 54)(55-+54)_ 100 


From this, we know that this equation will have only one real root: 


/55 V109 , 3/55 V109 — V/55+ V109 + ¥/55 — 109 
EV t a oi ee V2 


55 + 109 + 1/55 — 109 


x=y+4 +4 6.012 
op 
3 3 
Acie ges SA a id 


In present times, because of the existence of calculators and computers, 
Cardano’s formula is rarely used in the classroom. However, in my opinion, the 
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Figure 2.18 Two roots of Two Distinct Roots 
the equation x° — 3x =a 


4- 


beauty of how the formula was derived can be a great learning tool for future 
mathematicians, even in this computer generation. 


Problem 86 For what value of a does the equation x* — 3x = a have two 
real, distinct solutions? 


Solution Method 1: Let us sketch the graph of the cubic function 


y = f(x) =2° — 3x. This function has a local maximum at x= —1 and a local 
minimum at x= 1. The line y= g(x) =a has two common points with the graph of 
the cubic function at a=2 or a= —2 (only at the points tangent to the extrema) 


(Figure 2.18). 


Method 2: Consider a cubic equation x* — 3x — a = 0. It is in the reduced form 
(3+ px+q=0, p=—3, gq =~—a), so we can apply Cardano’s formula. First, 
we will evaluate the discriminant and set it equal to zero: 


D 7 3 z —2 2 
=F Foe 1, — = 242) _ 4 
4 4 27 4 4 
Because the discriminant is zero at a= 2, a = —2, at these values both y, = xe 


—3x +2 shown in blue and y, = x? — 3x — 2 shown in green have precisely two 
X-intercepts (Figure 2.19). 


Answer a=2,a=-2. 
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Figure 2.19 Two cubic curves 


2.7 Higher Order Equations: Methods of Ferrari 
and Euler 


So far we have learned how to solve quadratic equations, cubic equations, and 
equations of higher degree with symmetric coefficients. We also know that any 
quadratic equation can be solved any time for any coefficients using, for example, 
the quadratic formula. What about a quartic equation of general type? Can we find a 
formula to express the roots in terms of the equation’s coefficients? In the 16th 
century a solution to a general type polynomial equation of fourth degree was 
obtained by the Italian mathematician Ferrari, who was a student of Cardano. Let 
us briefly describe his method. 
Assume that we need to solve the equation 


ax’ + 4bx? + 6cx" + 4dx +c =0 


Using a substitution 
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we will obtain a new equation without a cubic term: 
y' + 2py*+2¢y+r=0 (2.90) 
If in the equation above, the coefficient g is zero; then we can solve it by introducing 
a new variable z = y” and then solve it as a quadratic equation in z. 
However, usually g 4 0, and then we need to find a different idea. 
Let us separate the terms of (2.90) as follows: 
y+ 2py = —2py-r 
And complete the square on the left-hand side: 
2 
(+ p) =p —2qy-r 


The idea is to introduce a new variable, t, so we can also complete the square on the 
right-hand side: 


(> + ptt) =p? 2qy—rt ptt 2y +P (2.91) 
Consider p* — 2qy — r + 2pt + 2ty? + P as a quadratic function in variable y: 
f(y) = 2ty? — 2g- y+ (P + 2ptt p’ - 1) (2.92) 


If the discriminant (or p for an even coefficient of y) of f(y) equals zero, then (2.92) 


will be rewritten as 2t - (y — y*)’, where y* = Sand (2.91) will take an appropriate 


2 
form (y? + p+ i = 24( yr <) , which can be written as a difference of squares: 


(y+ p+i) = (vir(y-£))’ =0 


And then factored and decomposed into two quadratic equations! 


(4 pers (VB): (rer -B)-0 
(9? + Var-y+ pe) (s? + v2r-y— p++) =0 (2.93) 


: . D 
Now, we need to find the unknown function, ¢. Let us solve the equation 4 = 0: 


D 
= q —2t(? + 2pt+ p?—r) =0 (2.94) 
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The equation (2.94) is called the resolvent. Note that (2.94) is a cubic equation in 
variable ¢ that can also be rewritten as 


2° + 4p? + (p = rjt—¢ =0 
Solving this equation, we will find the unknown f¢, substitute it in (2.93), and find y. 
Unfortunately, all attempts of mathematicians to find a method of solving 
polynomial equations of general type of degree higher than four had failed. Finally, 
in the early 1800s, Norwegian mathematician Abel (1802-1829) proved that 
expressing the solution of a general equation of degree five or higher by any 


formula is impossible. 
Let us practice Ferrari’s method in solving the following problem. 


Problem 87 Solve the equation y+ + 4y — 1 = 0. 


Solution Comparing the equation with (2.90), we will find the corresponding 
coefficients as 

p=0,q=3,r=-l1. 
Introduce a new variable ¢ and complete the squares as follows: 


(? +2)" =—4y+14+°42ty 


2ty? —4y+P4+1=2y- y*)? 


7=4-u(P +1) =0 
Thus the resolvent is a cubic equation: 
P+t-2=0 
From the Rational Zero Theorem we can find the required root, 
t=ls>y*=1. 


Next, our equation can be rewritten as 


2 


(7 +1)" = (v2-(~-1) 
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And then decomposed into two quadratic equations that can be solved separately: 


y+ v2y+ (1- v2) =0 


_-v24V4v2-2 -14VV8-1 
JS 2 =" Jo 


and 


1ti J8+1 
ma 


Since this equation does not give real roots, the 4th degree polynomial equation 
has only two real zeroes. 


Answer 


_-ltivv8-1 
J12°= V2 . 


Remark With some experience, this equation can be written as 
2 2 - 
(y +1) = (v2-(y-0) 


If we do the following steps 


y4 =1-4y 
yt +2y¥ 41 =2y+141-4y 
(+1) =2(y?-2y +1) 


(+1) = (v2xy-1)° 


then the solution can be found much more easily and without any resolvent. 


3 
Problem 88 Solve the equation ((« Bees x) = 8x4. (x +2). 
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Solution This equation is a polynomial of 6th degree. Let us first simplify it by 
introducing a new variable: 


y=x+1 (2.95) 
After substitution and simplification, we will obtain 
3 
((y+1) +(9-1)?) =8(y- 1) (41)? 


This can be further simplified by applying the difference of squares formula to the 
right-hand side and by using the binomial square formulas: 


(2y? +2)? = 8(y - 1° [(y- D+ DP 
(y? + 1) = (y—-1)?- (2 - 1) 


The last equation can be written as 


and can be factored as 


y+ (y4 + 2y3 — 2y? + 2y + 1) =0 
1 y=0(x=-1)) 2.y4+2y?-2y4+2y+1=0 


Next, we will focus on solving a quartic equation. We probably could use Ferrari’s 
method here and this problem is left as HW Problem 11 for you. However, I want 
you to notice that we obtained a symmetric polynomial of even degree, so we can 
get solutions faster by dividing the equation by y: 


2 
ea ee (2.96) 


z=yt-— (2.97) 


1 
Pay+2+ z (2.98) 
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Substituting (2.97) and (2.98) into (2.96) we obtain a quadratic equation in z: 


7 +2z—-4=0 
4.2=—-1tv5 


Now for each value of z, we need to solve (2.97) and find the corresponding y: 


1 1 
ee ce 2 lows 
y—(v5—-1)y+1=0 y+(v5+1)y+1=0 
V5 —-14V2-2V5 —~/5—-14V2+25 
J 5) 3.4 > 5 


Only the last two answers are real solutions. If we substitute those values of y in 
(2.95), we will obtain the corresponding values of x. 


Answer x, = —1;x2,3 = aa + eel. 


It is interesting that the original polynomial looked like one of 6th degree, but the 
6th degree terms were cancelled and we obtained three real roots and two complex 
roots for a polynomial function of the 5th degree by factoring and solving a 
symmetric quartic equation. 


2.7.1 Euler’s Method for Solving a Quartic Equation 


Consider the equation y* + py? +. qy+r=0. 
Then find its cubic resolvent as 


P+4+Qpr+ (p? —4r)z-¢ =0 


and its roots 2}, Z9, Z3. 
Then solutions to a quartic equation are 


y= H(va + VB + VB) 
a= 9(va ~V~ VA) 
y= 3(-va + V2 - vB) 
y= 5(-Vi~ V2 - Va) 


(2.99) 
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The roots can be complex. Note that the signs of the roots are selected by the rule 


V21° 22° 73 = —4 (2.100) 


Problem 89 Solve the equation x*+ — 8x? + 18x* — 27 = 0 using Euler’s 
method. 


Solution Let x = y + 2. Next, we have 
4 2 _ 
y' —6y° +8y-3=0 (2.101) 
Its cubic resolvent is 


2 — 127 + 487 —-64=0 


_ (2.102) 


Then the roots of (2.102) are z; = z2 = z3 = 4. Considering (2.100) and that 
q=8, we obtain 


V1 °° /%3 = —8, and then \/z; = \/z22 = \/z3 = —2. 
Therefore, applying (2.99), the roots of (2.101) are 


Jt = —3,Y2,3,4 =1. 


Answer x; = —1,x2,3,4 = 3. 


In general, any polynomial function of the fourth degree with four real roots and 
unit leading coefficient can be factored as p(x) =x*+ax°+ bx? +cx+d 


4 
= (x—m)- (x — x9) - (x —m3) -@— xa) = ]] @— 0) 
i=l 
Then any two factors can be coupled to obtain a product of two quadratic 
functions. 
For example, x* — 5x* + 4 = (x— 1)(x+ 1)(v— 2)(x+ 2) 


= [(x- e+ D]- [2x + 2)] = G2 - Ne? - 4) 
) 


Il 
= 
bay 
| 
= 
aa! 
= 
be 
| 
tv 
= 
a 
+ 
= 
a: 
= 
& 
+ 
NO 
= 
Il 
=~ 
hat 

nN 
| 
Wo 
= 
+ 
Nw 
by, 
= 
& 
nN 
+ 
1s) 
= 
+ 
tv 
ae 


In general, we can solve the following problem. 
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Problem 90 A polynomial of the fourth degree with four real roots x, x2 and 
X3,x4 can be factored as p(x) =2¢ + ax? + bx? + cx+d = (x? + px+q) 
(x? + rx +s). Evaluate A = (xt + 1) (x3 +1) (x3 + 1)(47 +1) in terms of 
DoQ",S. 


Solution Without loss of generality, we can assume that x,,x2 and x3,x4 are the 
roots of the first and the second quadratic equations, respectively. Now applying 
Vieta formulas for the 1* quadratic, we have 


63 +1) 06 +1) = 22424241 = Gam -17? +1 +m) 
=(q-1) +p’. 
Similarly for the 2nd quadratic equation we obtain 
05 + I (QqG+1) =(s- 1) or 
So the product of all four quantities is 


(+) + 103 +)0341) = (@— 0? +P) (8-1 +P). 
Answer A = ((4 = 1) ae P?) ((s _ 1)? +4 oe 
2.8 Miscellaneous Problems on Polynomials 


Problem 91 Find a polynomial of minimal degree having a maximum value 
of 6 at x= 1 and minimum value of 2 at x= 3. 


Solution Given a maximum value of 6 atx = 1 and a minimum value of 2 atx = 3, 
then the polynomial must be of third degree and its derivative must be a quadratic 


function that can be written as f (x) = a(x — 1)(x — 3) for some real number a. The 
following is true: 


, 


f (x) = a(x? — 4 +3) = ax’ — 4ax + 3a 


3 4 2 
Then f(x) = + Bax + Cc. 
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Evaluating f(1) and f(3), we obtain 


4 27a 36 
fl) =5-F +3ate= 6 and f(3) = - + 9a+e=2 


f(l) =fat+e=6 and f(3)=¢=2 


4 
Now substitute c = 2 into f(1) = 34 +c = 6 and find a = 3. 


Therefore, the polynomial of minimal degree is f(x) = x° — 6x? + 9x + 2. 


Problem 92 Prove that there is no polynomial p(x) with integer coefficients 
such that p(7) =5 and p(15)=9. 


Solution We will prove this by contradiction. 

Assume that such a polynomial P(x) = a,x" + ay,_\x" !+...+a9 does 
exist, and then P(7) =a,-7" +ay1-7" | +...+a9 and P(15) =a,-15"+ 
an-1° 15”! +...+d. 

Subtracting the two polynomials, we obtain P(15) — P(7) = a, - (15" — 7") + 
ay) + (15! — 71) +... +. a (15 —7) = 9-5 =4. 

Because Vk, 15° —7* is divisible by 15 —7=8 (recall Corollary 1 at the 
beginning of this chapter), it follows that P(15) — P(7) = 4 itself is divisible by 
8, which is not true. 

We obtained a contradiction. Hence, such a polynomial does not exist. 


Problem 93 Let p(x) be a polynomial with integer coefficients taking value 
5 at five integer values of x. Prove that p(x) does not have integer zeroes. 


Solution Proof by contradiction: Assume that such a _ polynomial 
P(x) = O(x)(x — x1) (x — x2) (x — x3) (x — x4)(x — x5) +5 exists and that here x; 
are five distinct integers and Q(x) is a polynomial with integer coefficients of lesser 
degree than P(x). Assume that x = n is an integer zero of the polynomial P(x). If 
P(n) =0, then —5 = Q(n)(n — x1)(n — x9)(n — x3)(n — x4)(n — x5). Therefore 
Q(n) is also an integer. 

Note that each of the factors on the right-hand side must be a factor of 5 and x; 
are five distinct integers. However, 5 is a prime number and only has four integer 
factors {+1; +5}, a contradiction. Therefore P(x) does not have integer zeroes. 


Problem 94 Prove the equation x + ax* + bx? + c = 0, where a,b,c € R, 
c #0 has at least two complex, not real zeroes. 
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Solution This problem requires knowledge of calculus and derivatives. Let this 
equation have only real roots and denote them a, 42, ...,ds (a) <a. <...< ds). 
Because some of the roots can have multiplicity more than one, we will also assume 
that ky, ko,...,k, are the corresponding multiplicities of the roots and then the 
following must be satisfied: kj + ky +...+ks =5. 

For example, some polynomial function of fifth degree with only real zeroes can 
have the form 


Denote f(x) =x + ax++ bx? +c. If kj > 1, then a; is also a zero of the first 
derivative of the function, f(x), of multiplicity (k; — 1). Thus the sum of the 
multiplicities of the zeroes of f’(x) among the roots a, d,...,d, equals (5 — s). 

Moreover, f’(x) must have zero b; between a; and qj+, (in total it will have > s 
—1 such zeroes), and if at least one other root, b;, has multiplicity more than one, 
then the sum of the multiplicities of the roots for the first derivative of the function 
will be > (5 —s) +s =5, which is impossible because all zeroes of f’(x) with 
multiplicity more than one are among the zeroes (d,...,@;) of function f(x). On the 
other hand, 0 is a zero of the first derivative with multiplicity two and 0 is not the 
root of f(x). Thus we obtained a contradiction and based on the Fundamental 
Theorem of Algebra, the given function will have at least two complex conjugate 
roots, and maximum three real zeroes. 


Remark The reason why we considered zeroes of the function with multiplicities 
more than one is that if we assume that the function has five distinct zeroes, we 
would obtain a contradiction right away. If 


f(x) =P +ax4+b84e 5 f (x) = 5x44 4a8 4+ 3bx 
= x7(5x" + 4ax + 3b). 


D 
Depending on the discriminant of the quadratic function (7 = 4¢@? — 150) , the 


first derivative will have either one zero (x=0) of multiplicity two, two zeroes 
(both with multiplicity two), or three zeroes (one (0) with multiplicity two, two 
other zeroes with multiplicity one). Consider the last case when the derivative can 
be written as f (x) = x7 - (x — b,)(x — bz). By Rolle’s Theorem, if a function f(x) is 
continuous on [a, b] and differentiable on (a, b), and if f(a) =f(b), then there must 
be at least one zero of the first derivative, c € (a,b). Because x = 0 is not a zero of 
f(x), the function can have at most three zeroes, a, < a2 < a3, such that 
be (a1, 42), b2 € (a2, a3). 
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GI EC ORs (Gn 
Th UE ey a eal eG] 
+ C1X + Co has at least one real zero. 


Problem 95 Given co 4 


0. Prove that the polynomial 
2 


P(x) = Cpx" +... 4+ 00x 


n 


Solution Let f(x) = cox + ae + =e Ss aa ; then its derivative is 
n 
f (x) = Cy text Cox* +... + eyx" = p(x). 
Evaluate f(0)=0 and f(1) =0. Because f(x) is continuous on [0,1] and 
f(0) = f(1) = 0, by Rolle’s Theorem J € € (0, 1) such that f (€) = 0. Therefore, 
the polynomial p(x) has at least one real zero. 


Problem 96 
How many polynomials are there of the form 
p(x) =x° + ax° + bx +c such that their roots are a, b, and c? 


Solution Let p(x) = x° + ax? + bx +c with roots x = a,x = b,x =c. 
Applying Vieta’s Theorem for a cubic equation, we obtain the system 
a+b+c=-—a 
be+ac+ab=b 


abc = —c 
Solving for a, b,c, all possible solutions are 
c(ab+ 1) =0 


2a+b+c=0 
bo+ac+ab=b 


From the first equation of the system, the following cases are possible: 


1. c=0. 


c=0 
2a+b=0 $s 
b(a—1)=0 
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2. ab=—1 
a=—; c(o-5)=0+1 c(b? —1) = (b+ 1)b 
2 0 af. % 
—ptbte=0 >) c=5-b an ee © 
c I ae 
be-"—1=b a=-t ; 
(b+ 1)-(c(b—1) —b) =0 
2 
ey 
“> 
1 
Te 


b=-1 
a=1 
eS sl 
or 
2. 
2 2 
ace ea = Pome = oe 
i b 
a=-—~ 1 Oe 
b =-3 ° 
ae ® 


Let us investigate the number of real roots of the first, cubic equation in this last 
system and evaluate its discriminant: 


Because the discriminant is positive, the cubic equation has only one real, negative 


2 
root. It can be shown that by)< — iE Therefore there are four such polynomials 


with the following coefficients: 


fiz 
Answer (a,b,c) : {(0,0,0), (1, — 2,0), (1, — 1, 1).( bis bo). 
0 
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2.9 Homework on Chapter 2 


1. Solve 2014x” — 2013x — 1 =0. 
Solution: Do not use the quadratic formula, the numbers would be too big. 
Instead, find that x = | is one root, and then by Vieta’s Theorem the second root 
is 1/2014. 

2. Solve 37x? + 73x —2=0. 


Hint: Use Vieta’s Theorem to obtain x = —2, x = 1/37. 
3. Solve 2x3 ++.x— 18 =0. 


Solution: The cubic function on the left is monotonically increasing, so it will 
have only one real zero. By checking we see that x = 2 is zero. Therefore, this is 
the only zero of the function. 


4. Solve 116x? + 115x = 1. 


Hint: We can mentally find one of the roots. It is.x = —1, and then the second 
roots is found by Vieta’s Theorem as x = —1/116. 


5. For a polynomial p(x) = x* + ax? + bx* + cx + d with four real zeroes, x), X2, 
X3,X4, the following relationship is valid: b — d > 5. Find the minimal value of 
the product A = tg + 1) es + 1) te + 1) OG + 1) — min. 


Solution: (One of the methods). As we did in Problem 91, the polynomial can 
be written as the product of two quadratic functions: 


p(x) =x +a +be+ext+d= (x + px+q)(x° +rx+5s) 
And the value of A in terms of p,g,7,s was obtained earlier as 
A= ((q-1) + p*)((s- 1" +7) (2.103) 


Comparing coefficients of the original polynomial and its factorized form, we 
have that 


b=q+s+ pr, d=qs 
Therefore, the given inequality is 


b-d>5 
qts+ pr— qs >5 
pr>qs—q—s+1+4 
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The last inequality can be written as 

pr >(q—1)-(s—1) +4 
or as 

pr—(q—1)\(s—1) >4 (2.104) 
Next, we will prove the following statement: 


(x + y’) (2° + r) > (yt — xz)’, x,y,z,t ER. (2.105) 


Note that the validity of a similar inequality (x? + y*)(z2 + 2) > (yt + xz)’ 
follows from the Cauchy- Bunyakovsky inequality (see Chapter 4). 
Proof: Expanding both sides we have 
oz? xP + yee? + yt? > ye — Qxyct + x22? 
PP + yz? > —Qxyzt 
(t+ yz)" > 0, 
which is true. 


Therefore, the inequality (2.105) is true. 
Using (2.105) and (2.104), we can rewrite (2.103) as follows: 


A= ((q- 1)? + p*) ((s- 1) +7) > (pr-(@- Is DP 2 # = 16. 


Therefore the smallest value of A is 16. In order to verify this case we can 
consider p(x) = (x — 1)* = x4 — 43 + 6x? — 4x 41. 
. Prove that if x? + ax + b = 0 has rational root, then it is an integer. 


Hint: The proof is similar to the proof of Theorem 18. Assume that 
x= a (p,q) = 1, substitute it into the quadratic equation, isolate the qua- 


dratic term on the left, then multiply both sides of the equation by g, and 
demonstrate that the equation will not have solutions in integers. 
. Solve the equation (x? — x + 8)(x* — 6 — x) = 120. 


Hint: Look at the substitution y = x7 —x+8 => x? —x—6=y-— 14and the 
equation become quadratic in y: 


y(y — 14) = 120 
y? — 14y — 120 =0, ete. 


Answer: 4; —3. 
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8. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Find all X-intercepts of the function f(x) = x°° + 35x — 36. 


Hint: Since f(x) consists of two monotonically increasing functions, it takes 
each value once, including the zero value. We can see that f(1) = 0. 


Answer: x = 1. 


. Solve the equation (x + 1)(x + 2)(x + 3)(x + 4) = 840. 


Hint: Combine the two middle factors and the two outer factors separately and 
then introduce a new variable: 


(x + 1)(x + 2)(x + 3)(x+ 4) = 840 
x? + 5x + 4)(x? + 5x +6) = 840 


y=rx?+5x+4 
y- (y+ 2) = 840 


Answer: x = —8; 3. 
Solve the equation (x + 4)(x + 6)(x + 8)(x + 10) = 5760. 
Answer: — 16; 2. 


Solve the equation y* + 2y? — 2y? + 2y + 1 = 0 using Ferrari’s method. 


—~J/5 —14V2425 


Answer: y, 5 = 


2 
Solve the equation (x* + 3x + 2)(x? — 20 + 3x) = 240. 
Answer: —7; 4. 
Solve the equation: x* — 5x7 + 6x7 —5x+1=0. 


Answer: 2 + 3. 


Solve the equation x* + 3x? — 8x7 + 3x +1 =0 
Answer: 1; —2.5 + 5.25. 


Solve the equation 4x* — 8x7 — 37x? — 8x + 4=0. 


Hint: This is a symmetric equation. 


Answer: —2; pa 


One of the roots of 4x+ — 12x? + 13x? — 12 + a = Oequals 2. Find the value of 


a and other roots of the equation. 


1 
Answer: a = 2,x; = 2,x%. = 7 


Prove that if p is the root of the equation ax* + bx? + cx* +bx +a=0,a40 


1 
then — is also the root of it. 
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18. 


19. 


20. 


21. 
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Proof: Because the equation is a symmetric quartic equation, we can find its 


solutions by introducing a new variable, y=x-+ —. Without solving this 
% 


equation, we notice that if we substitute the solution, x = p, then we will 
1 1 1 

obtain y(p) = p+—=y (=) . Therefore x = — is also a solution. 
p Dp p 

Solve the equation (x? — x — ie —x=5. 


Solution: Instead of raising this quantity to the second power, we will factor it 
as follows, first by writing 5 as 4+ 1: 


(2 —x-12 -4=341 
(2 —x—-19 —2 =(x4+1)(? —x41) 


Applying a difference of squares formula and then factoring out the common 
factor we obtain 


(x? —x—1-2)( —x-1+4+2) =(8+ D(X? -2x41) 
(x? —x+ 1) (x° —2x-4) =0 
x12 =14 V5 


Solve the equation (x* + xy + la + x| —-2=0. 


Solution: We will use the following important substitution: 


lzZ? =2,z= |x? + x| 


2+z—-2=0 
z=1, z=-2 
|x? +x] = 1 

v+x—-1=0 
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Find a polynomial function that has the given zeroes and Y-intercept. 
Zeroes: 1, —1, i; Y-intercept (0, —5). 


Answer: y = 5x4 — 5. 


List all possible rational zeroes of the function. Sketch the graph and explain it 
using the leading coefficient test: y = f(x) = 4x3 +x? —x—4. 
1 


Answer: Possible rational zeros: yt> 1,42, +4. 
Notice that f(1) = 0 and then x = 1 is a zero and using synthetic division we 
can factor the function as (x — 1)(4x” + 5x + 4) = 0. The function has only one 
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22. 


23. 


X-intercept. The Y-intercept is —4. Since the leading coefficient is positive and 
the degree is odd, the function rises to the right and falls to the left. 


Peter expanded a binomial (x + y)” and lost his notes. He remembers that the 
second term was 240, the third was 720, and the fourth was 1080. Please help 
him to find x, y, and n. 


Hint: Using (2.30) we can write the following system for the second, third, and 
fourth terms: 


pe y= ZAG 

n(n — 1) 
2 

n(n — 1)(n — 2) 


xt 2y? = 720 
-x"y? = 1080 


Solving the system we obtain the answer. 
Answer: x=2, y= 3,n=5. 


Evaluate Si= (5) + (3) + (4) +--and sa= (7) + (5) +(2) +. 


Hint: Adding the two sums, reorganizing terms and using (2.31) we obtain 


(5)+(3)+ (a) t+ (T+ GQ) + (2) + <2 nator the 


sum is the answer. 


Solution: Earlier we proved Theorem 21 that can be written as 


erred (pets (fee (ets (S)ete (Qe. 
k=0 


Using it we can state that the following is also true: 


w= (fev 


k=0 

_ fn fh et W\ 92% of W\ gd 

=(5)#" @ +(3)s (5): +... 
Substituting x = 1 in the formula above, we see that the left-hand side becomes 
zero and on the right-hand side, the binomial coefficients with even lower index 
will have the “+” sign and all binomial coefficients with odd lower index will 
have the “—“ sign. Moving all negative terms to the left side, we obtain that the 
sum of all even binomial coefficients, $;, equals the sum of all odd binomial 


coefficients, $5. Because by (2.31) the total sum of all binomial coefficients 
equals 2”, each sum (S, or S) is half of it or 2”~!. 


Answer: S,; = S) = 2”"!. 
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24. 


25. 


26. 


27. 


28. 
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Prove that any even polynomial function with positive coefficients is concave 
up (convex) and has only one extreme point. 


Proof: Because the given even polynomial function with positive 
coefficients can be written as f(x) = So am”, its derivative g(x) =f (x) 
n=0 


=2 ye Nd,x-"~| is an odd function, such that g(—x) = —g(x). Because each 
n=1 


coefficient is positive, the derivative function is strictly increasing and has only 
one zero, x = 0. At this zero the first derivative changes its sign from minus to 
plus, then at x = 0, the given polynomial function has a local minimum. We can 
confirm that the function is concave up because the second derivative of f(x) is 
always positive. Therefore, f(x) has only one extreme point, the minimum at 
x= 0. 

Solve the equation x* — 8x7 — 4x +3 = 0. 


Hint: Apply the Rational Zero Theorem and find two integer solutions x = —1 
and x = 3. Use synthetic division to find two other irrational roots. 


Answer: —1;3;—1 + V2. 


Find all X-intercepts of the function f(x) = x*+ +.2° — 5x? +2. 


Hint: Because, by the Rational Zero Theorem, any integer factors of 2 are not 
the solutions of the equation, apply Ferrari’s method. 
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7 
Find the X-intercept of the cubic function y = x* + 9x — 2. 


Answer: X12 = —1+ V3; X34 = 


Solution: Because the equation x* + 9x — 2 = 0 fits a special type of cubic 
equation x? + 3ax = 2b, a = 3, b = 1 we will denote x = ~ — y and make a 
y 


substitution. The equation will be rewritten as a quadratic in z= y> as 27+ 
2z — 27 = 0, which has the following solutions: 


z=-14+ 7285 y, = V¥-14+V28 
n= —-1-V8> y,=-V1+ V28 


Next, we will find x = —(y, + y,) = V1 + V28-VV28 — 1. 
Answer: x = val + JR —*/ f= 1. 


Find all points of the intersection of cubic function f(x) = 8x° — 3x — 4 with 
parabola g(x) = 3x? — 3. 


Solution: If the two functions intersect, then the following is true: 


8x3 — 3x -—4= 3x7 -3 
8x3 — 3x? —-3x -1=0 
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Of course, we can solve this equation, but instead, let us rewrite the last equation as 
8x? + x3 = x3 + 3x? + 3x + 1 in order to complete the cube on the right-hand side: 


9x7 = (x+1)° 
(/9x)° — (+1)? =0 


| 
Si 


1 

1- V9 

29. For what values of a one of the roots of x7 — * -x + a? = Ois the square of the 
other root? 


Answer: x = 


a. 


on 


Answer: a = — 


ines 


30. Prove that x7 — 1995x + 10a + 1 = Ocannot have integer roots for any integer 
parameter a € Z. 


Proof: Using Vieta’s Theorem we have the system 


Xy°X%2. = 10a+1 
Xj +X = 1995 


The sum of the roots is odd (1995), then one the roots must be odd, and the other 
root must be even number. This contradicts the first equation of the system, 
because the product of odd and even number must be an even, but 10a + | is odd! 


31. Given a function f(x) = ax” + bx +c, such that f(1) < 0, f(2) > 3, f(3) < 6. 
Find the sign of the leading coefficient, a. 


Solution: Using the conditions of the problem we have the system 
a+b+c<0 
4a+2b+c>3 
9a+3b+c<6 


Adding the first and the last inequalities we obtain 
10a+ 4b+ 2c <6 


a+ (4a+2b+c) <3 


Because the quantity inside parentheses is greater than 3, we can state that a is 
negative. 


Answer: a < 0. 
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32. 


33, 


34. 


35. 
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Solve the equation x* — 4x? + 7x” — 2x —-5 =0. 


Solution: Let x = + 1 and substitute it into the equation y* + y?+ 4y — 3 = 0. 

This equation has a cubic resolvent as z* + 2z? + 13z — 16 = 0, which by the 
Rational Zero Theorem has zero z= | (please check by substitution). Two 
other roots will be obtained after applying synthetic division of the resolvent by 
(z — 1). However, one can factor the quartic equation in y as follows: 


(iP —y+3)(" +y-1) =0 
y—y+3=0 y+y-1=0 
ltivll —1 


D0 ee a 93.4 = 


x12ER X34 = 


1+ V5 
Solve the equation x* — 8x? + 18x? — 27 = 0. 


Answer: Two real solutions are x = 


Answer: x; = —1,x2,3,4 = 3. 


Solution: Method 1: Using a standard method for quartic equations, let x = y 
+2; then for the equation y* — 6y” + 8y — 3 = 0 we obtain the cubic resolvent 
as z> — 1277+ 48z —64=0. 

We can recognize the cube of the difference here as 

(z — 4)? =O, then z = 4, etc. 
Method 2: Applying the Rational Zero Theorem we notice that x= 1 is the 
solution; then using synthetic division we factor the original polynomial equa- 
tion as (x + 1)(x — 3)(x — 3)(x — 3) =0. 


1 1 
Find real solutions of the equation 2 ( + 2) —7 (x + :) = 0. 
x 


1 1 
Hint: Make a substitution y = x + —, then y? — 2 = x? + > and the equation 
% x 


becomes a quadratic 2y* — 7y — 4 = 0 in variable y, etc. 
Answer: x = 2+ V3. 


Solve a problem proposed by Cardano: 13x” = x* + 2x7 + 2x+ 1. 


Hint: Rewrite the equation as x* + 2x° — 13x? + 2x+1=0, recognize a 
recurrent (symmetric) equation of even degree, then divide both side by x’, 


and substitute y = x +-. 
ie 
Solution: Applying the Rational Zero Theorem we conclude that there are no 


rational zeroes. However, the equation is symmetric and after an appropriate 
substitution we obtain 


2.9 


36. 


37. 
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y+ 2y—15=0 
(y+5)(y—3) =0 


Next, we will find the corresponding values of x: 


1. 


x? -—3x+1=0 


34/5 
2 


PY 


It is interesting that all roots are real and irrational (two negative and two 
positive), so they could not be obtained by the Rational Zero Theorem. 
Introduction of a new variable allows to decouple the equation into two 
quadratic equations (x + 5x + 1)(x* —3x+1)=0. 

—54V21 


2 > 


Answer: There are four real irrational roots: x12 = 
34 V5 
7 


Numbers a,b,c are three of the four real zeroes of the function 


y = x* — ax? — bx +c. Find all such polynomial functions. 


Hint: See Problem 96. 


x34 = 


Answer: x* — ax?; x4 


x —av—xta,x4—-P4+x-1x44+x 


Find the relationship between the coefficients of the polynomial 
ax + bx? + cx +d =, if it is known that the sum of two of its roots equals 
the product of these roots. 


Hint: Use Vieta’s Theorem for cubic equation (2.47). 


Solution: Let x), x2, x3 be zeros of the given cubic equation. Denote z = x; + x2 
=X, +X). Then Vieta’s Theorem can be written as 
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b 
Z+%3=-— 
a 
Z+%3+Z27=—— 
Cc 
Z°*X3=- 
a 


Dividing the second and third equations of the system we obtain 


1 ) . 
ahi aha that can be solved for x3 as 
X3 d 
d 
=— : 2.106 
"3 d+c ( ) 
From the first equation of the system we have 
b 
Z>=>——— X3 
a 
b d 
zZ=—- 
a d+c 
or 
—bd — bc + ad 
cp) XQ = ——____ 2.107 
Me ald +0) oa 


Multiplying (2.106) and (2.107), using the last equation of the system and after 
simplification, we obtain the requested formula: 


d —bd—be+ad d 
d+c a(d +c) a 
(d+c)? =ad — be —bd 
@ + 2de +c? + be + bd = ad 
(c+d)(b+c+d) =ad. 


Xj{XIX3 = 


Answer: (c + d)(b+c+d) = ad. 
38. Prove that if x2 + ax + b = Ohas a rational root, then it is an integer. 


Hint: The proof is similar to the proof of Theorem 18. 
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39. 


40. 


Proof: Assume that the root is rational, such asx = —, (p,q) = 1. Substituting 


g/t 


it into the equation, we obtain the following: 
p 2 
(2) +a-H4b=0. 
q q 


Multiplying both sides by g and separating the terms, we have 


2. 
P= ~ap—bq 
q 


It follows from this equation that the right-hand side is an integer while the left- 
hand side is a fraction that cannot be reduced (because p and q are relatively 
prime). We have obtained a contradiction. Therefore, the given equation cannot 
have rational roots, only integer roots. 

Prove that the positive root of the equation x° + x = 10 cannot be a rational 
number. 


Hint: Use Theorem 18. 


Proof: Using Theorem 18, we know that if the given equation has a rational 
root, then it must be an integer. You can use the knowledge of Chapter 1 
material and the fact that the function f(x) = x° + x — 10s increasing over the 
entire domain and then it can have one real zero. Next, using the corollary from 
the Intermediate Value Theorem, we notice that g(x) =2»° +x > 10, if x= 
1.6 and that g(x) =x° +x < 10, if x= 1.5. There is not an integer number 
between 1.5 and 1.6. Therefore, this equation does not have any rational roots. 


Prove that the equation x°+ax?—b=0, b>0 can have only one 
positive root. 


Proof: Assume a contradiction and that the equation has two positive roots, for 
example, x, >0, x3 > 0. Then obviously x2x3 > 0, x2 +x3 > 0. Applying 
Vieta’s Theorem, we have the following system: 


XX + X1x3 + x2x3 = 0 
X1xXX3 = b>O0 
From the first equation we obtain that 


Xy (x2 +43) = —x2.3 
a <0 


xX, = 
Xn + X3 
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Ifx, < 0, then it will make the product of three roots negative, x,x2x3 < 0, which 
contradicts the second equation of the system. Therefore, if b > 0, then the given 
equation x° + ax* — b = 0 can have only one positive root. 


1 
41. Solve the equation x* + x? +.x = a 
Solution: If we multiply both sides by 3 we obtain 
3x3 + 3x7 + 3x+1=0. 


The Rational Zero Theorem would not help to find any zeros. However, after 
rewriting the first term as 2x° + x°, the equation can be factored as a sum of two 


cubes: 
ae ec iae 
(2x)? + (x+ 1 = 
(W2x+x+1 )((v2x W/2x(x + 1) + (x+1)*) =0 
x: os 1I)+1=0 
fey, See 
1472 
Answer: x = ee 


42. Ann noticed that the numbers 117 = 121 and 11° = 1331 look like the rows of 
the Pascal’s triangle; then she found an explanation to this fact and quickly 
predicted the value of 11*. Can you do the same? Explain, please. 


Solution: Because 11 = 10+ 1, then 


11? = (10+ 1)? = C310? +C!-10'+.C?- 10° = 1-10? +2-10+1= 121 

113 = (10+ 1)° = C3108 + Cy - 107 + C}- 10 + C? - 10° = 1- 10° +3 - 10° 
+3-10+1= 1331 

14 = (10+ 1)* = 14641. 


Answer: 14641. 


Chapter 3 
Problems from Trigonometry 


Trigonometry is not a topic that is well understood by many students. In fact, 
trigonometry is not covered at all in some high schools’ curriculum. I notice that 
many of my students remember the “cool look” of some trigonometric functions 
(sine wave, etc.) and even the fact of their periodicity but still cannot solve a simple 
trigonometric equation if its solution requires something more than just knowledge 
of the main trigonometric identities. For example, when solving trigonometric 
equations, some students think of drawing a sine curve but forget about its bound- 
edness. Thus when I ask them to find the maximum and minimum of the function 
f(x) = 3 sin 4x, some can correctly state that it is 3 and —3, respectively. However, 
if I change the function a little bit, and ask the same question about 
g(x) = 3sin4x+4cos4x, then the students either give a wrong answer or try 
to use a calculator or solve the problem using a derivative, which can work but is 
not the most efficient method. It would be much better to rewrite the function 
using an auxiliary argument as g(x) =S5sin(4x+q@) and then state that 
5.5 a) <5. 

This chapter contains many challenging and Olympiad-type problems and 
the best methods of solving them. We are going to look at trigonometry not from 
an application point of view, where knowing nothing more than the relationships in 
a triangle is needed, but from a different angle. We focus on the unit circle 
representation of trigonometric functions, their boundedness, restricted domains, 
and important formulas, along with their derivation. The purpose of this chapter is 
not only to fill the gaps of the math educational system but also to help you develop 
a “love” for the subject, so you will be in the “mood to learn” more about 
trigonometry. 
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3.1 Introduction to the Unit Circle and Trigonometric 
Identities 


Consider the unit circle (circle of radius | with center at the origin O, as shown in 
Figure 3.1). Let C be the intersection of this circle with the positive X-axis. If r is 
any real number, we can define the sin(¢) and the cos(f) as follows: measure I¢l units 
along the circle from the point C (measuring counterclockwise if t>0O and 
clockwise if t < 0). Let A(x,y) be the point on the circle arrived at by thus measuring 
t units. 

Then (by Embry, Calculus, and Linear Algebra) we define its first coordinate as cos t 
and the second coordinate as sin(¢). Since for any circle the central angle measure 
equals the radian measure of the corresponding arc, ZCOA = ft. Hence we have 


x = cos(ZCOA) = cost 
y = sin(ZCOA) = sint 


Most trigonometric identities that are so “difficult” to memorize can be seen from 
the construction on the unit circle. Let us modify Figure 3.1 and reflect point A with 
respect to the X-axis, obtaining point N and with respect to the vertical axis Y, 
obtaining point M on the circle and with respect to the origin, obtaining point L. 
Thus, rectangle AMLN is inscribed into the unit circle and the coordinates of all 
points are obvious (Figure 3.2). 

Using Figure 3.3, first, let us prove that 


cos (—t) = cost 
; (3.1) 
sin(—t) = —sint 


The angle —t in Figure 3.3 corresponds to point N on the unit circle, where its first 
coordinate is the cosine of the corresponding angle and the second coordinate is the 
sine of the corresponding angle. Since N can be obtained by reflection of A with 


' 
I 
I 
t I 


43 Jo e 


BO 


2 3 


Figure 3.1 Cotangent and Tangent Lines 
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Figure 3.2 AMLN on the unit circle 


Figure 3.3. Proof of formulas (3.1)—(3.3) 


respect of the X axis, points A and N have the same first coordinate (cos(—t) = 
cos(t)) and their second coordinates are of opposite sign (sin(—/) = —sin(¢)). 

Similarly, using coordinates of points A and M, we can prove these so-called 
supplementary identities: 


cos (x — t) = —cost 
; (3.2) 
sin (az — t) = sint 


Point M corresponds to the angle 2COM = a — t. Its first coordinate is opposite to 
that of point A and the second coordinate is the same. The identities are proven. 

Next, because points A and L are centrally symmetric with respect to the origin, 
their coordinates are opposite and their corresponding angles differ by z. Thus if 
ZCOA = t= ZCOL= a2 +t we can write the following: 


cos (a +t) = —cost 
(3.3) 
sin(z +t) = —sint 
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Figure 3.4 Complementary angles 


Let us prove the complementary angle properties of cosine and sine functions. 

Construct point E as the intersection of the unit circle and the vertical axis 
(Figure 3.4). Measure AG and using a compass make a segment OF = AG. For this, 
we can construct a circle of radius AG at center O until it intersects the horizontal 
axis at F. Next, through F we will draw a line parallel to OF, so it intersects the 
circle at B. Since both A and B are on the unit circle OA=OB=1 and from the 
Pythagorean Theorem for the right triangles OFB and OGA we will obtain that 
BF=OG and OF=AG. Hence the triangles are equal and their corresponding 
angles are also equal: COA = ZOBF = tand FOB = ZCOB =  — t. Therefore 
the following relationships are valid: 


cos G- t) = sint 
5 = 

sin (F _ t) = cost a 
: = 


or 


cos (90° — t) = sin (ft) 
sin (90° — t) = cos (ft) 


From this you can always understand why cos 30° = sin 60° or cos 36° = sin 54°. 

Let us evaluate some values of the cosine and sine functions. Recall that the 
circumference of the unit circle is 27. 

Thus, for t = 5 (point E on the circle, Figure 3.5) we have coordinates (0, 1), and 
then cos (%) = 0, sin (4) = 1. For point t = z (point P) we have cos (z) = —1, 
sin (z) = 0. 

Iffr= 5, then we again are at the point E (0,1) and algebraically t = oe = 20 +35. 
Moreover, cost, sint are periodic functions with minimal period T = 2z and their 
values are the same for any values of f that differ by a multiple of a period. Thus, 
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Figure 3.5 Sine and cosine of an angle 


cos (t+ 2a-n) = cost 
; (3.5) 
sin(t+ 2z-n) = sint 


We can calculate values of sine or cosine for some angles easily. 

For example, lett = 3 (see Figure 3.5). The corresponding point on the unit circle 
is A. Since the other angle in the triangle formed by dropping a perpendicular line 
from A to a point K is @ or 30°, in the right triangle OKA: OK = 1/2, AO = 1, and 


KA= ea Hence, sin (%) = ee cos (4) = 5. 


Let us prove the following formulas: 


cd F 
cos (F+ t) = —sint 

(3.6) 
sin (+ t) = cost 


Draw a unit circle and place a point A corresponding to angle ¢. Perpendicular to the 
horizontal axis from A is AM and point B is such that ZMOB = t + 90° (Figure 3.6). 
The following will be true: 
ZMOA = t, ZMOB = t+ 7 AM = sint, OM = cost 
ON = cos (1+5),BN = sin (+5) 


OA = OB = 1 
ZNOB = 180° — (90° + t) = 90° —t 
ZNBO = t. 


Further, because triangles NOB and OMA are congruent by angle-side angle (ASA), 
their corresponding sides are equal. That can be written as 
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Figure 3.6 Proof of formulas (3.6) 


NO = AM 


(3.7) 
BN = OM 
Since point B is in the second quadrant, its first coordinate is negative. Therefore, 
(3.7) is the same as (3.6). The proof is completed. 
Four other trigonometric functions, tangent (tan), cotangent (cot), secant (sec), 
and cosecant (csc), can be defined in terms of cosine and sine as follows: 


sint 
tant = . cost #0 
cost 
1 cost ; 
cott = ——- = ——,,__ sint 40 
tan ¢ sin t (3 8) 
sec ft = F cost #0 
cost 
t : int £0 
csct = ——, sin 
sin t 


Let us make a Table 3.1 of common values of sine, cosine, tangent, secant, and 
cosecant for some commonly used angles. 


3.1.1 Introduction to Inverse Trigonometric Functions 


In the following section we will learn methods used to solve simple trigonometric 
equations. In order to introduce these methods we need to learn about inverse 
trigonometric functions. 
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Table 3.1 Common Values 1 1 I 1 3x 
of Trigonometric Functions 0 6 4 3 3 1 a on 
sin 0 1 I V3 1 0 -1 0 
2 | |o 
cos 1 V3 i I 0 -1 0 1 
2 |v2_ [2 
tan Oo | 1 1 V3 |- 0 - 0 
v3 
cot - V3 1 1 jo - 0 - 
v3 
sec 1 2 V2 2 - -1 ~ 1 
v3 
csc — |2 v2 | 2 1 - -1 - 
v3 
1S 
-2n 3m Al m 
2 4 
4] 
uf 3 
—— y= sinx Vig 1 
Figure 3.7 Intersections with the sine curve 
Consider an equation sinx=1 or sinx= 5 that are both geometrically 


presented in Figure 3.7 on the closed interval x € [—2z, 2z]. 
We understand that on the entire domain, each horizontal line (y = a, -1 <a 
< 1) intersects the sine curve at infinitely many points. In order to describe all these 
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points, we need to select such subinterval of the domain on which y = sin xis one to 
one; that is, there will be only one point of the intersection between the sine curve 
and horizontal line, y=a, |a| < 1. For example, interval [-% 4 satisfies this 
request. There exists a unique value of x € [3 z) for which sinx = a. 

Arcsine of x is what we call a number y = arcsinx, -1 <x <1, -F<y<F 
such that sin y = x. Thus, a function y = arcsinx is an inverse to y = sinx with 
domain: —1 < x < land range: —5 < y < §. Because the graphs of the inverses are 
symmetric with respect to the line y = x, the function y = sin x can have its inverse 
only on the closed interval x € [-%, 4 on which it is a one-to-one function (the 
function is monotonically increasing on this interval). Therefore, the range of y 
= arcsinx is restricted as y € [-% z). Both functions go through the origin, have 


central symmetry, and are odd functions: 


arcsin(—x) = —arcsin x. (3.9) 

For example, arcsin (—}) = —aresin; = —4. The graphs of both functions are shown 
in Figure 3.8. 

Arccosine of x is defined as follows: y= arccosx, —1l<x<1,0<y<a 


such that cos y = x. 

Thus the function y = arccos x is the inverse to y = cosx with domain: —1 < x 
< land range:0 < y < z. (In this case, the function y = cos xis one to one only on 
the interval x € [0, z] and on this interval it has its inverse.) (See Figure 3.10.) This 
function is neither odd nor even. However, it is central symmetric to the point (0, z) 
and this is why the following is true: 


arccos(—x) = m — arccos x. (3.10) 


In order to evaluate arccos(p), |p| < 1, we can use the unit circle idea. 

For example, what is arccos(—3)? Many students wrongly believe that it has the 
same value as arccos; = ae However, inverse cosine is not an even function, and 
arccos(—4) must equal the angle from the interval0 < @ < a(marked by the red arc 
on the unit circle, Figure 3.9), the cosine of which is —1/2, and this would be the 
angle 2, 

Arctangent of x is defined as follows: y = arctanx, x ER, —5<y <4 such 
that tan y = x. The function y = arctanx is inverse to y = tanx with the domain: 


x € R and range: y € (-%, z) (Figure 3.11). It is an odd function; therefore, 


arctan(—x) = —arctan x (3.11) 


Arccotangent of x is defined as follows: y = arccotx,x € R, 0 < y < a such that 

cot y = x. The function y = arc cotx is inverse to y = cotx with domain: x € R and 

range: y € (0, z). It is centrally symmetric with respect to point (0, z) (Figure 3.12). 
It will be useful to remember the following formulas: 
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— y= sin(x) y= arcsin(x) 


Figure 3.8 The graphs of y = sinx and y = arcsinx 


arccos(-1/2)=21/3 


43 -~2 2 3 
Figure 3.9 Finding arccos(—}) 
sin (arcsin a) = a, cos (arccos a) = a, |a| < 1 
(3.12) 
tan (arctan b) = b, cot (arccot b) = b,bER 
arctan a + arccot a = 5 (3.13) 
. 1 
arcsin x + arccos x = 5 (3.14) 
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y= arccos(x) 


—— y= cos(x) 


Figure 3.10 Graphs of y = cosx and y = arccosx 


Problem 97 Evaluate arecos( sin (4) ) : 


Solution It follows from the definition of arccosine that 
arccos(cosx) =x, if O<x<a (3.15) 


Hence, in order to use this formula we need to replace the value of sin (-3) by the 
cosine of an angle concluded between 0 and z. Using the complementary angle 
formula, we have 


: 1 _ (i a 0 lla 
sin (-Z) =-—sin (2) = cos é + *) = cos — 
9 9 18 


11 11 
Therefore, arccos ( sin (-4)) = arccos (cos (53) = ST 
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age 
— )= tan(x) — j= arctan(x) 
Figure 3.11 Graphs of y = tanx and y = arctanx 
llz 
Answer —. 
18 
; 31z 
Problem 98 Evaluate arcsin{ cos z= )) 
Solution It follows from the definition of arcsine that 
ade te . 1 n 
arcsin( sinx) =x, if — 5 <ax< 5 (3.16) 


Using an approach similar to that of the previous problem we will rewrite cosine in 
terms of sine of the angle concluded in the interval above: 


cos ou cos (6 +2) — (ie = sin é =) = sin ae 
5 ak) dak lens) a as 


Therefore, arcsin{| cos a = arcsin| sin oa at 
5 10 10 
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Z a. a Z 
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—- p= cot(x) ———-_—sx¥wh= arrccot(x) 


Figure 3.12 Graphs of y = cotx and y = arccotx 


3x 
A a 
nswer 0 


Problem 99 Solve the equation (arcsin x)* + (arccos x)? = an? for all 
aeR. 
Solution In Chapter 2 we learned formula (2.16) 
3 73 3 
a +b’ = (a+b) — 3ab(a+b) 


Applying this formula and formula (3.14), and after simplification, the equation can 
be written as 


12y? — 6zy + (1 — 8a)a? = 0, where y = arcsin x. 
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Solutions of a quadratic equation depend on its discriminant. We can use D/4 
formula because the coefficient of the linear term is even: 


= (32)° — (1 — 8a)12x7 
= 9x? — 12n7(1 — 8a) 


= 327 (32a — 1) 


A/D AT AlLS 


There are three possible outcomes: 
1 
1. If a < — there are no real solutions. 
1 
2. Ifa= 32 then D/4 =0 and we have one solution 
_ 322 _ 2 
de 4 
nu 
4 


arcsin x = 


1 
3. Ifa > 32 then there are two real solutions for the quadratic equation in y 


37 + ./324(32a — 1) 


= 12a 

y=: (34 3(32a— 1)) 
aresin x = = (3+ 3(32a — D) 
aresin x = = (3 — 32a — D) 


: a ‘ : : 
Because arcsine changes on -F ‘| we have to investigate if there are any other 


NIA 


restrictions on a. Thus the following must be true: 
5 < 4(34 v96a-3) < 


(3 + v96a—3) <* 
34+ /9a—3 <6 
V96a—3 <3 
96a —3 < 3° 

96a < 12 


1 
acx- 
~ 8 
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and 


jae > 

6 < (3 — V96a — 3) 
9 < —/96a—-3 <3 
~3 < /9a—3 <9 
96a —3 < 81 


96a < 84 


Pee 
~ 8 


ee (3 v96a—3) <5 
<6 


Putting together the two restriction on the parameter we finally obtain the following 
solution to case 3: 


—_ ee tee sin (SG + v96a—3) ) 


32 i 8 
If a = — then 
8 
a 
= sin ((3 +3)) 
x sin (4 ) 
x= sine =1 
2 


Answer If a < 1/32, then there are no real solutions. 
If « = 35 then x = Jp. 
If 3, <a<, thenx = sin (4(3 + V96a — 3)), 


If a = 3, then x = 0, x=1. 


3.2 Best Methods for Solving Simple Equations 
and Inequalities 


In this section I demonstrate the most efficient methods of solving simple trigono- 
metric equations. 


3.2.1 Solving cos x =a 


Rephrase the problem: Find points on the unit circle, for which the first coordinate 
equals a. This geometric approach will help you to find the solution right away. 
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cosx=a 


OB=a 


Figure 3.13 Vertical line and the unit circle 


Figure 3.14 Solving cosx =a 


Draw a picture and for simplicity, assume that a is a positive real number less than 
or equal | (Figure 3.13). 

If OB =a then there are two points (C and D) within each revolution on the unit 
circle that have a as their first coordinate. By finding the angles corresponding to 
these points we will find the solution of the problem! (Figure 3.14) 

By connecting O and C and O and D, we find that point C corresponds to 
ZBOC =a and point D (as symmetric to C) to ZBOD = -—a. The angle 
a = arccosa, then —a = —arccosa. 

Uniting these two answers and applying periodicity of the cosine function, the 
solution is 
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cosx = a, 


al <1 
(3.17) 


x = zarccosa+2a-n, nE€Z. 


Here and below, the notation n € Z means thatn = 0, +1, +2,... 
If the value of a is one corresponding to the cosine row of Table 3.1, then arccos a is 


the simplest corresponding angle between 0 and z. For example, if a= 5 => arccoss =* 


3 
or a=—1 = arccos(—1) = 2, etc. 

Many trigonometric equations are not that simple and usually after solving them 
we will need to write their solutions in the simplest form. Consider some common 
equations, positions of points, and solutions. We will learn how to describe points 
on the unit circle based on their location on the circle. 


3 
Problem 100 Solve the equation cos? x = rr 


Solution This simple equation can be written as 


ieee: S 
N 
x= +—+27nn 
x 6 a 
5 
x= 4+ 2am, nym €Z. 


The first solution is given by points B and Q and the second one by points F and 
M on the unit circle (Figure 3.15). 


+ 


Figure 3.15 Sketch for Problem 100 
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Can this answer be simplified or written in a better form? Yes. By connecting 
points B and M and Q and E, we can see that these corresponding pairs are 
symmetric with respect to the origin, and their angles differ by z. 


Answer x= té+a-k, k eZ. 


Using Figure 3.15, we will solve the following simple problems that will help 
you learn to represent your answer in the simplest and most efficient form. 


Problem 101 Describe the angle that corresponds to point B shown in 
Figure 3.15. 


Solution Second coordinate of point B is 2, so B corresponds tot = #+ 2an,n € Z. 


Problem 102 The solution of some trigonometric equation is given by points 
B and Q on the unit circle (Figure 3.15). Find that solution. 


Solution Points B and Q are symmetric with respect to the X-axis; then using 
directed angles ZAOB = = ZAOQ = —Z. 
Both points together can be described by t = + + 2an, n € Z. 


Problem 103 The solution of some trigonometric equation is given by two 
points B and M on the unit circle shown in Figure 3.15 above. Describe the 
solution. 


Solution Points B and M are symmetric with respect to the origin. The angles 
corresponding to them differ by z. Thus, the position of M can be written as 
t=i+n= z However, if we add another z to this angle, we would jump to 
point B again, and by adding one more z, we would again be at M. The formula that 
gives us this alternation is 


1 
a a ne€Z. 


Problem 104 Now assume that a solution is given by four points on the 
circle B, E, M, and Q. How can you describe all these points together? 
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Solution Points {B and E} and {M and Q} are symmetric to the Y-axis and {B, M} 
and {E,Q} are centrally symmetric. Therefore, all four points can be described by 


at 
tp_E-M-Q = ae mn, nEZ. 


If you are in doubt, please try the first four values of n. For example, if 


The first pair of the answers describes points B and Q, respectively. The second 
pair of answers describes points M and E, respectively. 


Problem 105 Describe the solution given by a) points D, N, F, and A; b) by 
the pairs D and N and then by F and A; and then c) by all four points together 
(Figure 3.15). 


Solution 


a) Point D has coordinates (0, 1) and corresponds to the smallest angle 5. There will 
be infinitely many angles that correspond with this point, all of them given by 
tp = 5+ 2an. 

Point N is symmetric to D with respect to the origin; hence their angles differ 
by z. It can be described by ty = an + 2an or by ty = —5 + 2am. 

Point A has coordinates (1, 0) and matches with angle 0 or in general with 
ta = 2an, n € Z. 

b) If we want to describe two points together, then D and N are associated with 
tpn =3+an, n€Z. 

c) All four points {A, D, F, N} can be seen together and the difference between 
locations of two consecutive points is the same, 5. Therefore, all points can be 


described by one formula t4_p_p_n =3-:7, n€Z. 


Problem 106 Describe points M and Q together (Figure 3.15). 


Solution Points M and Q are symmetric with respect to the Y-axis, and they 
can be described by supplemental angles. Hence, if M can be described by angle 
a, then Q would be z — a. Both points together can be described by t = (—1)" 
arcsin(—2) +an,n€ Z. This formula is often used when solving the equation 
sinx =a. 
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sinx=a 


Figure 3.16 Solving sinx =a 


3.2.2. Solving sinx =a 


For simplicity, assume that 0 < a < 1. We are looking for such points on the unit 
circle that have the second coordinate a. There are two points on the circle that 
satisfy this condition {£ and C}. Look at the sketch below (Figure 3.16). The points 
are at the intersection of line y = a and the unit circle. 

The smallest angle corresponding to C ZGOC is given by arcsina; the other 
angle associated with E is a — arcsina. (From symmetry, we know that the angles 
between EO and the X-axis and CO and the X-axis are the same.) 

Hence, the solution to sinx = a can be written as 


sint = a, 
—— (3.18) 
t = (—1)"aresina + an, n€ Z. 


For example, if you need to solve the following problem: 


Problem 107 Find all x € [, 44] satisfying the equation sinx = }. 


Solution First, we will draw a unit circle and since sine is the second coordinate of 
a point on the unit circle, we will find such points by drawing a horizontal line 
through point D with y coordinate until the line intersects the circle at two points, 
B and A (Figure 3.17). 

Both points A and B correspond to the value of sine of 2; hence we need to find 
their angles. Within each revolution, point A matches with angle 
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Figure 3.17 Solving sinx = 5 


ZCOA = arcsin (5) =% and point B with angle 
ZCOB = n — arcsin(}) =a —-2=%. 


Therefore, the general solution to the given equation can be written as 


x= E+2a n, 
xa nen, n=0,+1,+2,... 


[29-2 

How can we select all valid values of the variable x? 

Let us find out how far down by integer n we should go. 

Since 5z = Wn < us < Un = 6a = 22-3, we will consider only such n that 
satisfy 0 <n <2. 

It is clear that if n= 0, then x = #¢/ and that x = aa el. 

At n= 1 both solutions x = 2+ 2a =e J andx =¥%+20=14% e€]. 


Further, ifn=2 thenx =%+4 22-2 = € J and 


However, we need to select only solutions x € J = [2 al 


x= 4 4q = 88 <5 < a Me]. 
Therefore, we have only five values of x that satisfy the condition of the problem. 


5a. 132.172.252.292 a iia 
Answer e (2,44). 


6° 6°6°67 6 Dr 2: 


3.2.3. Solving tanx =a and cotx =a 


We will draw a unit circle and a so-called tangent line—a vertical line that is 
tangent to the circle at point B (1,0). Positive values of a will be above B and 
negative below (Figure 3.18). Thus, tanx = 0 corresponds to point B. In order to 
solve tan x = a, we will place value of a on the tangent line. Let a > 0, for example, 
BG =a, and connect G with the origin until it would intersect the unit circle at two 
points (in our sketch at E and F). Yes, there are two angles 2BOE and ZBOF on the 
unit circle corresponding to the given positive value of a. From triangle GOB we 
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Figure 3.18 Tangent line 


have OB = 1,BG =a => tan(ZBOG) = tan(ZBOE) = a. The angle x is arctan- 
gent of a. 

Points E and F differ by z. Hence, if the angle BOE = arctana, then 
ZBOF = a + arctana. 

Both angles satisfy the equation. Therefore this can be written as 


tanx=a 


(3.19) 
x =arctana+an, nEZ 


Example Solve the equation tan (3 - 3x) =1. 


Solution Since tangent is an odd function, the equation can be rewritten as 


a 
t 3x— 7) =-1 
an (3x A 


3x2 = Fy 
x | am 
3x = an 


1 
X= =n, n€Z. 
3 


Solving cotx = ais similar to solving tanx = a. We need to draw a unit circle and 
a cotangent line that is tangent to the circle at point (0,1). Cotangent value is zero at 
this point, positive to the right of this point and negative to the left. 

In Figure 3.19, you can see both cotangent and tangent lines. Also if the angle f is 
given then the values of tan ¢ (segment CD) and cot t (segment AB) are both shown 
in Figure 3.19. 
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A cot(t) p y 


> 
tan(t) 
t D t 
42 2 4 6 
Figure 3.19 Cotangent line 
154 
m2 tA 
< e > 
AB=1/,/3 
Pree ast t SAU Ve ea 
Figure 3.20 Using cotangent line 
In general, the following is true: 
cotx=a 
(3.20) 


x=arccota+an, nEZ 


In Figure 3.20, we showed the solution to the equation cotx = Fe There are two 


points on the unit circle that correspond to this value of the cotangent. Both can be 
written asx=4+an, ne Z, 


3.2.4 Solving Trigonometric Inequalities 


Many problems in trigonometry require selecting a solution from a given interval. 
This can be asked directly as in the following problem: 
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Solve the equation 
(1 + tan x) sinx — tan’x+1=0 
Subject to the inequality tanx > 0. 


Or indirectly when we have to be careful in selecting a correct solution. For 
example, in problem: 


V1 —2sin2 x = Vsinx. 


In solving this problem, because of the square roots, we need to consider only the 
solutions that will satisfy the following system: 


1—2sin2x >0 
sinx > 0 
sinx = 1 —2sin2x 


It is useful to be able to sketch the solutions of the inequalities on the unit circle. 
Below we will consider some simple examples, so you can understand how to 
find geometric solutions to trigonometric inequalities: 


Example 1 sinx > 4 


Example 2 cosx <4 


1 
sinx > —x= 
Example 3 in 


cosx <= 
2 


2 

Example 4 cotx <4 
2s A 
Example 5 tan*x > 3 


Example I Draw the unit circle (Figure 3.21). 


There are two points corresponding to sinx =} 


5 

The angles satisfying the inequality sinx > 5 are marked by the thick green arc 
and algebraically can be described as ¢ + 2an <x < 52 + 2an, n€ Z. 

Remember that each solution arc on the unit circle must be described by an 
interval between two angles, from the smallest to the biggest, by moving counter- 
clockwise along the arc. For example, if we instead started from the left point on the 
same circle and gave the following interval, we 2an<x< ace 2an, then it 
would describe the solution to the opposite inequality, sinx < bs and would be 
given by the bigger arc. 


Example 2 is shown in Figure 3.22 and its solution is marked by the red arc ABC. 
Algebraically it can be written as $+ 2an <x < as +2an, n€Z. 
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sinx>1/2 


-3 -2 


Figure 3.21 Sketch for Example 1 


_ 


2 3 


Figure 3.22 Sketch for Example 2 


cosx<1/2 
sinx>-1/2 


2 3 


Figure 3.23 Sketch for Example 3 


For Example 3 (system), each inequality must be sketched separately and then the 
intersection (blue arc ABD) must be found (see Figure 3.23). 
Thus, solution to the first inequality, cosx < Ss is given by the arc ABC. The 


solution to sinx > -4 is given by the arc EBD. The common part of the two arcs is 


3.2 Best Methods for Solving Simple Equations and Inequalities 183 


154 


LM 


Figure 3.24 Sketch for Example 4 


arc ABD. The answer lies between angles, including the end points of the arcs, and it 
can be written as $+ 2an < x < 4+ 2an. 

Let us solve Example 4, cotx < . 

Draw the unit circle and cotangent line that is tangent to the circle at point M 
(0,1). Mark 2/3 on the positive part of the line (segment NM) and connect point N 
with the center of the circle until it intersects the circle again at point 
D (Figure 3.24). 

The solution to the equation cotx = 2 will be given by these two points and can 
be written as x = arccot? + an. 

Next, we will try to visualize what would happen to the solution if we start 
moving point N to the left on the cotangent line and obtain a solution by connecting 
a new point (for example, L) with the origin again in the same manner. It is clear 
that there are two arcs for which the inequality is true, ABC and DEF (Figure 3.24). 

Finally, our solution can be written as 


2 
AEEC OT +an<x<a+an, n€Z. 


In order to find a solution to Example 5 and solve tan 2x > i, first, it is convenient, 
using the difference of squares formula, to rewrite the inequality as follows: 
(tanx — +5) (tanx+ +5) > 0. Then the solution is possible when either both 


quantities inside parentheses are positive or both negative. This can be written as 


1 
tanx > —= 


V3 


1 
tanx > ——= 


V3 


1 
tanx < —= 


V3 


1 
tanx << —— = 


V3 
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tanx 


Figure 3.25 Solving the system of inequalities 


Finally, the union of the two systems is given graphically in Figure 3.25. Algebra- 
ically it can be written as 


1 Sa 
ee ram neZ. 


Now we can practice by solving some trigonometric inequalities. 


Problem 108 Solve the inequality | sinx| > | cos x]. 


Solution It is useful to know that any modulus inequality of the type 


If(2)| = Is@)I or IF@)| S 


s(x)| 


can be rewritten in a different but equivalent form as 
f?(x) > g?(x) or f?(x) < g?(x), respectively. 


Therefore, we will solve 


sin2x > cos 2x 
cos2x — sin2x <0 
cos 2x < 0 


3 
5 + 2an << 2x <4 2an 


3x 
TERS ae tee: nEeZ 


While solving this inequality, you could use Figure 3.14. Cosine of any argument is 
less than zero if the argument (angle) belongs to the interval 
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(3 + 2nn, 3a + 2an). 
Dividing each term by 2 we obtain the answer. 


Answer 7+an<x< 324 an. 


Problem 109 Solve the equation ,/— cosx = V—1 + 2sin2x. 


Solution In order to solve this equation correctly, we need to make the quantities 
under the radicals nonnegative. The equation is equivalent to the following system: 


—cosx = —1+2sin2x 
cosx <0 
—1+2sin?x>0 


Using a main trigonometric identity we can rewrite the first equation as quadratic in 
cos x. Now the system has the following form: 


cosx = 1 

2cos*x — cosx -1=0 
cos x = —= 

cosx <0 Ss 2 1 On 

cos 2x < 0 cosx <0 COSK = —5 > x £5 + 2an. 
cos 2x < 0 


Remark While solving this problem we used the fact obtained in the previous 
problem. Remember that the solution of cos 2x < 0 is 


Etan<x<**+an, n€Z. 


If we place these restrictions on the unit circle, we can see that our solution 


2 
x= > + 2qn is inside of the given region (Figure 3.26). 


Figure 3.26 Sketch for Problem 109 
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3.3 Solving Miscellaneous Trigonometric Equations 


Some additional basic trigonometric identities can be summarized as follows. We 
will use them in order to solve trigonometric problems: 


a—Pp 
cosa+ cos f = 2cos - COS 5 
cosa — cos f = —2 sin one: sin cia 
2 2 
sina+ sinf= aL cos aed 
2 2 
tape singed ane” gat? 


cosa: cos f= 5(c0s (a B) + cos (a + f)) 
sina: sinp = 5( cos (a~ f) — cos (a+ f)) 


sina: cos p = 3(sin (a+) + sin(a— f)) 

a+ PB) = cosacosf — sinasin# 

a—f) = cosacosf + sinasin# 

a+) = sinacosf + cosasin# (3.21) 
a— PB) = sinacosf — cosasin# 


tana+ tanf 
1 — tanatanp 


tan(a+ fp) = 


tn (a= 8) tana — tanp 
an (@ = 
1+ tanatanp 


sin 2a = 2sinacosa 


cos 2a = cos?a — sin2a = 1 — 2sin2a = 2cos2a— 1 
2tana 
tan 2a = ———,_ 
1 — tana 
. 2 tana 
sin 2a@ = ———_— 
1+ tan2a 
1 — tan?a 
cos 2a = ———_— 
1+ tan2a 


sin3a = 3sina— 4sin2a 


cos 3a = 4cos3a — 3cosa 


Below I will show the most popular and effective methods of solving trigonometric 
equations. 
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3.3.1 Factoring 


If we can set up the equation so that the right side will be zero, and factor, then this 
will allow us to solve the more complicated equation as a set of simpler problems: 


Example Solve sinx + sin5x = 0. 


Solution Rewriting the sum as a product using a corresponding formula from 
(3.21), we obtain 


sinx + sin5x = 0 
2 sin 3x- cos2x = 0 
The solution to this example will be reduced to the solution of two much easier 


problems: 
sin3x=0O cos2x=0, etc. 


Problem 110 cos 2x = 1 — sinx. 


Solution ; 
cos 2x = 1 — sinx 


1 —2sin?x = 1— sinx 
sinx - (2sinx — 1) =0 
sinx = 0 sinx = 
me 


Ao nym e€ Z. 


Problem 111 Solve cos3x + sin2x — sin4x = 0. 


Solution We want to factor this equation and it is easy to rewrite the difference of 
two sines as a product using a formula from (3.21): 


cos 3x + (sin2x — sin4x) =0 
cos 3x — 2 sinxcos 3x = 0 
cos 3x(1 — 2sinx) =0 


4 4 
3x=05> x=5+5: 
COS 3X x 613 n 
1 
sinx=5> x= (-1)E + ak, nk EZ 


If you put both solutions on the unit circle, you would see that the second solution is 
included in the first solution. Hence the answer can be written as 
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Answer x=7+ 3:7, ne&Z. 


3.3.2 Rewriting a Product as Sum or Difference 


A factoring method works well only if the other side of an equation is zero or can 
become zero. Sometimes you need to do the opposite and rewrite a factorized 
expression as the sum or difference of trigonometric functions, so you can look for 
common factors. Let us solve the following problem. 


Problem 112 Solve sin5xcos3x = sin 6x cos 2x. 


Solution In order to find the solution to this equation we need to recall the 
following formula: 


sinacos f = x sin (a — B) + sin(a+ f)) 


We obtain 


Ls Li, 
ah sin (8x) + sin (2x)) = ah sin (8x) + sin (4x)) 


sin2x = sin4x 


This simple equation must be solved by moving sin 4x to the left side and by applying 
the formula for the sine of a double angle (Method 1) or by applying the formula for 
the difference of two sines (Method 2). Please do not equate the arguments. 


Method 1. 
sin 2x — 2 sin 2x cos 2x = 0 
sin 2x(1 — 2cos 2x) =0 


1 
sin 2x = 0 cos 2x == 


N 


2x = an 2x = +5 + 2ak 


x or x oe. kK 
=>—_— =m T 
2 6 


Method 2. 


sin 2x — sin4dx = 0 
—2sinxcos 3x = 0 


sinx =O or cos3x=0 


3 je Ps di 
X=7n Or a x=- ats 
x 7 6 3 
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If you place both solutions on the unit circle, then you will see that the answers 
obtained in different ways are identical. 


3.3.3 Reducing The Degree of Trigonometric Functions 


From the identities above, we know that squares of sine or cosine can be replaced by 
a linear expression in a double angle. For example, let us solve the following: 


Problem 113 Solve sin2x + sin?3x = 1. 


Solution Rewriting the sine of single angles in terms of the cosine of a 
corresponding double angle we obtain 


sin2x + sin23x = 1 
1- CORaE 7 1—- cos 6x | 1 
9 2 a 


cos 2x + cos 6x = 0 


Because the right side is zero, we can factor the left side as 
cos 2x + cos 6x = 0 


2cos4x- cos 2x = 0 


We will proceed as follows: 
cos4x = 0, cos2x = 0, etc. 


» — 


ma an 
8 4 
na ak . 
=— kKEZ 
x 4 z° nk E 


3.3.4 Homogeneous Trigonometric Equations 


An equation a, sin” x + ay,—; sin "I yveosx+...+a;sinxcos”! x = Ois called a 


homogeneous trigonometric equation of nth order. Such equations will be reduced 
to a polynomial type equation by dividing either by sine or cosine raised to the 
highest degree. 


Problem 114 Solve the equation 3 sin?x — 3 sinxcos.x + 4cos 7x = 0. 
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Solution Let us divide both sides by cos7x ¥ 0: 


3tan2x —3tanx+4=0 
D=9-—48 = —-39 <0. 
There are no real solutions. 


Let us change this problem a little bit and make the right side 2. The following 
problem will have a solution. 


Problem 115 Solve the equation 3 sin*x — 3 sinxcos x + 4cos7x = 2. 


Solution Let us replace the right side by 2 cos 7x + 2 sin?x = 2, collect like terms, 
and obtain an equivalent equation: 


2 


sin?x — 3 sinxcosx + 2cos*x =0 


We will again divide both sides by cos?x # 0: 


tan2x — 3tanx+2=0 
tanx = 1 or tanx = 2 


+= a+ an or x =arctan2+ ak, n,k € Z. 


A simple example of a homogeneous equation is asinx + bcosx = 0 that is a 
homogeneous trigonometric equation of the first order. 
Dividing both sides by cosx 4 0 (or sinx 4 0) we obtain 


tanx = —2, etc. 
a 


However, if we change the right side of the original equation, and make it 
asinx + bcosx =, then dividing by sine or cosine would not help and I recom- 
mend the method of using an auxiliary argument (angle), as explained below. 

A homogeneous trigonometric equation of the first order can be written as 


Asinx +Bcosx=0, A?+B? 40 (3.22) 


Such equations can be solved using two different methods: 


Method 1: Assuming that either sinx 4 0, cos x 4 0 we can divide (3.22) either by 
sin x or cos x and obtain a new equation in cot x or tan x, respectively. 
For example: 


Atanx = —B, tanx = etc. 


8 
A? 
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Method 2: Recalling the following trigonometric identities 


sin (x + y) = sinxcos y+ cosxsiny 
sin (x — y) = sinxcos y — cosxsiny 
cos (x + y) = cosxcos y— sinxsin y 
cos (x — y) = cosxcos y+ sinxsin y 


we can divide and multiply (3.22) by \/A? + B’: 


A B 
Asinx + Bcosx = Var ( sinx 4 css) 


VA? + B? : VA2 + B? 


Next, we will introduce an auxiliary angle: 

B B 
—_———; y = arctan—, A#0 (3.23) 
VA? + B? A 


Therefore, (3.22) can be rewritten as 


g~ = arcsin 


Asinx + Bcosx = V/A’ + B’ cosy sinx £ singcosx 


= VA? +B? sin (x+ @) 


Formula (3.24) is rarely introduced in the high school curriculum. However, this 
formula allows us to easily find a maximum or minimum of the following function 
f(x) = Asinx + Bcos.x and it is absolutely necessary when solving equations like 
this: Asinx + Bcosx =C. 


(3.24) 


: ; = Bi 
Remark If for Asinx + Bcosx, B > 0, then you choose g = aS ae 


If B < 0, then you choose g = —arccos 


‘A+B? 


Let us practice this formula by solving two problems below. 


Problem 116 Solve the equation 3 sinx — 4cosx =5. 


Solution Since \/3? + 4° = 5, then the equation can be rewritten as 
: 3 
sin(x—g)=1, @=arccos 5 
1 
x-g= =4+2 
X—@ > + 2an 


X = arccos (2) ++ 2an, nEZ 
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Figure 3.27 Sketch for Problem 117 


Problem 117 Find solutions to 4 sin 2x + 3 cos 2x = 5 for all x € 0, a]. 


Solution Using an auxiliary angle formula (3.23), we can rewrite the equation as 
follows: 


4 sin 2x + 3.cos 2x = 5 ; 
5sin(2x+ 9) =5,9= arcsing 
sin (2x +g) =1 


As we know there is only one point on the unit circle within each revolution that has 
the second coordinate 1. In the graph above it is point D. Point D corresponds to the 
angle 5+ 2an,n=0, +1, +2, ... (Figure 3.27). 

Therefore 


2x +p =5+2an, n=0, 1,+2,... 


xX 


a 1 bea; eZ 
ay aresing tan, n : 


Since we need to find only solutions in the first and the second quadrants, then 


= —z_1, in? 
n= 0, and x = | — 5: arcsing. 


Problem 118 Solve sinx + cosx = —1. 
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Solution This problem can be attacked in several ways; some of them could lead to 
the wrong answer, if proper restrictions are not applied. 


Method 1: Using an auxiliary angle the given equation can be written as 
v2sin (x+2) =-l 
4 
The solution is obvious 
sin (x +2) = Fr etc. 


Method 2: Using a double-angle formula, we can write sinx and cosx in terms of the 
tangent of a half angle. Note that the formula is proved in Section 3.4.2: 


2 tan~ 1—- tan 2~ 
4 2=-1 
x x 
1+ tan2 1+ tan2 
2 2 


x 
tan= = —1 
an; 


I 
ay) 
X 2 an 


Method 3 (maybe not the best). 
Some students try to square both sides of the equation and obtain 


sinx- cosx = 0 
sinx =0O0>x=an 


cosx =O x =F 4+ ak 


This solution is wrong because in the original equation the right side was negative, 
and when we squared both sides we replaced our equation by an equation that is not 
equivalent. 


Question What restrictions can be added to the solution of the problem so we 
would still get the correct answer? 


Problem 119 It is known that function f(x) = Acosx + B sin x has zeros at 
two different values of x such that f(x;) = f(x.) =0. Prove that 
xy —X%), =na,n€ Z. 
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Proof Let us rewrite the function as 


= VA’ +B’ sin(x+ 9), 


COS X -+- 


B 
sin x 
VA? +B? 
aA cos Pp = ss 
VA? + B? VA? + B? 


Next, using the condition of the problem we can state that 


fix) = VA? +B? a 
Jee 


sing = 


sin (x1 + g) = sin(m + @) 


Answer x, — x. =an, n€Z. 


3.3.5 Selecting Root Subject to Conditions 


Sometimes, after solving an equation, we need to select only such roots that satisfy 
a given condition. 


Problem 120 Solve log n(x) (sing + sin #4) = 1. 


Solution In order to solve this equation we have to use properties of logarithms: 


log, b=c & a=b 


; (3.25) 
if a>0, aAl1, b>0 


The following must be true: 


Sine is an odd function, and the right side of the last equation can be written as a 
product: 


sin (—x) > 0 
sin(—x) #1 


‘ : x 
—sinx = 2sinx- cos; 


After factoring sinx in the last equation and using the fact that sin x must be less 
than zero, we have 
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sinx <0 

sinx # —1 
x 1 

cos— = —= 
2 


The last equation has solution x = 42 + 4an,n € Z. However, only x = tz + 4an, 
n € Zis in the region where sinx < 0. 


Answer x = + 4an,n € Z. 


3.3.6 Completing a Square 


Completing a square often helps to reduce the order of an equation and dramatically 
simplify it as well. Let use learn this by solving the problem below. 


Problem 121 (Chirsky) Solve the equation sin®x + cos °x = 3(cos*x + 
sin 4x). 


Solution The idea is to complete the square on both sides and replace 
sin?x + cos?x = 1. 
4 


1 See 
x = (sin?x+ cos 2x) — 2sin?xcos?x = 1 —=sin?2x = qt qcos4x 


sin*x + cos 


é ; : : 55.3 
sin °x + cos®x = (sin*x + cos?x)(sin4x — sin?xcos*x + cos*x) = 3 + 3008 4x. 


After simplification, our equation becomes 


teary aes 2 i) weed 
8 8 “AA A 


1 
4x = —= 
COS 4X 3 


Ee eg 
= marccos— =, n 
* rae 


me luz, 
Egarccos; ++ 5°, nEZ, 


Answer x = 4 


3.4 Proofs of Some Trigonometric Identities 


When I was a high school student, I chose to memorize these formulas; I still 
remember all of them by heart. The younger generation is now able to find things 
immediately on the Internet, and does not tend to memorize as we did. 
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I disagree with this practice and am surprised that even some math teachers 
never remember formulas. If you want to solve complex problems, then remem- 
bering as many formulas as you can is helpful. When you see a problem, you can 
quickly “play” different scenarios in your mind based on your experience and 
knowledge of formulas. If you never tried to memorize any formulas, then you 
would not see many “easy” solutions that come immediately to mind. In this 
section, we show some proofs for important trigonometric formulas using the unit 
circle and basic knowledge of plane geometry. 


3.4.1 Angle Addition Formulas 


sin (a+ #) = sinacos#+ cosasin 
(a+ B) B B (3.26) 
cos (a+ #) = cosacosf — sinasinf# 


Consider Point C (1,0) on the unit circle. Let 2COA=a and ZAOB=f 
(Figure 3.28). 

In the original, “blue” coordinate system, the coordinates of point C and point 
B are (1, 0) and (cos (a + ), sin (a+ f)), respectfully. Since the distance between 
two points is preserved despite a coordinate system, we will do the following. 


1. Evaluate the square of the distance BC as 
BC? = sin*(a + B) + (cos (a+ f) — 1)? = —2cos (a+ f) +2. 


2. Draw a new coordinate system such that X goes through side OA and the Y-axis 
is perpendicular to OA. In this coordinate system point C has coordinates C 


Figure 3.28 Angle addition formulas 
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(cosa, sin(—a)) = (cosa, — sina) and point B has simply coordinates (cos f, 

sin #). Thus the square of the distance between C and B is 
BC? = (sinf + sina)’ + (cosB — cosa)” 

=2-+2sinasinf-2 cos acos fp. 


Equating the right sides of the square of the distance equations, we obtain 
—2cos(a+ fp) +2 =2+2sinasinf — 2cosacos fp 
From which we immediately obtain the first formula in (3.26): 
cos (a+ 8) = cosacosf — sinasinf. 
The proof is completed. 


The formula for sine of the sum of two angles can be easily proven if we use the 
complementary angle property (3.4): 


in = 0 (§(04 9) = s(n ~$) = ome (0-9) 
= cos acos (6-3) — sinasin (6-5) 


= cosasinf+ sinacos fp 
This proves the first addition formula in (3.26): 


From (3.26) we can always derive the so-called double-angle formulas. 
Denoting # = a, we obtain 


sin 2a = 2sinacosa 


cos 2a = cos? 2 (3.27) 


a— sina 


The last formula can also be rewritten in two other convenient forms below, either 
in terms of cos*a or sin’a by using a Pythagorean identity: 


cos (2a) = 2cos*a — 1 = 1 — 2sin*a (3.28) 


Problem 122 Evaluate without a calculator cos = 


Solution 


Method 1: Since 75 = § — 7, then 
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cos = = cos ( *) = cos cos” 4 eee } me 11+ 
2 3 4 ir i oi ee eae ae ee 


Method 2: Since we know that cos% = ae we can apply the formula of the cosine 
of a double angle as 


1 a 
2cos?— = 1+ cos= 


12 6 
3 2 
a _ (V3 +1) _v34+1 
ss Fe) 2-4. WwW 
V3+1 
Answer 
2/2 


Remark In Method 2, we had to demonstrate our abilities to work with radicals. 
Thus V3 + 2 can be written as 


2+V3= 


2 
1+¥73) 142 442 
are) _i+ a see ee) 


3.4.2 Double-Angle Formulas 


Many formulas can be easily proven geometrically on the unit circle. 
Using Figure 3.29, let us prove the following formulas: 


TAT 
-8 2 


Figure 3.29 Proof of double-angle formulas 
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2tan@ 
sina = 24 
1+ tan7— 

2 


a 
1 — tan2— 
cosa = 


2 (3.29) 
1+ tan Z 


2 tan 
2 


tan @ = ———4+— 
a 

1 — tan2— 
2 


Let us take a point A with coordinates (x, y) on the unit circle with center O. Since 
the point is associated with angle a, then x = OB = cosa, y = AB = sina. Drop 
perpendicular line AB to the X-axis and then connect point A with point C on the 


diameter. From Euclidean geometry we know that if ZAOB = a, then ZACB = Sas 
central and inscribed angles, respectfully. 


From triangle ABC we have tan$ = ae = 7% from which we obtain 
a 
y= tan - (1 +x) (3.30) 


On the other hand, from triangle ABO we obtain that x* + y* = 1 or 
y=1-x (3.31) 


Squaring both sides of (3.30) and applying the difference of squares formula to 
(3.31) 


tan? 5 (14x)? =(1—x)(1+2) 
Dividing both sides by (1 +x) we obtain 


a a 
tan?—+x-tan’7-=1-—x 
2 2 


Factoring terms with x: 
a a 
ies eyai-t — 
+( + tan 5) an 5) 


we obtain the required formula: 


1- tan 4 
x= cosa= 7 (3.32) 
1+ tans 
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Figure 3.30 Geometric proof of trigonometric formulas 


The formula for y immediately follows from (3.30) or (3.31). Please obtain it on 
your own: 


. 2 tan 5 333 
y= sina = Tan ae 
Additionally, dividing (3.33) by (3.32) we obtain the last formula for (3.29): 
2 tan 
eae a (3.34) 
1 — tan? 


Let us now prove formulas for the sine and cosine of a double angle. We will 
modify the previous picture a little bit by connecting point A with M of the diameter 
(Figure 3.30). From geometry we know that MAC is the right triangle, and MAC is a 
right angle because MC is a diameter. Let AC = a and AM = b. Express the area of 
triangle MAC in two different ways, first, using the half product of the legs and 
second, the half product of the height AB and base CM: 


a-b=2-y (3.35) 
From triangle ABC we have 


y= asin; (3.36) 


Since triangles ABM and ABC are similar (AABM ~ AABC), the corresponding 
angles are equal, and then from AABM we have 
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a 
y= bcos = (3.37) 


Multiplying the left and right sides of (3.36) and (3.37) we obtain that 
2 


ab = (3.38) 
si 5 . COS 5 


Equating the right sides of (3.35) and (3.38) and after simplification we will have that 


a a 
y sin 5 cos 5 


Replacing y = sina we prove the formula 


: _a a 
sina = 2 sin—cos— 


2. 2 


Next, let us prove that cos a = 2.cos *@ — 1. We can again use Figure 3.30. 
From the right triangle OAB we see that |OB| = x = cosa. 
Applying the Pythagorean Theorem to the right triangle BAM, we obtain 
|BM|? + |AB|? = |AM|? 
(l-x)*+y=e 
l-2x+(¢+y)=2 
2-2x=b° 
From this we can obtain 


b? = 2(1 — x) (3.39) 


On the other hand, substituting (3.37) into (3.39) we obtain a new formula: 


2 

y 
7 age 
cos *$ ae) 


From the right triangle OBA we have x* + y* = 1 and also x = cosa, and finalize 
our proof: 


io 2 
~7= 2(1-x) 
2 

COS 5) 


a 
1 =2 _ 
+ Xx cos >) 
a 
=2cos*-- 1 
x cos 5 


a 
cosa = 2cos?— — 1 
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In order to memorize these formulas, I want you to practice solving the following 
two problems. 


Problem 123 Solve sinx + cosx = 1. 


Solution Let use replace both function in terms of tangent of half angle ((3.32) and 
(3.33)): 


2 tan 1—- tan 2~ 
+ =1 
14 tan2~ 14 tan 2~ 
2 2 


2tan~ — 2 tan 2~ =0 
2 2 


tans _ 2 tans =0 


L.tan5 = 0 2. tan > = 1 


x eae i 
5 en or > 4 T 


xX=2an or x= 5+ 2nk, n,kEZ 


Answer x = 2an;x = 5+ 2ak, n,k € Z. 


The following problem would require a similar substitution. 


Problem 124 Find all solutions to the equation 
(1 — tan3) - (1+ sinx) = 1+ tan3— cosx. 


Solution The idea is to rewrite the entire equation in terms of one function, for 
2 tans —tan?2 


example, tangent of half angle: (1 — tan x) (1 + a) = 1+ tan5— pant 


Denote 


y= tan (3.40) 


and after substitution and simplification, we obtain the following polynomial 
equation: 


(1— y)(y+ 1)? = yy +1) 
(y+ 1)°(1-2y) =0 


1 
1. y=-1 or 2. I—5 
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Next, we will solve (3.40) for each value of variable y: 


x 

tan= = —1 
1 2 
= — 4 2k 

2 

, x 1 

an==-— 
2. 2 2 


x= 2arctan, +2nn 


Answer —5+ 2k; 2arctan}+2an, n,k € Z. 


3.4.3 Triple Angles and More: Euler—De Moivre’s Formulas 


I personally never memorize formulas for the sine or cosine of a triple angle, or 
formulas for cos 4a or sin 5a, etc. I believed that they can be derived each time you 
need them. 

I am sharing my experience and do not want to make you repeat exactly what I 
did or did not do. However, I learned all these ideas and created my own methods by 
reading many books, and, more importantly, by practicing the solution of a lot of 
problems. 

Let us see how the sine or cosine of a triple angle can be derived from (3.26)—(3.28): 


sin (2a +a) = sin2acosa+ cos 2asina 
= 2sinacos?a + (1 —2sin7a) sina 
= 2sina(1— sin?a) + (1 —2sin?a) sina 
= 3sina—4sin7a 
Using the same approach, please derive cos 3a in terms of the cosine of a single 
angle on your own. Together, we have 


sin 3a = 3sina — 4sin°a 
cos 3a = 4cos?a — 3. cosa G41) 
Remark These formulas can be proven by using complex numbers, Euler and 
De Moivre’s Theorem: 


e'? = cosy +ising 


gr = cost’ a => (cosg +ising)" = cosgn+ isingn 


In order to prove the double-angle formula we will use n= 2: 
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(cosp + ising)” = cos 2g + isin2p 


The idea is to raise the left side to the corresponding power and then equate real and 
imaginary parts. We also need to use the property that 7 = —1. 


cos’ +i-2singcosgy — sin?g = cos2g + isin2y 
(cos*g — sin*g) +i-2singcosy = cos2@ + isin2gp 


Equating real and imaginary parts of both sides, we get double-angle formulas: 


cos*p — sin?g = cos2@ 


2singcosg = sin2@ 


Similarly using cube of a sum and the formula below, we will get the formulas for 


triple angles: 


(cose + ising)’ = cos3g + isin3p 


Because these formulas are not in the high school curriculum, we will demonstrate 
how they can be obtained from each other and used for proving some trigonometric 
identities. Euler stated the following formula: 


e = cosx +isinx (3.42) 
On one hand, replacing x by nx in (3.42) we obtain De Moivre’s formula: 


e”* = cosnx + isinnx 


On the other hand, raising both sides of (3.42) to the second, third, fourth, and nth 
power, we must get the following true chain of the equations: 


(e*)? = (cosx+isinx) 


isin 2x 


l| 
Le) 
ie} 
na 
NO 
= 

| 

T 


e 
(e*)? = (cosx+isinx)? 


isin 3x 


oS 

= 
I 
fo) 
° 
n 
1eS) 
a 

| 

T 


e 
(e*)* = (cosx+isinx)* 


e** = cos4x+isin4x 


e"* = cosnx +isinnx 
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Using the fact that Vn, e”* = cosnx +isinnx = (cosx + isin x)", we can easily 


derive many well-known formulas for the cosine or sine of double, triple, etc. angles. 
For example, let us prove the formulas for sine and cosine of a triple angle: 


i. oF 4 
cos 3x + isin 3x = (cosx + isinx) 
cos 3x + isin3x = cos?x + 3cos2xisinx + 3cosx-i 


cos 3x + isin3x = cos?x +i-3cos2 


2. 3 


sin2x + 2 sin3x 
2 


xsinx — 3cosxsin2x — isin3x 


cos 3x + isin 3x = (cos4x — 3cosxsin7x) + i(3 cos*xsinx — sin+x) 
By equating terms with and without 7 and using a Pythagorean identity, we obtain 


cos 3x = cos?x — 3cosxsin2x = 4cos3x — 3cosx 
sin 3x = 3sinx — 4sin>x 


We can also derive any formulas for sine or cosine of the sum of two angles or their 
difference. 


Thus, consider Euler’s formula (3.42) for two different arguments, x, y. 
Next, we will multiply the left and right sides: 


e-e'? = (cosx+isinx) (cosy +isin y) 
Simplifying left and right sides we will obtain 
el"+Y) — (cosxcos y — sinxsiny) + i(sinxcos y + sin ycos x) (3.43) 
Because the left side of formula (3.43) can also be written as 
e+) — cos (x+y) +isin(x+ y) (3.44) 
From (3.43) and (3.44) we obtain other very familiar formulas: 


cos (x + y) = cosxcos y — sinxsin y (3.45) 
sin (x + y) = sinxcos y+ cosxsiny , 
Equation (3.45) can easily be changed to the formulas for cosine and sine of the 
difference. We need to remember that cosine is even and sine is an odd function. 
Thus we have 


cos (x — y) = cosxcos y+ sinxsin y (3.46) 
sin (x — y) = sinxcos y — cosxsiny ; 
Now, if we add the first formulas of (3.45) and (3.46), we will obtain another well- 
known formula for the product of two cosine functions: 
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cos x cos y = x cos (x + y) + cos (x — y)) (3.47) 


By subtracting the first formula of (3.46) and the first formula of (3.45), we will 
obtain the product of two sines: 


sinx sin y = x\ cos (x — y) — cos (x + y)) (3.48) 


And, if we add the left and right sides of the second formulas of (3.45) and (3.46), 
we will get 


sin x cos y = xX sin (x + y) + sin (x — y)) (3.49) 


Finally, from (3.48), and after substitution 


a=x-y a+ fp p-a 
Ss r= = , 
paxty 7 | 


we can obtain the formulas for the difference of cosine functions: 


at po sin? 2 
2 2 


cosa — cos f = 2 sin (3.50) 


If you remember, we proved these formulas in a different way earlier in this chapter. 


Problem 125 Evaluate sin18° precisely. 


Solution I remember when I was in 9th grade, a similar problem appeared at the 
city math Olympiad. I noticed that cos 36° = sin 54° (this is based on the properties 
of complementary angles, e.g., cos = sin (90° — f)), so sin18° can be found by 
solving the equation 


sin3a = cos2a, a = 18° 


I first rewrote sin 3a as the sine of the sum of two angles and replaced the right-hand 
side in terms of the sine of a single angle: 


sin (2a + a) = 1—2sin7a 
sinacos 2a + cosasin2a = 1 —2sin?a 
sina(1 — 2sin*a) + cosa@2sinacosa = 1 —2sin7a 


4sin3a — 2sin?a —3sina+1=0 
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This equation can be factored as 
(sina — 1)(4sin’a + 2sina— 1) =0. 


We are not interested in sina = 1(a = 90°). Our answer comes from solving the 
quadratic equation4 sina + 2 sina — 1 = Oand selecting the root that is less than 1: 


V5—1 
a 


sina = sin 18° = 


Answer sin 18° = vas! ; 


Remark In my book “Methods of Solving Complex Geometry Problems” I used 
this approach in order to construct an angle of 36° by first constructing 18° and then 
by doubling it. 


Problem 126 Evaluate A = sin 20° - sin40° - sin 80°. 


Solution Using formula (3.9) we will rewrite the product of the two first sines as 
the difference of cosines: 


A= sin 20° - sin 40° - sin 80° 
1 8 
= Ah cos 20° — cos 60°) sin 80 


— 500s 20° sin 80° — 50s 60° sin 80° 


1 1 1 
ae Fl sin 100° + sin 60°) — a sin 80° 
Because sin 100° = sin 80° as sines of supplementary angles, after simplification 
we obtain 


1 v3 
A =-—sin60° = —. 
qoin 
Answer nes 
Problem 127 Prove that A= cos%- cos #- cos % = 3. 
Proof Note that cos (2 — a) = — cosa; then cos * = — cos (a — #) = —cos %. 


Using this we can rewrite the original expression as 
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Next, we will multiply it and divide by 2 sin7. Applying the formula for the sine of a 
double angle twice we have 


x sin Se sin (x + 2) sins 1 
8 sinZ 8 sinZ 8sin=t 8 


7 7 


The proof is completed. 


3.5 Trigonometric Series 


In this section we consider trigonometric series. In order to evaluate trigonometric 
series we need to know basic trigonometric identities, Euler and De Moivre’s 
formulas. Next, we see how these formulas can be used for evaluating trigonometric 
series. 


Problem 128 Prove that 
(n+1)x 
2 


nx 


sin. 2 


- sin 


S, = sinx+ sin2x+ sin3x+...+ sinnx = = 
sin; 


Proof Multiplying the sum by 2 sin5, and then using formula (3.48) for the product 
of two sine functions, we obtain the following: 


Sn -2sin5 = 2- sin5 (sinx + sin2x+ sin3x+...+ sinnx) 
~ * Xx, —* , 
= 2sin=sinx + 2sin=sin2x+...+2sin=sinnx 
2 2 2, 
(5—*) — 00s (5 +4) + 008 (5 — 2x) — cos (5 + 2x) + 
= cos > cos ee, cos q cos q 
2% a7 s 3° a 


+0 ($m) = so (F+m) 
deste COs q COs q 
5) NX 5) NX 


Because cosine is an even function, then cos(—y) = cosy and all terms in the 
middle of the sum will be eliminated as follows: 


x x x (2n + 1)x 
cos + cos sie cos 

2 2 2 2 

x 

2 


_ Xx 
2sin - $, = cos 


(2n + 1)x 
os 


= COS 


COS 
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Applying the difference of two cosines formula (3.50) to the right-hand side, we get 


; Ti 2n4+1 x antl _ 1)y 1)x , 
2sin5 +S, = 2sin ( =) ane 2 5) 2) = sin OE - 


Solving this for S,,, we obtain the requested formula. 
The proof is completed. 


Problem 129 Evaluate A = “S24 St 4... 4 


Solution Suppose that we have a complex number A + iB, such that 


x 2n an 
_—_ COS COs 7 COS 7 
A=+t+ 5 ae ae 
and 
sin sin 2H sin 7a 
B= 5 Y +... aR 


Assuming that B is the imaginary part of the complex number, let us multiply it by 
i and add it to the expression for A: 


A+ iB = }(cos# + isin#) + 32( cos 224 jsin #) +...+4(cos “+ isin “). 


Applying Euler’s formula to each quantity inside parentheses, we get 


: (cos + isin Z) 
i , 
n 4 A 


A+iB 5( cos + isin’) + (cos + isin)” + + 
iB = i i ie 
2: 4 4 2 4 2 


4 


Next, we can see that the right side of the complex number is a geometric series 
with the first term and common ratio equal to 


-( + isin”) 
5 COs 7 isin . 


Therefore, using the formula for the sum of geometric series, we can rewrite our 
complex number as 


(1 — #(cos4 + isin4)") 


(1 _ 5(cos%+ isin4)) , 


1 
A+ iB = 5( cos” + isin”) 


Applying De Moivre’s formula to this again and using the fact that 


sinj = cos7 = Fe we have the following complex number: 
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(1 — H( cos %+ isin#)") 


(1-sa-a) 


1 
A+iB =—~(1+i) 


2/2 


Rationalizing the denominator and extracting the real part of A+jiB in the 
expression above, we obtain that 


(V2 - 1)( 2" — cos ut) + V2 sin 


— 2"(5 — 2/2) 


(v2 1)(2" cost) +/2 sin 


Answer A = (5-22) 


3.6 Trigonometric Solution of Cubic Equations: 
Casus Irreducibilis 


Consider a cubic equationx? + px + q = 0. Let us look for the solutions in the form 
x= Acosep (3.51) 
Substituting (3.51) into the cubic equation we obtain 
A® cos?y + Apcos y = —q (3.52) 
Let us recall the formula for the cosine of a triple angle: 
cos 3p = 4cos* — 3.cosp (3.53) 
and compare (3.52) and (3.53). The idea is to find such values of the parameter p at 


which the left side of (3.52) can be written as B cos 3g, where B is some constant. 
Using the method of the undetermined coefficients, we obtain the following: 


AB=4 _ |[-4p 2 4p 3A? 
Va 3 and A*= 3° p= a 


Because the value of A must be a real number, then it follows from A = , (=e that 
this substitution can be used only for p <0. We can substitute these in (3.52): 
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A(A* cos 7 + pcos 9) =-q 
4 
a(-“F cos?y + pcos) =-q 


—2P (Acosp — 3cos9) =-q 


Substituting p in terms of A into the last equation, we have . cos 3g = —q or 
4q 
cos 3g = — re 


The last formula gives us three distinct values of the angle (solutions) within each 
revolution: 


A 
n=0, @, =-sarccos (- <4) 
1 4q 2n 
n=l, @z = ,arecos Fa py 
1 4 4 
n=2, @= yerecos( *) + ; 
1 4 
n=3, @= Pa (- *) +22 


You can see that the first and the last angle are the same and they differ by 27. Now 
we can obtain three different values of x: 


xX, = ACOS @,,X2 = ACOS Gy, X3 = ACOS D3 


Do you remember how we solved Problem 83 (27x? + 54x7 + 27x+1=0) in 
Chapter 2? We reduced it to a new one, y> — 3y —-1=0, p= —3, q=—l. 

Furthermore, this problem can be solved using a trigonometric approach because 
p=-—3<0. Thus, we can evaluate that A = 2 and that 


1 ( aot) 2x 
@ = =>: arccos|{ — 3 +—-N, 


3 

1 1 2n 
m3 * arccos (5) + 3 “n 

1 

9 


aS) 
I 
Lu 


ie 
—-nN 
3 


a) 
I 
Ld 
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We can see that form =0,n = 1, and n = 2 we would have three distinct values of @: 


x Tn 13a 
1 = 992 = 9°93 = "9: 


Remark 1 This method is efficient for finding solutions of x° + px+q=0 if 
p<0,2=£4+£ <0. 
Otherwise, try to use other methods. 


Remark 2. Trigonometric substitution such as letting x = cosg,y = sing is very 
useful in solving some nonstandard problems. Some of the ideas can be found in the 
following sections. 


3.7 Parameterized Form of a Curve 


Sometimes a curve or a trajectory is given in a parameterized form, for example as 


x = x(t) 
x= xX (t) : 2 = 7 3 i ; 
in R° or as ¢ y = y(t) in R°, where ¢ is a parameter. The parameter ¢ is 
y= y(t) z= z(t) 
often considered as time in physics problems, so a trajectory can be visualized as 
the set of ordered pairs (x(4), y(‘)) at each time f¢. In order to find out more about a 
trajectory, we can graph the ordered pairs by hand, on a calculator or a computer. 
Sometimes we can eliminate f from the equations and often obtain a trajectory as an 
implicit curve, F(x, y) = 0 or F(x, y,z) = 0. 
Let us consider several examples that students usually learn in calculus: 


xxc=acost 
ytd=bsint’ 


Example 1 We are given a trajectory { 


If we square the left and right sides of each equation and then add the left and the 
right sides and apply a Pythagorean identity, we would obtain an implicit curve 
(ellipse) in the form of a conic: 


(x pias cy (y a d)° 


An ellipse will become a circle if a= b. 
The next example will present an explicit curve (line) also given by its param- 


eterized form: 
x=t-1l 
Example 2 . apt 


The parameter f¢ (time) can be eliminated from the system if we use the first 
equation substituted into the second one: 
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t=x+1 
y=3(x+1)+1 
y=3x+4 


Clearly, now we obtained a line in its slope-intercept form. 


Problem 130 Eliminate the parameter ¢ from the system { : # ees : ‘ 


Solution We can rewrite the system as follows: 
Multiplying the left sides and the right sides of the equations and using the property 
that tant- cott = 1, we obtain 


(x-3)(y+)=1 


or 


Answer y= ~1,-1. 


Often the parameter cannot be eliminated. There are many examples of such 
x= cost—t 

y= sint+3t 

Sometimes we need to find a parametric curve from a given implicit or explicit 


systems. For example, { 


curve. For example, working backwards, we can find that (x — 1)? + (y +2)’ =9 
(equation of a circle with center (1,—2) and radius 3) can be parameterized as 


x—1=3cos@ 
y+2=3sing 


This idea will be used in solving some nonstandard problems later in the text. 
Some differential equations can be solved using the introduction of an additional 
variable. 
Let us consider the following problem. 


Problem 131 Solve the equation (y’)° =3)7 +2=0, 7 = ® 
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Solution At first glance, this is a nonlinear differential equation of the first order. 
However, there is no dependent variable there, only its derivative. 
If we denote 
Y =P; 
we can rewrite the given equation as a polynomial equation in variable p: 


p?—3p+2=0. 


This polynomial equation has the following zeros: 
p=1 p=-2 
y=1 and y =—2 
y=x4+C, y= —-2x+ Cy 


Answer y=x+Ci; y= —2x+Cp. 


What if I change the previous problem a little bit and give you the following 
problem? 


Problem 132 Solve the equation (y)° 3y +2+x=0, y=BZy=y(x). 


Solution If we denote y = p, then we will have a polynomial equation in two 
variables, p and x: 


p’—3p+24+x=0 
from which we can express x in terms of p as 
x=3p—p-2 


Wouldn’t it be nice to find out how y depends on p? Then we would obtain the 


parameterized form of the solution! 


If y =p> o = p which can also be written as 


dy = pdx 


How can we use this relationship? 
Can we find dx? Yes. Let us differentiate both sides of the parameterized formula for x: 


dx = (3 —3p*)dp 
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Substituting this into the formula for dy we obtain 


Finally, we can put together both parameterized equations and obtain the solution to 
the given nonlinear differential equation: 


x=3p—p'-2 
Answer 3p 3 pt 


It would be interesting to solve a problem in which we do not have an indepen- 
dent variable. 


Problem 133 Solve the equation (v)° —3y +2+y=0, y= 2 y = y(x). 


Solution In this problem we can again introduce a new variable: 


! 


y=P 
Then express y in terms of p: 
y=3p—p’-2 
dy = (—3p* + 3)dp 


_ dy 
P 


3 
dx = -3p +2 \dp 
( Dp 


dx 


3 2 
x= —S+ 3In| p| +C 
This parameterized solution is shown in Figure 3.31. 


3 2 
x=— + 3In|p]-+C 


Answer . 
y=3p-—p'-2, p#0 
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Figure 3.31 Sketch for 
Problem 133 


3.8 Nonstandard Trigonometric Equations 
and Inequalities 


In this section, I demonstrate some ideas for attacking and solving challenging 
trigonometric equations. I am sure that after reading this section you will find that 
many complex problems do not look complex anymore. 


Problem 134 Solve the equation cos 6x + sin 3 = 2. 


Solution I noticed that usually students try to rewrite the left side as a product of 
two trig functions. However, that approach is good only if the right side is zero. For 
anything else it would not help much. Instead, focus on the boundary of the cosine 
and sine functions. Thus, the following is true: 


cos 6x < 1 Be 
5x => cos6x+ sin — <2 
< 2 


sin 


Therefore, the left side of the equation is less than or equal to 2 and the right side is 
2. Hence, this equation can have a solution iff both cos6x = 1 and sin x = fh 


simultaneously. 
Then we need to solve the following system: 
a 
cos 6x = 1 6x = 2an x=s-:n, nEZ 
nea 4 ka om © 3 (3.54) 
ao ge x= 5 (4m+1),meZ 


It would be wrong to state that we solved the equation by giving the answer above. 
You can see that the first value of x depends on an integer n and the second 
x depends on an integer m. These integers are changing independently; moreover, 
the solutions are given by two formulas, but we need only one solution. 
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Let us equate the right sides of the equations in the last system: 


Sona ez: (4+ 1) 
5n = 3(4m + 1) 
The following equation must be solved in integers: 
5n = 12m+3 
The right side is divisible by 3; then we need to replace 
n= 3k 
and substitute it back into the equation 
15k = 3(4m + 1) 
or 


5k=4m+1 (3.55) 


Next, we can think of it this way: the right side is odd, but 5k can be either odd or 
even, so in order to have solutions we need to select only odd values of k; then 


k=2u+1 (3.56) 
Substituting (3.56) into (3.55) we obtain the following chain of true relationships: 


10u+5=4m+1 


Su = 2m — 2 
u = 2t 

10t = 2m —2 
St=m-—1 


Finally, we obtain that 
m=5t+1, tEZ 


This expression for integer m can be substituted into the second solution of (3.54) to 
give us the final answer: 


oi a a 


x= aq (4m +1) ==-(4(5t+ 1) +1) 5 


(20t+ 5) = 2(4t4+ 1) =a4440-4,t €Z. 


Answer x=2+4at, t€Z. 
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Problem 135 Solve the equation cos 6x + sin6x = 2. 


Solution If you try to do this problem similarly to the previous one, you would not 
succeed because cosine and sine depend on each other. You need to use an auxiliary 
argument and rewrite the left side as we did in Section 3.3.4: 


1 1 a 
VA (J ye0s6x + Z,sin6r) = V2sin (— + 6x 
J2 J2 G ) 


Using boundedness of the sine function, we conclude that the equation cannot have 
any solutions because the right side (number 2) is greater than the left side ever gets. 
In the following problem, you can use the boundary of sine and cosine again. 


Problem 136 Find real x and y that satisfy the equation 
cosx + cosy =2+ cos(x+y). 


Solution We will rewrite the left side as a product and use the double-angle 
formula for the cosine function on the right: 


Reon. ss 


+ (1+ cos (x + y)) 


2.cos +2cos 


1 
3 
x+ x-y 1 ax+y 
2 2 


Multiplying both sides by 2 we obtain the equation below, which is equivalent to 
the original equation: 


X+y 


4 cos = 1 + 4c0s*— = (3.57) 


BD cag 
2 2 


On the other hand, using the trinomial square formula, we can write 


2 


(2cos <2 cos +) = 40s? T2 cos? 4cos =. cos 
which is the same as 
x+y x—y 2x+y 2X7 y 
4cos - COS = 4cos“ ——— + cos 
2 2 2 2 (3.58) 


(2 cos ae cos £7 


Since the left sides of (3.57) and (3.58) are the same the right sides must be the 
same: 
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es eee) 
4cos?= = + cos?=? (20s => cos ~>*) =1+44c0s?==2 


After further simplifications, we obtain 


cos? = — l= (2cos — cos <=) (3.59) 
If we look at (3.59) as f(x) = g(x), then we know that f(x) <0 and g(x) >0 
because of the boundedness of the cosine functions. 
In order to have a possible solution both sides must take the same value of zero. 
The following system has to be solved: 


2cos ~=> cos “5 =0 
rae (3.60) 
doe? = 1 
2 


System (3.60) is now equivalent to two cases: 


Case 1 
—— _ 
cos = . es 5 — 2an 
xt+ty 1 sa ae Le, 
Os = 5 7 ~ +3 
x—y=4an x= ae + 2x(m +n) 
2n I 
x+y=t> + 4am y, = £3 + 2a(m — n) 
Case 2 
x-y x—y 20 
cos =-1 = a(2n+1) xy = +—+4a2(2m+2n+ 1) 
2 2 3 
x+y 1 x+y 2a 2a 
= — +2. cee 
cos — 5 7 3 mm | y= ts a(2m — 2n — 1) 


Problem 137 Solve the equation 2 + 2( sin y+ cos y) sinx = cos 2x. 
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Solution Let us replace the cosine using a double-angle formula: 


cos 2x = 1 — 2sin*x 
2+ 2(sin y + cosy) sinx = 1 — 2sin?x 
2sin?x + 2(siny + cos y)sinx + 1=0 (3.61) 


Equation (3.61) can be considered as quadratic in sin x. Using? formula we obtain that 


D 
qo (siny + cos y)> —2 = sin2y—1 


Therefore, (3.61) will have solutions iff sin2y — 1 > 0 = sin2y > 1. Since sin 2y 
cannot be greater than 1, the only option for this equation to have a real solution is 


sin2y = | 
1 (3.62) 
y= are “n 


Hence, the discriminant of the quadratic formula is zero and (3.61) has only one zero: 


—(sin y + cos y) 
2 


sinx = 


(3.63) 


If we substitute (3.62) into (3.63) we will obtain two values of sin x: 


v2 


sinx = > or sinx = ——— 


2 


Uniting solutions of these two equations we obtain that 


2 m 
x=a-+ 7m. 
4 


Answer x=iitam,y=ftan, nmeZ. 


Remark You can get the same answer for x if we attack (3.63) differently. 


For example, we can combine sin y+ cosy as V2sin (4 + y) and then rewrite 
(3.63) with the use of (3.62) as 


sinx = 2 sin (2 ) 
5 gor, 
a € am ) 
sinx = 5 sin rer an 

V2 (Z ) 
sinx = — sin(—+ an 

2 2 
V2 
sinx = +— 

2 
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Problem 138 (Suprun) Solve the equation sin°x + cos°x = asin 4x for 
each possible value of a parameter a. 


Solution Consider the left side as the sum of two cubes: 


2 2 


sin®x + cos ®x = (sin? i: + (cos? : - (sin 2x) — sin*xcos*x + (cos x) 


= 1—3sin2xcos2x = 1 mee sin 72x 


: n 290 — lecos4x. 
Next, we will apply the double-angle formula as sin“2x = Jocos4y, 


This will make the left side of our problem 


a> Soe f= 241 — cos 4x) => 4 Jcosdr. 


Putting together the left and the right sides we obtain the following equation to 
solve; we will use the technique of adding an auxiliary argument: 


5 3 
g + goose = asin4x 


or 


asin 4x — cos 4x = ° 


ree 2, sin (4x + g) = z = —arccos—— = —arccos um 
Vv" 64 tee oe r,.9 V64a2 +9 
ll ary 
64 
sin (4x + @~) : (3.64) 
Xx = ————— 
9) Vela? +9 


This equation will have a real solution if and only if the right side is less than or 
equal to one: 


V64a7+9>5 
64a? +9 > 25 


64a” > 16 


1 
al 
wea 


1 
lal >5 
2 


Therefore, if —} < a < 5, (3.64) has no real solutions. 
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If a < —} ora > 5, then the solution of (3.64) can be found as 


(-1)" 5 1 8a a 
x= arcsin- + —arccos 


+—. 
4 V64a27+9 4 J64a2+9 4 


Sometimes a problem that at first glance does not even have any trigonometric 
functions can be solved with the use of trigonometric equations. Also, there are 
many trigonometry problems that contain a mixture of different functions with 
restricted domains, such as logarithmic functions. For your consideration, here are 
some interesting problems. 


Problem 139 Find maximum and minimum of A = xw + yz—x+w-+2z-61 
if x, y, z, and w satisfy the system 


xr+y+2x+4y—20=0 
z* + w* — 2w — 143 =0 


Solution Completing the square in both equations we obtain 


PHI td dP? =95 
Cane 0 ) (3.65) 
z*+(w—1)° = 144 
The function of four variables will also be rewritten as 
A= (x4+ 1)(w- 1) +2(y +2) — 60 (3.66) 


Let us try to parameterize (3.65) and (3.66). 
Formula (3.65) represents two different circles. Therefore we can introduce 


x+1=5cos@ 
y+2=Ssing 
z= 12cosy Pen) 


w—1=12siny 
Substituting (3.67) into (3.66) we get 


A=5cosq@: 12siny + 12 cosy -5 sing — 60 
A = 60sin(g + yw) — 60 


Because sine is a bounded function, then Amin = —120, Amax = 0. 


Answer Amin = —120, Amax = 0. 


Problem 140 (Chirsky) Solve the equation sinx7‘"* — 1 = cot?x. 


3.8 Nonstandard Trigonometric Equations and Inequalities 223 


Solution First, the left side is defined only for positive values of the sine function, 
sinx > 0. 

Next, we will move negative one to the right side and apply a trigonometric 
identity, so that we have 


2 


—sinx 


( sin x) = (sinx)~ 
(sinx)*~ sinx -1 
sinx > 0 (sinx < 1) 


sinx = 1 = x= 5+ 2an. 


Answer x = 5+ 2an. 


Problem 141 (Lidsky) Let 0 < a) <a <... <0 < = Prove that 


sina; + sinag +...+ sina, 
tana, < < tan @. 
cosa, +...+ COS ay 


Proof What do we know about the tangent function? We know that it is a periodic 
function that is monotonically increasing in the first quadrant. Because all angles are 
restricted by the first quadrant, we know that the following is true for tangent values: 


tana; <... < tana; <... tana, 


We also know that for any angle 0 < a; < of the first quadrant, the cosine function 
is positive and we can state that the following is valid: 


cosa; > 0 


tana, < tana; < tana,, O<i<n (3.68) 
Let us multiply (3.68) by cosa; > 0: 
tana, - cosa; < tana;- cosa; < tana, + cosa; (3.69) 


Inequality (3.69) is true for any angle alpha from the first quadrant. Thus we can 
write such an inequality for each possible aj, i= 1,2, ...,7: 


tana, - cosa, < tana ,- cosa; 


< tana, - COS@, 
tana, + cOSa@2 < tana2~- cosaz 


< 
< tana, - COs az 
tana, - cosa, < tana, : cosa, < tana, + COS a, 


If we add all these double inequalities, replace tana; - cosa; = sina; in the middle 
and factor common factors on the left and right, we obtain the following true inequality: 
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tana, - (cosa; +...+ cosa) < sina; +...+ sina, 


& 
< tana, - (cosa, +...+ cosa) 
Dividing all sides of this double inequality by the positive quantity inside paren- 
theses will complete our proof. Therefore, 

sina; + sina, +...+ sina, 


tana, < < tanQy. 
cosa, +...+ COSA, 


Problem 142 Solve the equation 3(log, sinx)? + log,(1 — cos 2x) = 2. 


Solution Because 1— cos2x = 2sin2x > 0, and considering restrictions that 
come from the first term, we need to impose a condition that sinx > 0. 
Let us simplify the second logarithm: 


log,(1 — cos 2x) = log, (2sin?x) = 1 + 2log, sinx. 
Now the equation can be rewritten as 


3(log,(sinx))? + 2log,(sinx) — 1 =0 
y = log,(sinx) 
3y? +2y-—1=0 


1 
y or y 3 
: ? 1 

log,(sinx) = —1 log,(sinx) = 3 

1 
Sp sinx = 25 

nt 
x= (—l)'GtanneZz 7) 


3.9 Homework on this chapter 


1. Solve the inequality y 


ae V 1 Bf x? z 0. 


Solution: Let us rewrite this inequality as 


1 
| cos x| 


Because | — y —x* > 0 > 1 — x > y. This can be rewritten as 
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pate (3.70) 
On the other hand, because the square root is positive, then (3.70) is true, if 
1— iat > 1. This can be written as 
1 
ya a (3.71) 
cos x 


Combining (3.70) and (3.71) we obtain 
l<y<1-x9 


The last double inequality is true iff x = 0, y = 1. 
Answer: x = 0, y = 1. 
) sinx cOs x 


2. Solve the equation (tanx = (cotx) 
1 


Solution: Making the replacement cotx = ane 


the given equation can be 


) sinx i cos.x 


rewritten as (tanx = (tanx 
If tanx < Obut sin x, cos x are fractions less than one, then this equation does 
not make sense. 
If tanx = 0 then sinx = 0 and again the equation does not make sense. 
If tanx > Obut tanx ¥ 1 then sinx = —cosx from which tan.x < 0 which is 
a contradiction. 
Finally, if tanx = 1 thenx=%+an, ne€Z. 
3. Solve the equation log sin x + log sin 5x + logcos4x = 0. 


Solution: Let us rewrite the equation as 
sinx- sin5x- cos4x = 1 


Recalling the material of Chapter 1, all functions in the product are bounded 
and their absolute value must be less than or equal to one. Moreover, the 
original equation involves logarithms and each quantity that we are taking a 
logarithm of must be positive. Therefore, in order for this equation to have 
solutions, the following must be true: 

sin x sin 5x cos 4x = | 

| sinx| = | sin5x| = |cos4x| = 1 

sinx > 0 

sin5x > 0 


cos 4x > 0 


The system can be rewritten as 


226 


3 Problems from Trigonometry 


sinx = 1 
sin5x = 1 
cos 4x = 1 


Solving the first equation we obtain x = 5 + 2zn. We will substitute it into the 
second and third equations: 


y a aed a bn 
sin (5(5 +22n)) a sins = 1, cos (4(5 + 22n) ) = cos0O° = 1 


which gives us the answer x = 5 + 2an. 


. Solve the equation sin?3x + cos?2x = 1. 


Hint: Reduce the power and then use the difference of two cosines formula to 
obtain sin5x- sinx = 0. 


Answer: x = Jn € Z. 


. Solve the equation sinx + sin2x + 2sinxsin2x = 2cosx + cos 2x. 


Solution: Let us rewrite the product above as the difference of two cosines: 


sinx + sin2x + cosx — cos 3x = 2cosx + cos 2x 
sinx + sin2x — cosx — cos2x — cos3x = 0 
sinx + sin2x — (cosx + cos 3x) — cos2x =0 


Next, rewrite the sum inside parentheses as a product: 
sinx + 2 sinxcosx — 2cos2xcosx — cos2x = 0 


Now combine the first two and the last two terms and factor out common 
factors by grouping: 


sinx(1 + 2cosx) — cos 2x(1+2cosx) =0 
(sinx — cos 2x)(1+2cosx) =0 


There are two cases. 
Casel  sinx — cos2x =0 


Using a double-angle formula we get the quadratic equation below: 


sinx —1+2sin2x =0 


2y°-+y—-1=0 


. : 1 
sinx=-—Il1 or sinx = 5 


Case2 1+2cosx=0. 


3.9 


10. 
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1 
cosx = —= 
5 2 
1 
oo to + 2ak,k EZ. 
Answer: x = ++ 2an, x =—3+2am, x= (—1)'2 + ak, m,n,k € Z. 
. Solve the equation sin4x = tanx. 


Hint: Use the double-angle formula twice and rewrite tangent as the ratio of 
sine and cosine. 


Solution: 


sin x 


2 sin 2x cos 2x = 4sinxcosxcos 2x = 
cos x 


sinx - (4cos?x- cos2x — 1) =0 

1. sinx=0 or 2. 4cos*x- cos2x—1=0 

x=am 2-2cos?x- cos2x -1=0 
2(1 + cos 2x) cos2x-—1=0 
2cos*2x +2cos2x-—1=0 


. Solve the equation 4 sin*x = 1 + 5cos2x. 


Hint: Reduce the power on the left and on the right and rewrite the equation in 
terms of cos2x. 


Answer: x = +3 + an,n € Z. 


. Solve the equation sin x cos x cos 2x cos 8x = -¥ sin 12x. 


Hint: Apply the formula for the sine of a double angle to both sides of the 
equation and then the formula for the product of sine and cosine on the left, and 
then factor. 


Answer: x = §- 1,1 € Z. 


. Solve cos 2x — 5sinx — 3 = 0. 


Hint: Rewrite cos2x in terms of sinx. 
Answer: x = (—1)"2+ ak, k € Z. 

. 1 = ae i far . 
Solve the equation Cas eae 2x. 


wee : : _— 2tanx 
Hint: Substitute sin 2x = j777;- 
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11. 


12. 


13. 


14. 


15. 


16. 
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Answer: x =7+5-n; x= ak, n,k € Z. 


Solve sinx sin 3x = — sin 4x sin 8x. 
Answer: x= Bx = ak n,k & Z. 
Solve the equation cotx — tanx = “#4—s™s sinx 


sin 2x 


Hint: Replace tangent and cotangent of a single argument in terms of sine and 
cosine of a double argument. 


1+cos 2x 
sin 2x 


1—cos 2x 


Solution: Because cot x = , tanx = 355, the equation becomes 


2cos2x  cosx— sinx 


: = , sin2x 40 
sin 2x Lee, 
5 sin 2x 


2 


cos2x — sin? 


xX = cosx — sinx 
(cosx — sinx)(cosx+ sinx—1)=0 
Usually we have to equate each factor to zero, but the second factor cannot be 


zero because the denominator of the original equation is not zero. 
Therefore, the solution can be found by solving 


cosx — sinx =0 


n 
xX=—+an, ne€EZ. 
A 


Solve the equation (sin.x + cosx)* + (sinx — cosx)* = 3 — sin4y. 
Answer: x = 4(1+4n), n€ Z. 


Solve the equation (cotx — 1) (1+ sin2x) = 14 cotx. 


1 


Hint: Use cotx = and sin 2x = 22; denote y = tanx 4 0. 


tanx 1+ tan 2x’ 
Answer: x = —{+ 3'; x = arctan3 + ak, n,k € Z. 


Solve sin2x — 2 sinxcosx = 3 cos 2x. 


Hint: This is a homogeneous equation of second order. 

Answer: x= 7+ %'; x= arctan3 + ak, n,k € Z. 

Solve cos 3x — cos?x + 3sin 2x = 0. 

Hint: Multiply the equation by 4 and then replace 4cos?x = cos 3x + 3 cosx. 


Solution: 


4cos 3x — cos3x — 3cosx +3 sin2x = 0 
(cos 3x — cosx) + sin2x = 0 


Rewrite the difference of cosines as the product and then factor out the common 
factor: 
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17. 


18. 


19. 


—2sin2xsinx + sin2x = 0 

sin2x- (1 — 2sinx) =0 

1. sn2x=0O or 2. eee eda 
2 — i S55 

x - sinx 5 : 

x= 5n Sm (—1)" + am 


mr 


Answer: 5-n; (—1)"Z+am, n,m € Z. 


Find all solutions to 5sin2x + V3 sinxcosx — cos2x = 2 that satisfy the 
inequality -—7# <x <a. 


Hint: Replace 2 on the right-hand side by a double trigonometric identity, then 
simplify and recognize a homogeneous equation of second order, and divide 
both sides by cos*x. Denote y = tanx. You will obtain the equation 3y* + 2 
V3y —3=0 and x= ~+ an. Next we will select only such solutions that 


belong to the given interval. There are at n= —1 andn=0. 
‘ Sa a 
Answer: — =2, =. 


1+2cos*x) = 2. 
Hint: Because this equation is logarithmic, make sure that you find restrictions 
on the independent variable. 


Solve log 5 


sinx ( 


V2sinx > 0 
V2sinx #17 

Second, applying the definition of the logarithm, the given equation can be 
rewritten as 


Solution: First, we will find the restrictions { 


1+2cos2x = (V2sinx)° 
1+2(1 — sin2x) = 2sin*x 
4sin2x = 3 


v3 


sin. x = —— 


n= (-1)"5+ nN. 


We selected only the positive root because of the restriction in the domain. 
Answer: x = (—1)"$+ an,n € Z. 


Solve the equation 3 sin 2x+2 cos?x 43.97 sinx(cosx—sinx) _ 28. 


Hint: Note that  sin2x+2cos?x=2(sinxcosx+ cos*x) and _ that 


. . . sin x 3 025 
—sinx(cosx — sinx) = 1 — (sinxcosx+ cos*x). Let y = 957 *°O8*4 08°, 


Solution: In terms of the new variable our equation will be rewritten as 
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1 
y+3-9--=28 
y 


y? — 28y+27=0 
y=1 or y=27. 


For each y we will find the corresponding x value: 
9 sin. x cos x+ cos 7x =| 9 sin x cos x+ cos 7x =27 


2 


2S 2 3 
sin. x cos x + cos*x = 0 Bi Z _ 

sinxcosx + cos“x == 
Case 2 


cos.x( sinx + cosx) = 0 


ea gh = Ft ah 
5 mm; x= Z ak. 


Case 1 
2cos?x — 2sinxcos x + 3 sin2x = 0 
© no real solutions 


. a(2n+l) , (4k—-1)x 
Answer: a 


4 
20. Solve the equation 2V1 — x? sin?x = V1 — x? — cos 2x. 
Hint: Consider the restricted domain of the square root function. 


Solution: Domain of the square root function is 
l-r>0¢-1<x<1. (3.72) 
Next, we will use a power reduction formula: 
2sin?x = 1— cos 2x 
And factor the equation as 
cos 2x(VI— 2? — 1) =0 
1. cos2x=0 or 2. VI-?®=1>x=0. 


The first equation give us a solution 


oa oi 
Ae ge i 
2475 ns 
> 1 4 
= 0, =- 
n xX 4 


3.9 


21. 


22. 


23. 
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Solve the equation (1+ tan?x)sinx— tan?x+1=0 given the condition 
tanx < 0. 
Solution: First, we will restrict the domain of the tangent function, so x #5 


+an. Second, we will make substitution 1 + tan?x = a and simplify: 


1+ sinx —2sin2x 


cos 2x 


This equation is equivalent to the following system: 


1 af 2 
(sins —1)(sinx +5) =0 aa aN : 
7 eee 
cosx # 0 ae x= + lnk ox 5 + 2am. 
ee tanx <0 


Answer: —2 + 2an,n € Z. 
Solve the equation log,(3 — sinx) = sinx. 


Solution: Because sinx < 1 > 3 — sinx > 2, the following is true: 


1> sinx = log, (3 — sinx) > log,2 = 1 


sinx = 1 
a 
x=-=—+2an 
2 
Answer: x =“! 7, néZ. 


Solve the inequality | — sinx + cosx < 0. 
Answer: 5 + 2an <x <a + 2an. 
Solution: We can rewrite this inequality as 
cosx — sinx < —1 
1, Z 1 
—cos x — —=sinx < ——= 
v2 v2 v2 
; (5 ) 1 
sin (—— x —— 
4 v2 


3 
Bt an <x—F< ZF 4 2am 
n 
2 


+2mn <x<a+2nn 
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(n—1)x 


24. Evaluate the partial sum S, = cos=+ cos 2x +...+ cos ——. 


Solution: Let us multiply the partial sum by 2 sin=~. Using identity (3.49) and 
the fact that sine is an odd function we will obtain the following: 


2 — 1 
25, sin—- = 2 sin—-cos~ { 2 sin— cos i, wpa eee 
2n 2n n 2n n 2n n 
. 3a _ a . on _ 3x 
= sin sin + sin sin eee 

2n 4 2n 2n 2n 

eat (2n — 3)x és (2n—5)x eet (2n —1)a ae (2n — 3) 

2n 2n 2n 2n 


After simplification and canceling opposite terms, we have 


_ a _ a _ (2Qn-1)x _ 2 : 1 
2S, Sin an sin an + sin mn = —sin mn + sin ( — =) =0 


Considering the equation above, we notice that the required sum multiplied by 
the nonzero factor (2 sing # 0) equals zero. Therefore the sum is zero. 


Answer: 0. 
25. Evaluate S = sin 10° + sin20° + sin30° + sin40° +...+ sin 2020° 
Hint: See Problem 129. 


26. Prove that f(x) = tanx is an odd function. 
27. Express sin 5x in terms of sin x and evaluate sin 36°. 


Hint: Use sine of the sum formula and consider sin5x = sin (3x + 2x) = 
sin 3x cos 2x + cos 3x sin 2x, then substituting the formulas (3.41) and (3.27) 
we will obtain that 


sin5x = 5sinx — 20sin?x + 16sin>x. 


Because sin180 = sin (5 - 36°) = 0, the above trigonometric equation can be 
written in terms of x = sin 36° as follows, becoming a polynomial equation of 
fifth order that can be solved as 


16y° — 20y? + Sy =0 

y(16y* — 20y? + 5) =0 

y=0 l6y*-—20y+5=0 

z=y 16z?—-20z+5=0 

_ 10+ V100— 80 104+2V5_ 54+ V5 
7 16 — 16 8 
_5-Vv5 


22> 


8 
_o. y,-V5t¥5 ) _ LU [Stv5 1 i5s-v5 _ 1 [5s-v5 
M13 a> V3 3 = 5 a) ee) > 


Z1 
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Though the polynomial equation has five real roots, we have to select only one 
answer. Our answer must be positive because 36° is in the first quadrant. 
Moreover, we can state that 


sin 30° < sin36° < sin 45° 


1 1 
2 < sin36° <— 


v2 
Therefore, the only answer for y = sin 36° = 5 vs 


Answer: sin 5x = 5sinx — 20sin>x + 16 sin>x. 


L o4/5, 
in 36° = — ' 
sin 5) 5) 


28. Evaluate sin (2arctant — arctan). 
Answer: 0. 


Solution: Denote arctand = a, arctan, = f, then tana = 4, tanf = 3. 
Using the formula for the tangent of a difference of two angles, we obtain 


tan 2a — tan fp 


tan (2 a 
an eee 2) 1 — tan 2a tanp’ 
1 
2tana 25 5 
tan 2a = = = 
1 — tan2a hae 12 


Since tan2a = tanf = %, then sin (2a — f) = tan (2a — f) = 0. 


29. Prove that arcsin x + arccos x = 5. 
30. Find all values of the parameter a for which the equation has a solution: 
sin x sin 2x sin 3x = a. 


31. Solve the equation sinx + 2 sin2x = 3 + sin 3x. 


e 


Answer: No solutions. Please solve it yourself using the fact that sine functions 
are bounded. 


32. Solve the equation | cot?2x + 8V— cot 2x — 3| = | cot?2x — 8\/— cot 2x — 3|. 


ea ergee 
came hee 
Answer: 
eae nlEeZ 
mS ua Mi a 


Solution: Denote t = /—cot2x >0, cot2x < 0. 


In order not to lose any solutions we will use the following property of the 
absolute values: 
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lal = |b] & la? = oP oa? =P. 
Therefore the given equation can be rewritten in the following equivalent form: 
(* + (8t—3))” = ( — (8 +3))” 
After squaring both sides and canceling the same terms, we obtain 
32P° — 96r = 0 
or 
32r- (4 —3) =0 


Two cases must be considered: 


cot 2x = 0 
Casel t=O Sex=FtznneZ. 
cot2x < 0 


Case2 tt =3 44 = cot?2x = 3. This can be solved as follows: 


1+ cot?2x =4 
1 


sin 22x 


and then applying restrictions imposed by the square root, we have to solve the 


system 
1 
sin?2x = — 
4 
cot 2x < 0 


or to solve two different systems 


1 
in2x = = 5 
Pate, 2 > 2x =F + 2an 
cot 2x < 0 
sin 2x = —= 


2 > 2x= — 7 + 2am 
cot 2x < 0 


Let us explain our approach: Please place solutions to the first equation of each 
system on the unit circle. Each solution has two points on the unit circle. 
However, because cotangent is negative only in the second and fourth quadrant, 
we will select only such solutions that are either in the second or fourth quadrant. 
Further, angles —Z + 2am and a + 2n are symmetric with respect to the origin 
and therefore differ by z and both can be written in a simplest form as 
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d= net, LEZ. 


Dividing both sides by 2 we obtain 


5a 
Ee RE ey 
WE Gp gt OS 


Uniting Case | and Case 2 we have the solution above. 


33. Solve the equation sin*x + cos*x = 1. 
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Solution: Denote y = sinx, |y| < 1.; then this equation will be rewritten as 


2 
y+(-y)=1 
y+1-2y4+yt=1 
y(y- 1)(y+2) =0 
y=0 y=1 


ae eee sinx = 1 
L. sinx = 0 2. _ 
xX=anneZ X= yt lak hEZ 


34. Eliminate variable ¢ from the system { ea ET I 


Answer: y = x? — 7x +6— sin(x+ 1). 


y= —5t— sint’ 


35. Solve the equation asin x + bcosx = c for all values of real parameters a, b,c. 


Solution: Rewrite the equation in the equivalent form 
7. ; b 
Vae+b*sin(x+@) =c, gy = arcsin-———— 


Then divide both sides by the coefficient of sine obtaining 


Cc 


sin (x +g) = 
Va +b? 


1. Ifc > a2 + b* then there are no real solutions. 


2. Ic =+Va2 + b* then 
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36. 


37. 


38. 


39. 


40. 


4l. 
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3. If |c| < Va? +b” then the solution can be written as 
x = (-1)" - arcsin : arcsin + an 
= (-1)". + an. 
Va +b Va? +b? 


Evaluate cos 20° - cos 40° - cos 80°. 


Hint: Multiply and divide by 2 sin 20° and then apply the sine of a double-angle 
formula (3.27) twice. 
Answer: 1/8. 


Given tanx + cotx = 3. Evaluate tan3x+ cot 3x. 

Answer: 27/11. 

Evaluate arccos(cos 10). 

Answer: 42 — 10. 

Prove that sin (a+ a) - sin (#2 +a) - sin (*#2+ a) = sin (72). 


Hint: Use formulas (3.2), (3.3), (3.41), and (3.48). 


Solve the equation cos (2x — #) = sin (4x + 3z). 


Answer: an; 2 Pak, WEES. 


Hint: Use supplementary and complementary angle formulas (3.2) and (3.3), 
the formula for a sine of double angle (3.27), factor out a common factor, and 
rewrite the given equation as a product of quantities equal to zero, etc. 
Find maximum and minimum of the function A=xw+4 yz+4x- 
3w + y — 2z — 70, if its variables satisfy the system: 
r+y —6x—-4y—51=0 
2 +w +2z2+8w—32=0 


Hint: See similar Problem 139. 
Denoting x—3=8cosg, y—2=8sing, z+ 1=7cosy, w+4=7 
siny, we obtain that 


A= (x—3)(w+4) 4+ (z+ 1)(y — 2) — 56 
A = 56sin(g+y) — 56. 


Answer: Amin = —112, Amax = 0. 
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42. 


43. 


44, 


Let0 <a, <...<aj<...<@ < 4. Prove that the following is true: 


cos a, + COSA2 +... + COSQy 
cota, > ; ; > cota,. 
sina, +...+ sina, 


Hint: Use the fact that the cotangent function is monotonically decreasing on 
(0,5) and use the ideas of Problem 141. 


Solve the inequality: 4(1 — tan.x)??? + (1 + tan.x)*°!4 > 270! 


Solution: Let ¢ = tanx, then the inequality 
A(1 _ as as (1 a ee >» 92014 (3.73) 


is always valid 

if? > 1 because d (i 7 ig Say Se 
andat f< <1 becaise a 4) Ee Se Se 
Therefore inequality (3.73) is valid for all || > 1. 


Consider |t| < 1, lett = cosa, 0<a<a,then 4(1 — cosa)? + (1+ cos 
ay =4. (2 sin 2g) inte + (2 cos aq) ans = aes | sin — + cos “) 
é al Sie eae ) — 92014 
2 2; 

Therefore, (3.73) is not valid for |r| < 1. 
The original inequality has solutions is and only if | tanx| > 1: 

ae ee ee 

gq a a 


xP D+ ak k EZ. 


Solve the equation x? — 3x — /3 = 0. 


Hint: Because p = —3 < 0, g = —V3, we can use trigonometric substitution 
(3.51),x =Acos@. 


Solution: A = (a — ee) = 2. The equation will be rewritten and 


solved as 
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8 cosy — 6cosy — V3 = 0 
2(4cos?y — 3cosgy) = V3 


cos 3 a2 
see: 
3 

3@ = arccos (3) + 2an 

_ if. _ 132, _ 21a 
?1 = 79 2 = 18’ P3 = 18 

13 21 

= COS, X2. = 2co0s en x3 = 2c0s aan 


18 18 18 


Chapter 4 
Unusual and Nonstandard Problems 


When we say “nonstandard,” one might think of a variety of problems that could be 
unusual, complex, or “impossible to solve.” However, we can also say that “non- 
standard” is the opposite of a standard or common way of thinking, or common 
methodology. For example, most of the time when we need to find the maximal or 
minimal value of a function, we often think of taking the derivative of a function. 
However, there are other techniques that can be used to solving problems about 
maximum and minimum values, including the use of the boundedness of functions 
such as trigonometric or quadratic functions, or use of different inequalities such as 
the inequality between arithmetic and geometric means, the Cauchy-Bunyakovsky 
inequality, or Bernoulli’s inequality. 

Another example of nonstandard problems would be problems with a parameter. 
We have looked at many problems with parameters in this book already but in this 
chapter you will see more problems with parameters and hopefully learn how to 
solve them. Finally, there will be some word problems that do not look standard, 
especially for a high school student. They are word problems to solve in integers or 
problems with conditions that can be reduced to a nonlinear system of equations 
with more variables than the number of the equations. 


4.1 Problems on Maximum and Minimum 


My teaching experience has been that every time students have to find a max or min 
of some expression or function they rush to calculate a derivative, even if this is not 
necessary. Sometimes the derivative approach makes finding a solution longer and 
more difficult. 
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4.1.1 Using “Special” Behavior of Functions 


Many problems in this section can be solved based on the properties of functions 
and especially the boundedness of some functions, for example, quadratic or 
trigonometric functions. 


Problem 143 Find maximum and minimum of the function 
f(x) =4sinx + 3 cosx. 


Solution: Applying formula (3.24) directly we obtain 


f(x) =4sinx + 3cosx = V4 + 3?sin(x+@) = 5sin(x+@). 


Since sine is a bounded function, Max = 5 and Min= —5. 
We can see that a thorough knowledge of trigonometry allowed us to find the 
maximum and minimum without taking a derivative. 


Problem 144 Find the maximum of the function y(x) = 4x — x” + 6. 


Solution: This problem can be easily solved using the derivative but let us show an 
alternate way. The graph of y(x) is a parabola and it opens downward because the 
leading coefficient (—1) is negative. It means that the function has its maximum at 
its vertex: 


Xvertex = — = 


Ymax = Y(2) = -4+8+6=10. 
Answer The max of y(x) = 10. 


Problem 145 Find the maximum and minimum of the function 


1 
f(x) = sin?x+ COsx — 5. 


Solution: Using the trigonometric identity sin?x + cos?x = 1 we can rewrite the 
: cd 1 1 
given function in the form f(x) = 1 — cos*x + cosx — a (cos 2x — cos x) 
And after completing the square within parentheses we obtain 


ee 
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ite 3 
Notice that (cos: _ ;) > 0, then f(x) < ri for all real x. 
On the other hand, 


1\? t\* <9 
since |cos x| < 1, then max of | cosx = 1 = @ at cos x= —1. 


2 
And f(x) > :- = for any real x 
F< Fl) for Vx ER. 
Maximum: f(x) = - : (cos ‘) =a max = 3 
Minimum: f(x) = z : (cos ty = 5? Amin = 7 


Answer max: 3/4, min: —3/2. 


Remark Tf you tried to solve this problem using a derivative you would encounter 
many troubles. First, f (x) is defined for all real values of x (x € R), not just on some 
closed interval [a, b]. Second, you can see that using boundedness and continuous- 
ness of f (x) gives an accurate solution quickly. 


The advantage of our approach becomes obvious and important in the next 
problem. 


Problem 146 Find Max and Min of the function f(x) = log:( sin x? + 3), 


Solution: Let us consider a function f(u) = logiu. Because the base of the 
logarithmic function is less than 1 (1/2 < 1), then f(u) is decreasing over the entire 
domain u>0. This means that for any two Vuy,u2(u2 > u) > f(u2) < f(u)). 
A sketch of such a function is given in Figure 4.1. 


Figure 4.1 Sketch 
for Problem 146 
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In our problem u = sinx? + 3 is bounded because | sin x°| < 1 and 
Yimin = 1 +3 =4= 
Umax = —1+3=2= 4 


Because 4 > 2, then f(4) </(2), but since f(x) = log: (sinx? + 3) is monotoni- 


cally decreasing then 


Answer Max=-—1 and Min=—2. 


Problem 147 Find the minimum value of x(x + 1)(x + 2)(x +3) without 
calculus. 


Solution: Let us multiply the middle terms together and complete the square: 
x(x + 3)(x + 1)(x + 2) = (x7 + 3x)(x* + 3x4 2) 

= [02 +32) +2: +3x) +1] af 

(G2 + 3x) +1) -—1> -1. 


We can see that —1 is the minimum value of our function. 


Answer Min f(x) =~-1. 


15 
Problem 148 Prove that for any x > 0 the inequality x? + mx + Be sinx > 0 


is true. 


Proof Because | sinx| < 1, then the minimum of sin x = —1, and the left side can 


3 
be written as x? + ax — 7.5, where x = + 2an,n=0,1,2,3...(x > 0). It is 


obvious that when x = = (n = 0) the left side approaches its possible minimum. 


3a\7 3a 5 
So we have to show that ats ions ag: 
2 2 2 
Multiplying both sides by 4 we get 92” + 627 — 30a = 15a(a — 2) > O because 


am > 2. We have proven that the given inequality is greater than 0 for any x > 0. 
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Problem 149 Find the minimum of the function 


sin (« - 5 


4 sin i cos 3x — cos 6x — 7 


f(x) = 


Solution: 
Method 1: First, we will not use any derivative for solving this problem: 


sin (« — *) 


f(x) = i 
4 sin (x-4) cos 3x — cos 6x — 7 


Let us substitute cos 6x = 2cos?3x — 1 and simplify the given function as 


sin (« = *) 
uN 4sin (« - *) cos 3x — 2 cos*3x — 6 


sin (« — ‘) 


2( cos *3x — 2sin (« — *) cos 3x + 3) 


We can define a new variable y = cos 3x and rewrite the denominator. Since the 


quadratic portion of the denominator, y* — 2 sin (« - ‘) y+3> 0 (because the 


discriminant will always be negative, since) | sin (« - *) | < 1, then our goal is to 


find the minimum possible value of the denominator. Completing the square inside 
the denominator, we obtain 
; a 
sin ( - *) s 


2( (cos3s sin (x my 43 sin?(x *)) 2|(y- a) +3-a 


a= sin ( -2); = cos 3x 
—, 6 y= iz 


f(x) = 


We can see that the minimal value of the function, minf(x) = -}> will occur if 
a=1, y=a. The following must hold: 


1 
Therefore minf(x) = al 
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Method 2: 1. Denote x —-7 =a > x =a + %, and then 


3x = 3a+5 > cos 3x = cos a0 = —sin3a 


6x = 6a+ 1 => cos6x = cos (6a+ 2) = — cos 6a 


In terms of this new variable our original function will be rewritten as 


F(a) sin (a) sin (a) 
a= —_ 
—4sin (a)sin3a+cos6a—7 —4sin(a)sin3a+ 1 — 2sin?3a —7 
—sin(@ 
f(a) = o 


2( sin?3a + 2 sin3asina + 3) 


In order to simplify “the look” of the function we will introduce new variables: 
a= sina,b= sin3a 


a 


2((b +a)” a?) 


F(a,b) = > min (4.1) 


Let us look closely at function (4.1). 
First, we can write the following true inequalities: 


(ota) +30 S4—e@? (al <1) 


< 5 (4.2) 
2((b +a) +3~a?) 2(3 — a’) 
We can state that (4.1) is true if the following is true: 
. > max (4.3) 


2((b +a)” +3- a) 


If we put together (4.3) and (4.2), then we can write the chain of true inequalities: 


F(a,b) = a (4.4) 
a,b) = > ; 
2((b+a)+3-a2) 23-4") 

Second, the maximum of eee occurs at a = | and equals 4. 

2(3 — a?) 

Finally, 
: ; 1 
min(f(x)) = min(F(a, b)) = a (4.5) 


Let us find for what values of x the statement (4.5) will hold. 
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The equality in (4.4) holds if 


= i — ? 
. | Sas ' @ sin (x—2) = 1 x= 24 2mn eZ, 


b=a sin3a = 1 
: 1 
Answer Min(f(x)) = =e 


Problem 150 There are three alloys. The first alloy contains 30 % of Pb and 
70 % of Sn. The second—80 % of Sn and 20 % of Zn, and the 3rd—S50 % of 
Sn, 10 % of Pb, and 40 % of Zn. From these three alloys we need to prepare a 
new alloy containing 15 % of lead (Pb). What is the maximum and minimum 
percentage of Sn that can be in these alloys? 


Solution: Assuming that we are melting x kg of the Ist alloy, y kg of the 2nd alloy 
and z kg of the 3rd, let us create the following table: 
Because the new alloy must contain 15 % of Pb we can obtain the equation 


0.3x + 0.12 


= 0.15 (4.6) 
X+y+Z 


Multiplying both sides of (4.6) by 100(x++y+2z) we obtain 


30x + 10z = 15x + 15y + 15z 


Z 
ie au 


(4.7) expresses x in terms of y and z. 
We have to find the maximum and minimum possible content of Sn in the alloy: 


_ 0.7x + 0.8y + 0.5z 
X+y+Z 


F(x,y,z) =F (4.8) 


Using (4.7) let us exclude variable x from (4.8): 


2.2. 2.2 
0.7(y +5) + 0.8y + 0.5z Lsy + Lsy + 
Fo= = _ 
: e 4z 
(y+i) +y+2 (y+z) +y+2 +z 


Table 4.1 Problem 150 #ofalloy | Amount (kg) |Sn(%) |Pb(%) | Zn(%) 


1 x 70 30 0 
2 Y 80 0 20 
6) Z 50 10 40 
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Multiplying the numerator and denominator by 30, we obtain that 


— 45y + 222 
~ 60y + 40z 


(4.9) 


The amount of Sn in the alloy is a function of two variables y and z 
(y > 0, z > 0). Equation (4.9) can be written in the form 


_ 45y +302 — 82 3(15y + 10z) — 82 


60y+40z = 4(15y + 10z) 
3 2z 
4 15y+10z 
Fa :- g(y,Z) 


Because z > 0, y > 0 let us make z= constant = zp and consider F as a function 
of y, y > Oforz = zo, F(y) = 3— g(y), where g(y) > Oand F(y) decreases for all y. 
This means that the minimum of g(y) will correspond to the maximum of F(y): 

3. 2z 
in (0) eae 0.55 or 55% 

We notice that the minimum does not depend on z. 
The maximum of F can be reached only if z= 0. 
Max of F = 3/4 or 75 %. 
3 2-0 3 
4 15y+10-0 4 
Notice that g(y,z) > O if y>0 and z>0 and g(y,z) = 0 if y>0 but z=0. 


Answer 55 % and 75 %. 


Actually F(z = 0) = 


4.1.2 Using Arithmetic and Geometric Mean 


Many problems about the maximum and minimum values of a function can be 
solved without using a derivative, but instead using the inequality between the 
arithmetic and geometric means: 


b 
> Vab for a>0 and b>0 (4.10) 


Inequality (4.10) becomes an equality only when a = b. For any other a and b an 
arithmetic mean (AM) is always greater than the geometric mean (GM). This can be 
proved as follows: 


(a—b) >0 

a —2ab+b’ >0 
a’ + 2ab + b? > 4ab 
(a+b) > 4ab 
a+b >2vV/ab 
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In 1893 the Russian collector Golenishchev purchased an Egyptian papyrus, 
which was about eighteen feet long and about three inches high. From a sample of 
problems from the papyrus it was clear that the inequality between arithmetic and 
geometric means was known to ancient Egyptians in 1850 BC. Egyptians were 
impressively good at building pyramids and they used a geometric approach for 
establishing important relationships. They also introduced the so-called harmonic 
mean (HM) and knew that 


HM < GM < AM. 


Let us demonstrate that (4.10) is true using plane geometry. 

We will construct a circle with diameter (a+b). Let a= BD, b= DC, and A be 
the point where the perpendicular to BC at point D intersects the circle and let E be 
the foot of the perpendicular from D to the radius AO. Let us denote AD=/h, 
AE = g. Since ABD and CAD are similar right triangles then 


h 
ag ha Vab. 


Also, since AOD and ADE are similar right triangles, we have 


g Vab 2ab 2 
vob Sato E49) 


Finally, from geometry we know that in a right triangle, the length of any leg is 
always smaller than the length of the hypotenuse (Figure 4.2). Hence, 
AE <AD<AOSg<h< ath which can be rewritten as 


2ab a+b 
< Vab< 4.11 
+b sie 2 ( ) 


a 


Figure 4.2. Arithmetic and 
geometric means on a circle 
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Problem 151 For all positive x, y, and z find the minimum value of 
(x+y)(y +2) if xyzxt+y+z)=9. 


Solution: Since xyz(x + y + z) = 9 can be written as 
xz(yx + y+ ye) =o. (4.12) 
we can represent (x + y)(y +z) as 
(y+x)(y +z) = yy +z) +x(y +2) = (y? + yz + xy) +22. 


Substituting for the term inside the parentheses from (4.12) and using the inequality 
between arithmetic and geometric mean we obtain 


9 9 
(x+y) (y+z) =— 442 >2)/—-xz =2:3 =6 
XZ XZ 


Therefore, 6 is the minimum value of (x + y)(y +2). 
Answer Min=6. 


Remark A similar problem (Problem 172) is solved in Section 4.3 using a geo- 
metric approach. 


Problem 152 Two vessels contain different solutions of salt. There is 5 kg of 
solution in the first vessel and 20 kg in the second. After evaporation the 
percentage of salt in the first vessel increased p times, and in the second q 
times. It is known that p x g=9. What is the maximum amount of water that 
would have evaporated from both vessels together? 


Solution: Let us introduce two variables: 
x (kg) is the amount of water that evaporated from the first vessel. 
y (kg) is the amount of water that evaporated from the second. 
Translating the problem into the language of math we obtain the system: 


5 = p(5—x) reer ee nae 
20 = q(20— y) oF a 
p:q=9 S ar as y=20-—P 
po pq=9 pq=9 


q>Il l<p<q l<p<q 


4.1. Problems on Maximum and Minimum 249 


Using this system, let us find the maximum of (x+y) and consider 


5 20 5 20 
yey ee pgp 95 Beas (4.13) 
Pp ? p 9 


Of course, we could take the derivative of (x+y) with respect to p or solve it 
graphically on a calculator. But using the inequality between arithmetic and 
geometric means and the fact that 1 < p < 9 (4.13) can be written as 


5 20p 5 20p 20 1 
: = =25-—[([— <25—2 . =25 = 18- (4.14 
r+ y= fp) =25 - (2472) (5 Osh (4.14) 


From (4.14) we conclude that the max f(p) = 184. 


1<p<9 
Let’s find the value of p that makes f(p) approach the maximum: 


: P= =) : 0p if and only ifs 5 =e or P —_ =9 2p = =: 
3 1 
maxf(p) = £(5) = 185 
9 
q=-—=6. 
P 


Answer The maximum amount of water that can have evaporated from the two 
vessels is 183 kg. Moreover, the salt content in the Ist vessel increased 1.5 times and 
in the 2nd vessel 6 times. 


Remark This problem is also interesting because we were not given specific con- 
centrations of the solutions in the Ist and the 2nd vessels, but we were able to solve 
the problem without that information. If you do not understand how the first system 
was obtained let’s look at an example. Let us assume that the Ist solution is 20 % salt, 
and the second 50 % salt. Thus 5 kg of the first solution contains 0.2 x 5 kg of the salt, 
and 20 kg of the 2nd solution will contain 0.5 x 20 kg of the salt. After x kg of water is 
evaporated from the Ist solution, (5 — x) kg of solution contains p times as much 
concentration of the salt as before, meaning 0.2 x p. This gives us 


0.2-5=0.2- p-(5—x) 
5 = p(5 —x) 


(See the first equation of the Ist system.) 


Problem 153 Find the minimum value of the function f(x) = 4x + ae + sinx 
forx > 0. 
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Solution: Suggestion 1: If you try to use a derivative you will get a transcendental 
equation: 


On? 
ff) =4-— + cosx = 0. 


It is hard to solve this equation analytically. 
Suggestion 2: Try to look at f(x) as a sum of two functions g(x) and h(x) such that 


g(x) =4x4+ oa” and A(x) =sin x. For all x > 0, the function g(x) has a lower bound 


because 4x + oat > 24/4x- ac = 127 and this happens at 4x = oat or x = 3z. 
Is it a good number? 
h(x) = sinx is a periodic function, and | sinx| < 1 for all real x. Then f(x) must 


have its minimum (Min) at 


3x 
=— 24.71 
a 


min of f(x) = 12a — 1 & 36.7. 


Answer ff iin() = 12a — 1. 


Remark Of course, some of you would say that using technology, one could get the 
answer in 2 s. Let us do it on a TI-84 graphing calculator. The function appeared in 
window: 0 <x < 70 and —5 < y < 100. The function is continuous for all x > 0 and 
using [2nd calc] we can find the minimum Xin © 4.7, Ymin 36.7. This is very 
close to the exact answer. Just think of how easily we obtained the exact answer 
analytically and what excellent techniques we have learned. 


4.1.3 Using Other Important Inequalities 


Let us unite our knowledge about methods of estimation and evaluation and list 
three very famous inequalities. 


The Inequality of Cauchy 


If 
a, > 0,a. >0,...,a4, >0=> 
a +a,+... +a, (4.15) 
> y/a\a2°+...° An 
n 
This inequality becomes an equality if and only if aj = a2 =... =p. 


We very often call on this when we use the inequality between geometric and 
arithmetic means. 
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Bernoulli’s Inequality 
This inequality can be written as: 
For any x > —1 and any natural number n we can state that 


(1+x)" > 1+4nx (B.1) (4.16) 


This becomes an equality only if x=0 andn=1. 

Next, let us prove Bernoulli’s inequality (Theorem 22) using mathematical 
induction. To ensure that it is an inequality we will use the condition that x 4 0 
and n > 2. 


Theorem 22 /fx > —1,x #0,n > 2 then (1+x)" >1+4 nx. 


Proof Proof by induction 
1. If n=2, then (1+ x)? = 142x422 > 1 4 2x, which is obviously true. 
2. Let n=k and assume that A(&) is true and that 


(l1tx)'>1+kx 


3. Let us prove that A(k+ 1) is also true, i.e., (1 +x)! 


Consider 


>1L+ (k+ 1x. 


(14x)? = (14+4)*(14%) > (1 t+e)\(1tx) =14 (e+ 1xthe > 14 (k4+1)x 
The proof is completed. 
Besides (B.1, (4.16)) there exists a more general Bernoulli’s inequality, which 
contains two inequalities: 
If p <0 or p> 1, then 
(1+x)’ >1+4+ px (4.17) 
If0<p<1,andx>-—1, then 
(1+x)? <1+4+ px (4.18) 
The Inequality of Cauchy-Bunyakovsky (CB) 


2 
(xy, tx2¥. +... + Xny,) < Qj tag+...+<)(p +93 +...+y%) (4.19) 


Inequality (CB) becomes an equality if and only if x, =ay,, where a>O and 
k=1,2,3,...n. 

Let us demonstrate how this inequality can be proven with the use of the scalar 
product of two vectors. Without loss of generality (WLOG), we will consider two 
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two-dimensional vectors x = (x),x2), y = (y), Yo). It is well known that the scalar 
product of two vectors equals the product of their magnitudes times the cosine of 
the angle between two vectors, which can be written as 


(x,y) =x-y = [lal] - [yl] cosa. 


Next, we will square both sides and will consider the fact the cosine is a bounded 
function less than or equal to one. Thus, the proof is below: 
2 2 2 
(x- y)” = lll" - [ly cos 7a 


(41-1 +%2- Yo) = (xi + x5) , 07 1 y3) cos *a 


2 
(x1 yy +X2+ Yo)” S OT +23) + (V7 +99) 
The CB inequality can be applied to solving many interesting problems. 


I offer you several problems below that can be solved using these famous 
inequalities. Try to recognize which is the appropriate one to use in each case. 


Problem 154 Which is greater 100! or 10°°°? 


Solution: It is not possible to do it on a typical graphing calculator: the numbers 
are too big. However, we can use Cauchy’s inequality. It is obvious that 


142 +1 
+ = + 00 . wha-3- 100 = 700! 


50.5'” > 100! 
10° = 100 50.5% S100! 


Answer 102° > 100! 


Problem 155 Which is greater 200! or 1007? 


Solution: Let us consider the following ratio: 
200! /f 1 = 199 2 198 3 197 
1002 ~~ (100 1007 \100 100/ \100 100/°** 


99 101\ (100 200\ _ 
““*\100 100/ \100 100/ 


The numerator of each fraction inside parentheses can be rewritten using the 
difference of squares formula: 
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200! (un (00%) (os a) 


1002 — 100 100 100 100 
(100—1) (100+ 1) 
- 1:2)= 4.20 
( 100 100 2) ay) 
1007 — 99? 1007 — 98. 1007 — 1? 
= —_ — 51:2 
100 100 100 


Since all fractions in (4.20) are less than 1, then 200! < 1007. 


Problem 156 Given a+b+c=1. Prove that a? + b* +c? > 


Wl Re 


Proof 1 Consider two vectors, x = (a,b,c) and y = (1, 1,1). From CB inequality 
we have 


(a-1+b-l+e-l) <(@+bh+4c?)-(P +41’) 


After substituting a + b = c = | and taking the square root of both sides, we have 


l=1xat1xb4lxe<VP4P4P-V@4R4e 


e+h+c 


1 
From this we obtain that a? + b* + c? > 3 
Proof 2 On one hand, because a+b+c=1 then (a+b+c)° = 1 and 
1l=(at+b+cP =a@ 4b? +c? + 2ab + 2ac + 2be. 


On the other hand, using the inequality between geometric and arithmetic 
means, we know that 


Qab<a2+b?, 2ac<a@+ec?, We<b+c?. 
Thus, | < 3a? + 3b? + 3c? = 3(a? + b* +c’) 


1 
Then a? +5* +c? > 7 


The proof is completed. 
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Problem 157 Prove that a+ + b* > } for any a and b such that a>0, b >0 


a+b=1. 
Proof Let 
: 0) 
Oe = a> 
1 
b=,ta 


then a+b= 1 is true and 


1 
at + bY = + 3a’ + 2a* > Va. 


1 
~ 8 
Problem 158 Prove that if a>0 and b>0 and a +b? = a +b”, then 
a+b <1+ab. 
Proof Let us proof it by contradiction. Suppose that 
a+b’ >1+ab (4.21) 


Separately multiplying (4.21) by a* and b* we obtain two inequalities: 


a (a? 
b (a 


| b?) > a3(1 + ab) 
| b?) > b3(1 + ab) 


Adding these two inequalities we obtain: 
O+abr+ab+b >a +a'b+b + ab 
Because by the condition of the problem a? + b* = a> + b°, then 
eb+ab>a'b+ab>abt+ab>a+h 


Factoring the left side of the last inequality and applying the sum of cubes formula 
to the right side, and dividing both of the sides by (a+b) > 0 we have 


ab > a®—ab+b’ 
(a—b) <0 


We understand that this inequality is false, then a? + b? < 1+ ab. 
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Problem 159 Find the maximum value of f(x) = ,/1—3+W1+ x. 


Solution: Let us apply Bernoulli’s inequality to both terms on the right and then 
add the left and right sides: 


Therefore the maximum value of the function is 2 at x= 0. 


Answer Max of f(x) is 2 at x=0. 


Problem 160 (Suprun) Find maximum and minimum of the function 
f(x, y) = 6sinxcos y + 2sinxsin y + 3 cosx. 


Solution: Cauchy-Bunyakovsky inequality (4.19) applied to three-component 
vectors can be written as (x,y, + X2)) +393)" < (x7 +33 +33) - (v7 + y3 + y3) 
and for our problem: 


(f(x,y)? < (6° + 27 + 3°) (( sin xcos y)” + (sinxsin y)* + cos a) 
f? (x,y) < 49(sin2x[cos*y + sin?y] + cos?x) = 49 
IFC») <7 


Therefore the minimum value of the function is —7 and maximum is 7. 


Answer Max=7, Min=-—7. 


Problem 161 For the polynomial p(x) = x* + ax? + bx? + cx + d with real 
coefficients a, b, c, and d and with four real zeros, x1, X2,.x3, X4, the following 
relationship is valid: b—d=>5. Find the minimal value of the product 
A= (xt +1) 34+ 1) 0341) G9 41) — min. 


Solution: (One of several methods). As we did in Problem 90, the polynomial with 
four real zeros can be written as a product of two quadratic functions: 


p(x) =x +aP+be+ext+d= (x? + px+q) (x +rx+s) (4.22) 
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And the value of A in terms of p,g,7,s5 was obtained earlier as 
Ae ((4 aes p*) ((s a ?) (4.23) 


Comparing coefficients of the original polynomial and its factorized form (4.22), 
we have that 


b=q+s+ pr; d=qs 
Therefore, the given inequality is 

b-d>5 

qts+ pr— qs >5 

pr>qs—q—st+1+4 
The last inequality can be written as 

pr>(q-lj(s-I+4 
or as 


pr—(q—1)(s—1) >4 (4.24) 


Next, we will prove the following statement: 
(2B SG 2) SiGpaeae ean (4.25) 


Proof Expanding both sides we have 
P27 +4+9°P + yz" + ye > yer — 2xyzt + x22? 
LP + yz? > —Qxyzt 
(xt+ yz)? >0 true. 
Therefore, the inequality (4.25) is true. 
Note that the validity of a similar inequality (x? + y?) (22 +) > (yt +.xz)° 


follows from the Cauchy-Bunyakovsky inequality. 
Using (4.25) and (4.24), we can rewrite (4.23) as follows: 


A= ((@- 1) + P*) ((s- 1) +77) > (pr —(q—1(s— 1))? >4 = 16. 
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Therefore the smallest value of A is 16. In order to verify this case we can 
consider a polynomial: p(x) = (x— 1)* = x4 — 4x3 + 6x2 — 4x +1. 


Answer Min= 16. 


Problem 162 Given x; > 0,x2 > 0,x3 > 0. Prove that 


xX] X2 X3 3 


{ ZS 
ees es eee 


Proof Let x. +23=a, »34+%x,;=b), x1} +m=c> 


2(4, +42 +43) =a+bt+e 


at+b+c 
xX +ta= 5) 
b+c-a 
xy 
2 
a+c—b 
x2 = 2 
a+b—c 
xX3= 5) 


The left side of the inequality is rewritten as 


Bae GeO ae 
2a 2b 2c 


Next, within each fraction, we will divide each term of the numerator by the 
denominator and regroup the fractions, combine reciprocals, and apply Cauchy’s 
inequality to each pair: 


Lene nea eect il = 
2\a a b b c UC - 
1 a8 ce (£+5) dua uh 333 3 3 
2 b 2 c oa 2 bc 2. 2 2 
—~— e>_S——S 
>2 22 >2 


The proof is completed. 
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xX+y+z=5 


Problem 163 Given x, y,z € R satisfying the system ee Bplay 


7 7 
Prove that all the variables are bounded as 1 < x < : l<y< 7 l<27 3 


Proof If we square the first equation of the system and make a corresponding 
substitution, we will obtain that 


(xty+zP =P4+y4 2 4 Ixy + 2yz + 2xy 
Pa=r+y+742-8 


r+y4+7=9 
Additionally, we can rewrite the system as 


yore jx 
eee Sgr 
yz=8—x(5—x) =x? —5x+8 
We rewrite the last equality as 
yz =x? —5x+8 


On the other hand, using Cauchy’s inequality, we can state that 


y+r>2/% 
5—x>2/y 
(5—x)? > 4yz 


Since the last inequality can be rewritten as 
4yz < (5—x)’, 
Finally, we obtain that 


A(x? — 5x +8) < 25 +2? — 10x 
3x7 — 10x +7 <0 


7 
l<x<n 
= 


Similarly, we can prove the two other inequalities. 
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4.2 Nonstandard Systems and Equations in Two 
or Three Variables 


I remember how at an educational conference one high school math teacher said to 
me: “Why do I need all these “tricks” if I can solve everything on a calculator?” Our 
dispute was over about five minutes after I asked her to tell me which was greater: 
2300000 oy 3200 Technology is a great thing, it can be very helpful, and certainly it 
enhances math teaching, but it must be used wisely. Regarding this section, first, let 
us discuss what type of systems can be solved using a typical graphing calculator 
(not a computer). There are systems of k linear equations in k variables with 
nonsingular coefficient matrices (with nonzero determinants) and nonlinear sys- 
tems in two variables like 


3x7 -y+10=0 
y—2x4+2* —S5sin3x=4 


Each equation of such a system can be written as an explicit function of x: 


y= 3x7 +10 
y = 2x—2" 4+ 5sin3x+4 
And we would solve such a system graphically by looking for the intersections 

of the two graphs. What can you do if a system is nonlinear, no variable can be 
expressed as an explicit function of another, or a system has more than two vari- 
ables? In this section we will learn some methods of solving nonstandard systems 
and equations in two or three variables. 1978 Lomonosov Moscow State University 
admission exam had the following problem. 


Problem 164 Find all ordered pairs (x, y) that for all nonnegative y satisfy 
Hae sO nny Pope Ween oh my ana: oe 


the system of equations: 
4 2 { cos [a(x? + y’)] =1 


Solution: Let us rewrite the system, adding an inequality to it: 
get (y+)? a39. = 314: gr? +H)? 
cos [x(x? + y’)] =1 (4.26) 
y20 


Solve equations of the system separately: 


get (yt)? —32—31. ger H(t)? —0 
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Let 


2142 
oie +(y+1) =z 


(4.27) 
We obtain a quadratic equation: 


7 —31z—32=0 
zj=—1, and z = 32 


But we choose only z= 32 because z > 0 since it is an exponential function. 
Then 


QP H+) — 39 
oh 2 
A =? (4.28) 
x+y°4+2y=4 


cos (a(x* + y’)) =1 


From the last equation we have 


a(x + y?) = 2an 
x + 7? = 2a, n=0,+1,+2,... 


Now we can rewrite a new system combining (4.27), (4.28), and the first equation of 
(4.26): 


x+y? +2y 
2 


ie 
ry 
0 


xX 
2 4 (4.29) 
y2 


Subtracting the second equation of system (4.29) from the first, we obtain 


y=2-—n 
4 2 <n< Bape 
arr =2n Se eae ae (4.30) 


It is easy to see from (4.30) that n=0, 1, or 2. 


Let us investigate for which value of n system (4.26) will have solutions? To do 
this we attempt to solve system (4.30) for n=0, n=1, andn=2. 


n=0 reg 


=-—4 

1. 4 xe =6n—n?-4 44 y=2 << © system has no solutions 
y=2-n =0 
n=1 r= 

2.¢x=6n-r-4ea¢x 


x= +1 (1,1) and (—1,1) solutions 
y=2-n =1 
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n=2 n=2 
3.4 P=6n-nW-4e% P=46 


x= 22 
y=2-n y=0 = 


Answer (1,1), (—1,1), (—2,0), and (2,0) 

I hope that you can see the advantage of having the ability to solve such systems 
by hand—you develop your math skills and it would be impossible to solve such a 
system on a calculator. 


Problem 165 Solve the system: 


2(y—2)(y—z)=z-2 


4x? 4+ 727 = 47 
8x° — z= 3xy ey) 
a} 


Solution: This system is nonstandard. Each equation of (4.31) is an implicit 
function of two or three variables x, y, and z. In addition, one of the equations 
contains the variable x raised to the third degree. Using a graphing calculator would 
be difficult, as would an attempt to find triples (x, y, z) mentally. Let us try the 
technique of solving this system using boundedness of some variables. Just a quick 
look at the second equation of the system gives us the idea that since 4x? + 27 > 0 
always, this equation has solutions only if its right side is nonnegative as well. Now 
z > 0. Using the inequality condition of (4.31) we obtain that 


O<z<2 (4.32) 
Let us solve the first equation of the system separately: 
2(y" — zy — 2y +22) = ie a —2zy—4y+4z=7z-2. 


Considering this equation as a quadratic equation in one variable y, and z as a 
parameter, we can try to solve it for y: 


2y* — 2(z + 2)y + (32 +2) =0 
z+2+ \/2(z—2) (4.33) 
_ 2 


Notice that (4.33) has real solutions for y if and only if z(z—2) >0 (its 
discriminant is nonnegative). Thus, 


z<0O or z>2 (4.34) 
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If we solve (4.32) and (4.34) together we obtain 
z=0 or z=2 


Using some “nontrivial thinking” we have found that solutions of system (4.31) 
may exist only if z=0 or z=2. 

Case 1 z=0 

Replacing z= 0 in the system we obtain 


2(y — 2)(y—0) =0-2 


=1 
Ay? — 0 
= |x=0 © (0,1,0) 
8x? = 3xy 
z=0 
z=0 
Case 2z=2 
Replacing z= 2 in the system, we obtain 
2(y—2)(y-2)=2-2 [y= 
42 +27 =4.2 x=H+1 
= (1,2, 2) 
8x? — 2 = 3xy 8x — 6x -2=0 
z7=2 ,=2 


We successfully found two triples. 


Answer (0, 1, 0) and (1, 2, 2). 


Problem 168 Find all solutions of the system: 


v2 = (3x) 


(2z — y)(y + 2) = 9+ 4y 
24+ 7% = 4x 


z>0 


Solution: Let us first work with the second equation and divide it by y+ 2 40. 
This allows us to express variable z as follows: 
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1 I 
—— 2 4) 4.35 
Z s(+2+—54 ) ( ) 


Because it is nonnegative by the condition of the problem (z > 0), we can rewrite 
the relationship above as an inequality: 


1 
+2+4+——~ > -2 
= yt27— 


Additionally we can see that this variable is bounded because it is the sum of two 
reciprocals. Then the inequality above is equivalent to two cases. 


Casel y+2=—-l,y=-—3,x=4,z=0. 

Case 2 y+ 2 > 0. Then by the property of two positive reciprocal numbers we 
obtain that y+ 2+ a > 2. Then it follows from (4.35) that z > 2. 

Next, let us complete the square in the third equation of the system: 


x? +27 = Ay 
(x-27 +2=4 


Now we can see that in order for this equation to be true, variable z must be less than 
or equal to 2: (z < 2). Therefore, z = 2,x = 2,y = —1. 


Answer {(4,—3,0);(2.—1,2)}. 


Problem 167 Solve the system of the inequalities: 


sin + vo 6 


Solution: At first glance this system looks hard but if we look at the first inequality 


more closely we notice that absolute values are nonnegative and (x — y — ay > 0. 
However, the sum of two nonnegative expressions must be nonpositive (the right 
side of the inequality). This can happen only if 


sin meen) =0 (4.36) 


and 
(x—y—2) =0 (4.37) 


simultaneously! 
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Then we get 0+ 0 <0 which is true enough. Let us solve (4.36) and (4.37) 
separately: 


sin 5 =0 
Aah n=0, £1, +2, ... 
2 
x+y=2n 
x-—y-2=0 
x-y=2 


From the second inequality of the given system we can obtain more restrictions on 
variable x: 
|2x + 3| < 2 is equivalent to a double inequality 


—2<%43<2 of —5<2x<=1 (4.38) 


Combining (4.36)-(4.38) we obtain the system: 


x-y=2 
x+y=2n (4.39) 
—-5<2x<-l 


Adding the first two equations will give us 


2x =2n+2 
—5<2x<-1 


Excluding x from the system we have 
—7<2n<-3 or —3.5<n<—-1.5 
But because n is a whole number there are just two possible numbers n that satisfy 


this inequality. Those are n = —3 and n = —2. Now for each value of n we can solve 
the system (4.39): 


n=-—3 

1. 4 x=n+1 & (-2, —4) 
y=x-2 
n=-—2 

2.4 x=n4+1 4 (-1, —-3) 
y=x-2 


Answer We found two ordered pairs: (—2,—4) and (—1,—3). 
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Problem 168 Find all triples (x, y, z) such that 
Vv 2x? — Dy? + 22? — 11/6 + 2y + 624 262 + 3V6 - 12x cos zycos az = 0. 


Solution: The first idea that should come to your mind is that J t+/ =9 has 
>0 «0 
any sense if and only if both radicands are equal to zero simultaneously: 


2x? — 2y? + 27? — 11xV6 + 2y + 62 =0 (4.40) 
2V6x" + 3V6 — 12x cos zy cos az = 0 (4.41) 


Let us solve the second equation rewriting a product of cosines as a sum: 
2V6x" + 3V6 — 6x[cos a(y — z) + cos a(y +z)] =0 (4.42) 
Denoting 
a= cosa(y —z) + cosa(y +z) (4.43) 
We rewrite (4.42) as a quadratic type: 
2x? — aV/6-x+3=0 (4.44) 


Knowing that a quadratic equation has real roots only if its discriminant (D) is 
greater or equal to zero, find D: 


D=6a -2>0e60°-4>06a<-2 or a>2 (4.45) 


Look at the expression (4.41) again. Because of the boundedness of the cosine 
function 


—2<a<2 (4.46) 
(4.45) and (4.46) together will give us two possible situations for a: 


a= cosa(y—z)+ cosa(y+z) =2 
a= cosa(y—z) + cosa(y+z) = —2 


This system can be split into the union of two systems: 


 [(cergs gc! © (epazae © OETE aa 
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From (4.47) we conclude that if a = 2, then either both variables (y, z) are even 
numbers or both are odd. 


cosa(y—z) = —1 i ay —z) =a+2an tes y—-z=1+2n 
cosa(y+z) =—1 my+z)=24+2al y+z=142l 
(4.48) 


From (4.48) we see that since for a= —2 the difference and the sum of y and 
z are an odd, only such ordered pairs (y, z) are possible: (odd, even) or (even, 
odd). 


Let us return us to (4.44) again. If D=0, then a=2 or a= —2 and quadratic 
(4.44) can have two solutions: 


V6 __ v6 
2 


m= and x2 


6 
Let us look at (4.40) after replacing x by = : 


Ms 


=2-5 — ay? 4224 — 11-——- V¥64+2y+6z=0 
ere 


Let us rewrite this equation as y* — y = z* + 3z — 18 and then factor the left and the 
right side of it 


yy — 1) = (z+ 6)(z — 3) 


Since variables y and z are integers, the following pairs (y, z) satisfy the equation 
above: 


(y,z) : £(0;3),(1,3)0(0, —6),(1, —6)} 


However, only the first three ordered pairs, (0, 3), (1, 3), and (0, —6), satisfy (4.47) 


(their difference and sum are even). Combining them with x = ve we obtain three 


triples: 
6 
i {(Bo3), (Ss), (So-)} aa 
Note that since for a = -2(x= =— ¥8) (4.40) does not have integer solutions for 


y and z, (4.49) will be the answer. 


Answer (x,y,z): f(s 0, 3), (Su, 3), (s 0, — 6) \ 
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Sometimes it is beneficial to look at an algebraic problem from a geometric point of 
view. For example, for positive values of x and y, the equation x” + y* = a? can be 
seen as the relationship between sides of a right triangle with hypotenuse a and legs 
x and y. Next, think about the following equation: 


P+xyty? =a’. (4.50) 


Can this also be considered as a relationship between sides of a triangle? Please 
recall the law of cosines for a triangle with sides a,b,c : a2 =b* +c? —2bc- cos 
(ZA), where ZA is opposite of side a. We can see that if 2A = 120°, then 
a =b’+c?+hbce. Thus, if sides x and y form an angle of 120°, then (4.50) 
expresses the third side, a, of a triangle in terms of x and y. 

Next let us look at the following system of nonlinear equations: 


ytyzt+27=b" 


x + xz + 2? = 
2 


ve+teryt+y=a 


Imagine now that we have a triangle ABC with sides a, b, and c. Also imagine a 
point P inside the triangle connected with each of the three vertices of triangle ABC 
(see Figure 4.3) such that the following is true: 


ZAPB = ZBPC = ZCPA = 120°. 


If we now need to evaluate A = xy + xz + zy, for positive values of x, y, and z that 
satisfy the system above. Let us show that each term of A can be expressed in terms 
of the area of one of the three small triangles in which big triangle ABC is divided 
by the interior point P (see Figure 4.3). 


Figure 4.3 Geometric uN 
view of formula (4.50) 
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For example, expressing the area of each small triangle as half of the product of 
two sides and the sine of the angle between them and with the help of Figure 4.3, we 
can state the following: 


1 

pec) =2-x-y- sin120° =xy¥2 
2 4 
1 

[BPA] = ae sin 120° gv 
1 

[CPA] ee sin 120° = 28 


Adding the left and right sides we will get the area of the big triangle that can be 
found using, for example, Heron’s formula: 


VB (ay 4 82-429) = Vv P(P —a)(p—b)(p—c), p es 


This formula can be solved for A: 


AV3_ J/(b+c—a)(at+b—c)(a+ce—b)(a+b+c) 
4 4 
aa [Ore Math dere Harhre) 


3 


Next, I want us to look at the following problem. 


Problem 169 Prove that for any positive a, b, and c the following is always 


true: (a2 —ab+ b+? — be +2 > Ve +c + ©. For what values of 
the parameters does this inequality become an equality? 


Proof From point M_ let us draw’ three” rays such _ that 
ZAMB = 120°, ZAMC=60°, 2ZCMB=60°, where points A, C, and B are 
such that AM=a, MC=b, MB=c (see Figure 4.4). 


Figure 4.4 First sketch for Problem 169 
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Connect A and C, C and B, and A and B, respectively. Denote AC=x and 
CB=y. Applying law of cosines to triangles AMC and CMB, respectively, we 
have the following true relationships: 


{" = Va — 2abcos 60° + b? 
y = VB? — 2be cos 60° + c2 


which can also be written as 


x= Va@—ab+b’ 
y=VP—be+ c2 


Now for side AB in triangle AMB we obtain 


|AB| = Va? +ac+c?. 


Finally, because x = AC, y= CB, and AB are the sides of triangle ACB, then their 
lengths must satisfy the triangle inequality (the sum of two sides is greater than the 
third side): AC + CB > AB, which algebraically satisfies the strict inequality: 


Va —ab+hP?4+V/eP—be+2 > Vatacte. 


If point C belongs to side AB, then AC + CB =AB or 

x + y = AB and the inequality becomes the equality. Let us find the relationship 
between parameters a, b, and c. 

Consider a new triangle describing this case in Figure 4.5. Because MC is 
an angle bisector, then applying the Triangle Bisector Theorem (see for example, 
my book “Methods of Solving Complex Geometry Problems,” page 45 [3]) we 
obtain 


Figure 4.5 Final sketch for Problem 169 
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From the last equation and after substituting for x and y their expressions using law 
of cosines, we obtain 


a _@ —ab+bh 
cb be +c? 
a (b° —be+ c’) = (a —ab+ b’) 


&b? — abc = 2b* — cab 


We can divide all sides by the common factor b 0 and then simplify as follows: 


1 1 1 
This can also be written as b =—+— 
a 


c 
The proof is completed. 


Problem 170 EvaluateA = xy + 2yz + 3.z, if the positive numbers x, y, and z 
3x? + 3xy + y? = 75 

satisfy the system: ¢ y? + 3z7 = 48 
etazt+2=9 


Solution: This system can be rewritten as 


2 
x? — 2x - cos 150° + (2;) = 25 
V3 V3 (Law of Cosines) 


2 
y Dees Pythagorean Theorem 
(4) +27 =16 (Pythag ) 


x* — 2xzcos 120° +z? = 9 (Law of Cosines) 


This new system now can be seen geometrically as a relationship between the sides 


of a geometric figure (Figure 4.6). For example, consider a triangle ABC and a point 
P as its interior point: 
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Figure 4.6 Sketch for 


A 
Problem 170 
5 
3 
B Cc 
4 
x=AP, z=PC, F =BP, ZAPC=120°, ZAPB=150°, ZBPC=90°. 


The area of triangle ABC equals the sum of the areas of the three inside triangles, 
APB, APC, and BPC: 


1 yi, xy 
APB| = —-x-—~=sin 150° = —— 
a V3 ; V3 
y yZ 
BPC] ==:z-—== 
ee: | 3 4/3 : 
XZ 
APC] = —-x-zsin 120° = 
eee 2 4/3 


If we add the left sides and the right sides, respectively, and using the fact that 
[ABC] = 5-4-3 = 6, we obtain a new formula: 


1 

6= xy + 2yz + 3xz 
Rae y ) 

A= xy + 2yz + 3xz = 24/3. 


Answer 24/3. 


Problem 171 Given positive numbers x, y, and z such that xyz(x + y +z) = 1. 
Find the minimum of (x + y) - (z+). 


Solution: 1. Let us imagine a triangle ABC with sides a, b, and c. Denote its half 
a+b+c 


perimeter as p = 5 
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Next we can introduce positive variables x, y, and z as 


b+c-a 
x= p-a=—— 
p—a 5) 
a+c—b 
— —b= 
y=Pp 5) 
a+b-c 
Z= _ — 
2 


From the above we obtain the following true relationships: 


ee Spats Seb 


xyz = ari 
=> 

x+y+z=3p—2p=p 

xyz(x+y+z) = p-(p—a)(p—b)(p—c)=1. 


2. On the other hand, using Heron’s formula for the area of triangle ABC, we can 
state the following: 


[ABC] = /p(p —a)(p—b)(p—c) =1. 


3. Expressing the same unit area using half of the product of two sides and the sine 
of the angle between them we obtain 


1 
[ABC] rig Ce sin ZA = 1. 


This can be solved for the product of two sides: 


= 2 
~~ sin ZA’ 


4. Finally, we have 


Pera) = sin ZA 


Because the maximum of sine is one, then the minimum value of the quantity 


is two. 


Answer Min of (x + y)(x +z) =2. 
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In some problems it is appropriate to make a trigonometric substitution in order to 
solve a much easier equation or a system of equations. For example let us consider 
the following problem. 


Problem 172 
x2 ei ye = jl 


Solve the system eee SjSer 


Solution: This system can be solved by expressing x from the second equation in 
terms of y and substituting it into the first equation. However, it will result in a 
polynomial equation of the 6th order, the solution of which would be problematic 
(please try). 

If we look instead at the first equation, we will notice that the ordered pairs (x,y) 
must belong to the unit circle. Hence the following trigonometric substitution seems 
to be reasonable: 


x= cost, y=sint, O<t<2a 
The first equation is just a Pythagorean identity and the second equation becomes 


4cos tsin t(2 sin?t — 1) = —1 
2 sin 2t(4 — cos2t— +) = -1 
sin4t = 1 


a 
4t==4+2 
a an 


a Leela n 
8 


2 p= 0.183 
O<t<2z 


Finally, we get the answer for x and y below. 


Answer x= cos (F+5n), y= sin (F+5n), n=0,1,2,3. 
In the following problem, we will have to find maximum value of the quantity 


x+y. 


Problem 173 Find the maximum value of the expression A = x +z if x, y, z,w 
x2 ab, y? =A 
satisfy the following system ¢ 27+7°=9. 


xt+ yz = 6 
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Solution: We can see that (x, y) and (z, f) belong to the circles of radius 2 and 
3, respectively. Using a substitution: 


x=2cosg,y =2sing 
z=3cosy,t=3sinw, yw €é (0,27) 


The last equation of the system will be rewritten as 


6cos gsiny + 6singcosy = 6 
sin(p + y) = 1 
a 
a ae ae 
cosg~ = siny, sing = cosy 
Hence, 


A=2cosp+3cosy 
A=2cosg+ 3sing = V13sin(g + a) 


It follows from the boundedness of the sine function that 


Amax = (x + Zea = V13. 


Problem 174 (MGU 2004 exam) Find maximum and minimum values of the 
oe 


expression 11 SF 31 if x, y, z, w satisfy the following system: 


x+y? —8x+6y—96=0 
7 +w? + 10z —4w — 52 =0 
xw + yz — 2x — 4w + 5y + 3z — 76 = 0 


Solution: Completing the square we can rewrite the first two equations as 


(x — 4)? + (y+ 3)? = 121 
(2+5)° + (w—2) =81 


The last inequality can be transformed as 


(w — 2)x+ (z+5)y — 4w + 3z > 76 
(w — 2)(x — 4) + 4(w — 2) + ((2 +5) (y + 3)) — 3(z + 5) — 4w 4 32 > 76 
(w — 2)(x— 4) + (z+ 5)(y +3) > 764+8+ 15 =99 


Using trigonometric substitutions, such as the following 
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x—-4=1lcos@ 


y+3=l1lsing 
z+5=9cosy 
w—2=9siny 


we can rewrite the last inequality of the given system as 
9siny- llcose+9cosy-: Il sing > 99. 


After simplification and applying the formula for the sine of the sum of two 
angles, we obtain 


sin(g+y) > 1. 


Because sine is a bounded function, the inequality above must only be the 
equality sin(gv + y) = 1 with the solution 


a 
aa a 


Hence, using the property of complementary angles we can state the following 
true relationship: 


siny = cos@ 
cosy = sing 


Next, we need to find maximum and minimum of 


y? 0? _ (sing = 3)" (2+ 9cos@)* 
121 81 121 81 
=1+ s +a+( sing +5050) 
121 81 11 9 
11014 2V1213—, 
= 9801 t 99 Sina) 


Using boundedness of the sine function we finally get the answer. 


11014, 2V/1213 
9801 99 


Answer Max/Min = 


Ix+x*y = y 
Problem 175 Solve the system: ¢ 2y + y*z =z. 
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Solution: First, let us rewrite the system in a different form: 


2% 
Ti dee 

2y 
eae 
22 
ae ee 


If we use a trigonometric substitution for x: 


x= tant SES z 
= ; 5° 
Then we can apply the formula for the tangent of a double angle. 
2 tant 
Recall that tan 2t¢ = — 
1 — tan-t 


Applying this formula to all of the equations, we will get the following: 


y = tan2t 
z= tan4t 
x = tan 8t 


tant = tan 8r¢ 
The last equation has a solution: 


tan 8f — tant =0 
tan 7t = 0 


Therefore, (x, y,z) = G a tan , tan 3<n<3. 


an 2an 4zn 
Answer (x,y,z) = [| tan 7 , tan , tan , 
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4.5 Problems with Parameters 


In this book, we have already considered some equations and systems with param- 
eters. I like problems with parameters. They are not just challenging but also very 
useful because they usually represent a real situation. Both variables can depend on 
a parameter (thickness of a wall, acidity of solution, etc.). If we have an equation 
with one variable, say, x and with one parameter, a, then we can in general write it 
as F(x,a) = 0. Usually (unless additional restrictions are applied) we assume that 
parameter a represents all real numbers, and so we need to solve the given equation 
for all possible values of a parameter. For demonstration we can start from a 
quadratic equation with a parameter, for example, with the following problem: 


Solve the equation x” + 3x + a = 0 for all real values of a parameter a. 


Since we know that the number of the solutions will depend on the discriminant, 
we can evaluate it as D = 3* — 4a = 9 — 4a, and then if the discriminant is positive 
(a < 2), the equation will have two distinct roots, if a= 9/4, then only one root, and 
if the discriminant is negative, then for a > 9/4 the quadratic function will have no 
zeros and the graph of the parabola will never intersect the X-axis. 

Problems with a parameter can be very challenging and sometimes the methods 
for solving them do not come easily. For example, what would you do, if I gave you 
the following problem: 


Find all values of parameter a, such that log;(acos 2x — (1 + a? — cos*x) 


sinx + 4 —a) < 1 is true for any real x. 


Ideas for solving the problem above and for many others are well explained in 
this section. Though solutions of some of the problems with a parameter can be 
predicted on a graphing calculator (and we will discuss it here), only an algebraic 
approach gives you an opportunity to see the physical aspect of the situation, to be a 
real participant of the situation, and not just a “button-presser.” Moreover, no 
calculators are allowed on mathematics Olympiads anymore, so you need to learn 
how to do problems analytically; I will help you to succeed. 


x+y=a—l1 
xy =a? —Ja+14° 
Find for what values of a does the sum x* + y* approach a maximum. 


Problem 176 Real x, y, and a satisfy the system: { 


Solution: I am sure we could find both x and y in terms of parameter a, then add 
their squares ... But this way seems to be very long and complicated. Try it! 
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Let us rewrite x? + y* differently. The fact of the matter is that we don’t need 
x and y themselves; we need x? + y”. Our system gives us (x+y) and xy “directly.” 
Our task is now combining the first and second equations of the system to express 
x* + y? in terms of a. 

Recalling that (x + y)* = x2 + 2xy + y’, then 


r+y= (x+y)? —2xy, 


The expression above tells us to square both sides of the first equation of system, to 
multiply both sides of the second equation by 2, and to separately subtract the left 
and the right sides of our new equations: 


_f@+yP? =@-2a+1 
2xy = 2a? — 14a + 28 
x+y =a" + 12a— 27 (4.51) 


Completing the square on the right side of (4.51) we obtain 


r+y=-(a—6)+9 (4.52) 


From which we see that when a=6, x*+ y* approaches its maximum value, 
x+y? =9. Note that for any other real a different from a=6, the sum 
(x? + y?) given by (4.52) is less than 9. 


Answer a=6. 


Problem 177 Find all values of parameter a, such that 


logs(acos 2x — (1 + a* — cos”) sinx + 4 — a) < 1 is true for any real x. 


Solution: 
logs(acos 2x — (1+ a? — cos”) sinx + 4—a) <1 


0 < a(1 — 2sin?x) — (sin?x + a’) sinx +4-—a<5 
—5 < sin?x+ 2asin2x + a* sinx —4 <0 
—1< sinx(sinx+a)? <4 (4.53) 


If the inequality (4.53) is true for any x € R, then it must be true for x such that 
sinx = +1. Now, (4.53) can be written as 


oo une errr, 
<a ; 


. => 
=1<(=1Cl fay <4 -l<-l+a<l 
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Let us show that for all values of parameter a from [0, 1) (4.53) is true Vx € R. 
We will show separately that 


sinx(sinx+a)?<4 and sinx(sinx +a)’ >—-1 
Using the boundedness of sin x we obtain 
-1< sinx+a<2= sinx(sinx +a) <1-2?=4 (4.54) 
If sinx > 0, then sinx( sinx + a) >0>-1. 
If sinx <0, then —1 < sinx(sinx+a)? <1. 
Therefore, 
sinx(sinx +a)? >—1. (4.55) 


Inequalities (4.54) and (4.55) together show that 0 <a < 1. 
Answer a € (0,1). 


Remark Coulda graphing calculator be helpful here? For this problem, it is difficult 
to find an exact answer on a calculator. However, graphing a function Y; = log 
(acos 2x — (1 + a* — cos”) sinx + 4 — a)/log5 — 1 we can watch for what values 
of parameter a it has a negative value (Figures 4.7, 4.8, 4.9, 4.10, 4.11, and 4.12). 


Figure 4.7 Problem 177 


Plot Flot 
4 Bla ge Fic 


Figure 4.8 Setting for 
Problem 177 
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Figure 4.9 Graph 


ha WETOIMACOMZE-CL+Az-Coo_ 


Figure 4.10 Graph 


yee WEI ACOEH-C14AE-Co0_ 


Be 


Figure 4.11 Graph 


eas WEI ACOMER-C4AE-Co0_ 


Figure 4.12 Graph 


at A=0.001 V1=lodtAcestey-(i+Az-Coo_ 


We need to show that our entire function Y1 is below zero (the X-axis) only for a 
parameter a from the interval [0, 1). Graphing Y1 for a= —2 (Figure 4.9), a=3 
(Figure 4.10), a=0.5 (Figure 4.11), and a= 0.001 (Figure 4.12) we can see that our 
analytical solution was correct. 
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Problem 178 For all real values of a solve the logarithmic equation 
(log,3)Y"17*? = (logya)¥* tO. 


Solution: A calculator will not help us here. So let us try an analytical approach. 
First, we rewrite logo4 as a logarithm to the base 2: 


log,4 2 1 


Replacing logo4 by (log,3)! in the original equation, we obtain 


(lager iain (4.56) 


= (log,3 
Equation (4.56) can be considered as an exponential equation with base logy3. From 
properties of exponents we know that if the bases are the same then the powers must 


be the same. (Remember how we would solve the equation 4° = 4°? We would set 
x = 3.) For (4.56) we have 


Vxta+2= x +a? —6a—5 (4.57) 


Does it look hard? May be at first glance. What is interesting about this equation? 
We have a square root of something equals “minus” another square root of 
something. As you know aes 0 always. So the expression on the left is always 


greater or equal to zero, and the expression on the right (because of the “—” sign) is 
always less than or equal to zero: 


Such an equation, whatever the values of M and N, can have solutions if and only if 
M=N=0 (4.58) 


Using (4.58) we can rewrite (4.57) in an equivalent form as a system of two 


equations: 
x+a+2=0 x=-a-—2 
=> 
x +a’ —6a—5=0 2a* —2a—-1=0 


Let us solve the second equation of the system separately: 
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2a2 —2a—-1=0 
1+ V3 
2. 


a.2>= 


Answer We obtain two values of parameter a for which condition (4.58) can be 
satisfied. 

If a= ee then from the first equation of the system we have 
x=-a-2= a1v3 2 = =55v3 


Ifa = 154 then x = 43 


IfaF see then the given equation has no solutions. 


We obtain two possible solutions of the equation for two different values of 
parameter a. The solutions are not obvious; we cannot just guess and try. Using 
properties of functions and common sense we have solved this nonstandard 
equation. 

Now let us try to solve the next problem using the same logic. 


Problem 179 Solve the equation ,/2 cos (x + a) — 1 = sin6x — 1 for every 
value of parameter a from a € (-4, 0). 


Solution: Notice that ,/2 cos (x +a) — 1 > 0 for all real x and a, and sin 6x — 1 
< 0 for all real x, then 


2cos(x+a)—1= sin6x-— 1 
>0 <0 


The equation has solutions if and only if both of its sides equal 0. This statement can 
be written as the system: 


2cos(x+a)—1=0 
sin6éx —1=0 (4.59) 
AeEzi 

2 


First, let us solve the second equation: 


sin 6x = 1 
6x =F +2an 
a AN 
=—+— Z 
ig ae 2s 


Substituting this x into the first equation of system (4.59) let us try to find a: 
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cos (242-1 

"nN+a)]=-—-. 

, - 3 2 (4.60) 
p13 "te¢= + 2ak,n,k=0, +1, +2, 

or 
tg nba =F + 2am, nm=0, +1, +2,... (4.61) 


(4.60) gives us 


a= 2+ 2nk— Fn, nk=0, +1, +2,... (4.62) 


Solving (4.61) we obtain that 


5a mn 
a=—7,+2am——. nm=0,+1,+2,... (4.63) 


However, we have to select only those a, which satisfy the inequality of (4.59) or in 
other words, select a from (-4, A Because 2zk for any k € Z puts the value of 
a outside the interval, we can omit 27k, 2am terms in (4.62) and (4.63). 


There are two values of a that satisfy all restrictions simultaneously: 


_ 4 _ 5x 
ge a 
a 5a 
Answer aq=-—, a=-——. 
12 12 


Problem 180 Find the values of parameter a over [1, 00) that maximize the 
largest of two roots of the quadratic equation x7 — 6x + 2ax + a — 13 = 0. 


Solution: Most students try to solve this problem directly. They express the largest 
root of the equation in terms of a as x(a) = 3 —a+ Va? — 7a + 22 and start to 
investigate the maximum of the function. Try it, please. If you do not intend to use a 
calculator then this way is useless. However, using the TI Interact program on a TI 
83-84 Plus we can graph a function: 


y=x —6x+2ax+a—13 and a@é[l,00). 
Graphing this function for different values of parameter a from [1,co] (a=1 


(Figures 4.13 and 4.14), a=2 (Figures 4.15 and 4.16), and a=6 (Figures 4.17 
and 4.18)) we can see that the largest of two roots is maximized (x= 6) ata=1. 
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Figure 4.13 Problem 180 
(A=1) 


Figure 4.14 Positive zero 
atA=1 


Figure 4.15 Problem 180 
(A=2) 


Figure 4.16 Positive zero 
atA=2 


cero 
H=4.464i016 = T=0 


This problem can be solved algebraically if we consider a function a(x) that 
establishes the correspondence between each root x, not necessarily the largest, and 
that value of parameter a at which the given equation has this specific root x. 
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Figure 4.17 Problem 180 
(A=6) 


Figure 4.18 Positive zero 
atA=6 


Let us rewrite it as 
x? — 6x — 13 + a(2x + 1) = 0 and solve it for a: 


(x) —x? + 6x + 13 
a(x) = —————_ 
2x +1 
Note that x = —1/2 is not within the domain of a(x), because if x = —1/2, then the 
original expression is not “O” for any a. 


Check: 


i" 1 1 1 1 
(-5) 6-(-5) +a: (2-(-3) +1) 1I3=7+3+4-0-13=-97 40 


What do we know about function a(x)? 

We know that the range of a(x) is [1, 00) or a(x) > 1. 

But we are interested in its domain. Let us find the domain. We are going to find 
x such that the following inequality is true: 


2 

2 4 6x +13 
a(x) >1 3 ae 
—x? + 47+ 12 


2x+1 — 
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Multiplying both sides of the last inequality by (—1), and then factoring the 
numerator we obtain 


x —4x— 12 
2x+1 
(x — 6) (x + 2) ai 
2x+1 _ 


<0 


Let us put all “critical” points on the number line in increasing order: —2, — 1/2, and 6. 
We'll put —2 and 6 as “closed” circles and —1/2 as “an open circle” (because 
x = —1/2 is excluded from the domain): 


(x — 6)(x + 2) 
2x+1 
those intervals where f(x) is negative. Thus, a(x) > 1 on.x € (—oo, — 2] U [-4,6]. 

We obtained the upper bound for all possible roots of the equation: x = 6. 

If x =6, then a(6) = 1. 

Now we have to investigate the last detail: whether x= 6 is the largest of two 
possible roots for a= 1. Replacing a by | into the given equation, we obtain 


We will check the sign of f(x) = on each interval and choose 


x? —6x+2x+1-—13=0 
x? —4x-—12=0 

(x — 6)(x+ 2) =0 

x, = 6 xy = —2, 
—2<6 true 


Answer a=1. 


You can argue that a calculator approach is faster, but solving a problem 
algebraically we move step by step, applying properties of functions, and we 
prove everything. When we solve a problem on a calculator sometimes we get a 
result, but cannot explain how we obtained it and why this or that answer appeared. 
If you are the kind of student who always wants to know why, then the algebraic 
method is for you. The criterion of competency in math is the ability to solve a 
problem analytically. Sometimes an analytical approach is shorter and more ele- 
gant. Since the purpose of this book is to give you such competency, I encourage 
you to do this. 


Problem 181 Let f(x) = Vx? — 4x+ 4 — 3 and g(x) = x — a. Solve for 
) 


x the inequality f(g(x)) <0 
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Solution: Completing the square under the radical of the first function and using 
properties of an absolute value, we can rewrite f(x) as 


f(x) = (x- 2)? -3 =|x-2|-3 
g(x) = Vx—a. 
Next, we find the composition of f(x) and g(x) ((f°g). 


By the condition of the problem this composition must be less than or equal to 
Zero: 


f(g) $04 \(VE—a) -2|-3 $03 |Ve-a-2<3 
—3< Vx-a-2<3 
a=1<,/xe<a+5 


Let us consider three cases for this inequality: 
Ifa+5 <0(a < —5), then we have no solutions. 
Ifa-1<0<a+5 (-5<a<1), thn “x<a+5e 


O04 =< (45): 
If 0<a-—1(a>1), then a-1<.fe<a4+5S (a-1) < 


<x 
ee (a-b5y 


Answer No solutions for a<-—-5; x€ 0. (a+5)"] if -—S5<a<1; 
xe [(@- 1), (a +5) ifa>1. 


Having solved this problem in general, for any value of a parameter a, you can 
always find some particular solution of the problem, and answer a question like the 
following: 

If a= 10, what x will satisfy the given inequality f(g(x)) < 0? 

Analytically we obtained that if a > 1, then x € [(a =I) da4 5)’]. If this is 
true, then this must be true for a= 10 as well, and the graph of function y =f (g(x)) 
must go below the X-axis only for x € [10 =i) (104 5)'| or 81 <x < 225. 

Let us check the answer on a TI 84 plus graphing calculator. First we make a 
composition of two functions on our graphing calculator (Figure 4.20). Here 
Y4 = g(x) and Ys = f(g(x)) (Figure 4.19). 

We expect “negative” behavior between x = 81 and x = 225, then we need to set 
up an appropriate window for our calculator. Next we use [2nd] [TRACE] (CALC) 
buttons to find zeros of f(g(x)) (Figures 4.21, 4.22, 4.23, and 4.24). 

As we expected, they are precisely 81 and 225 (Figures 4.25 and 4.26). 


Problem 182 Find all values of a parameter a, such that the inequality 


x? + 2|x — al > a’ is true. 
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Figure 4.19 Graphing f(g 
(x) 


Figure 4.20 Problem 181 
(A= 10) 


Figure 4.21 Setting for 
Problem 181 


Figure 4.22 Finding x- 
intercept 


Solution: 
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Filgti Fleke Floks 
HY y=lCK Al 
MY SEN Cue diy td) 


os intersect 
6: dy 
Tress 


ra 4+2\x-al>06 
(x — a) (x+a)+2|x-—a| >0 


Let us consider three different cases. 
If x =a, then the obtained inequality is true because 0 > 0 
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Figure 4.23 Right bound 
for a zero 


See ee 


Right Bound? 
H=Br.cS404s = Y=".2599166 


Figure 4.24 Left bound 
for a zero 


VESICV4S—-4Vv4+4I—-= 


rig nd? 
HEPLZPeS9e Y=.SEF74esz5 


Figure 4.25 Solution 
x=81 


Figure 4.26 Solution 


x= 225 
acs 
Ifx >a then (xa) (x42) 20-9 {724 oe >a>-1 
Itx<a,then (x~a)(x-+a~2) 203 {1PE> 2 $8 Sa<l 


Answer a &€ [-1, 1]. 
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Problem 183 Find all x for which (4 — 2a)x? + (13a — 27)x + (33 — 13a) 
> 0 for any value of parameter a from 1 <a<3. 


Solution: Removing parentheses, we notice that the left side of the inequality is 
linear in a. This can be written as 


4x? — 2ax? + 13ax — 27x + 33 — 13a>0 
a(—2x? + 13x — 13) + (4x? — 27x + 33) > 0 


The last inequality can be written as 
k(x) -a+b(x) >0 (4.64) 
where k(x) = —2x* + 13x — 13 and b(x) = 4x” — 27x + 33 
If (4.64) is true, then the linear function y= k(x)a + d(x) is above the X-axis on 


a € (1,3). Then at points a= 1 and a =3 it must satisfy the following inequalities 
for some values of x: 


)- 1+ A(x) 20 
k(x) 3 + d(x) >0 (eo) 


Replacing k(x) and b(x) in (4.65) with their expressions from (4.64) we can find 
these x. Thus, 


eee 13x — 13) + (4x* — 27x +33) >0 
3. (—2x? + 13x — 13) + (4x? — 27x+ 33) > 0 
(x — 2)(x-—5) >0 
{ (eo vB — (3+ v8) <0 7 
ee eeee 
5<x<3+v6 


Answer x € [3 — V6;2] U [5;3+ V6]. 


Problem 184 Find all values of a, such that an inequality x? + 4x + 6a- 
|x + 2| + 9a? < 0 has at most one solution. 


Solution: Let us rewrite the inequality in a different form by completing a square 
on the left side: 
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ln-+ 2| —4-+ 6a- |x + 2] + 9a* <0 
(\x+2|+ 3a)’ <4 


This inequality is equivalent to 
-2< |x+2|/+3a<2 
Subtracting 3a from both sides we obtain 
—2 —3a < |x+2| <2-3a 


This inequality will have at most one solution if and only if 


2-3a<0, a> (4.66) 


WIN 


If (4.66) is true, then two cases are possible: 


1. |x + 2| = 0 and x= —2 (one solution). This happens if a= 2/3. 
2. |x + 2| < 0 and such an inequality has no solutions (a > 2/3). 


Answer If a> , then the inequality has at most one solution. 


Problem 185 Find all values of a parameter a, for which the equation 
a+ vV6x —x2 —8 =3+ V14 2ax — a? — x? has precisely one solution. 


Solution: Let us switch places of the square roots and then complete a square 
under each radical: 


a—V14+2ax — @ — 3? =3—-V6x—-2 —-8 => 
= l= eer say l= =). 


Next, we try to imagine graphs of the left and right sides of the above expression. 
The graph of the right side is the lower half circle with center (3, 3) and radius 1. 
The graph of the left side is the lower half of the circle with radius | as well but 

with the center (a, a). 

If a <2 or a>4, these half circles do not have common points of intersection. 
If a=3, then the half circles coincide. 
For all other values of a, the half circles have precisely one point of intersection 

(see Figure 4.27). 


Answer a € [2,3) U (3, 4]. 
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A 
M 02(4,4) N 
°0(3,3) 
o1 
° (2.5, 2.5) 
03 
(1.5,1.5) ~ 6 
~< .s > > 
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Figure 4.27 Sketch for Problem 185 


Problem 186 Find all values of a parameter a for which the roots of the 


equation Vx PS = aayae = Il 4 Vx + 8 — 6Vx — | =a exist and belong to 


the interval [2, 17]. 


Solution: Denoting a new variable, u, as u = /x — 1, we can express x in terms of 
u: x = uv? + 1 and rewrite the given equation as a new equation in u. Thus, 


Vw —4u+44+ V2 —6u+9=a 
\ju—2|+|u—3|=a (4.67) 


Next, if the roots of the given equation must be within x € [2, 17], then the roots of 
(4.67) must be from u € [1,4]. 

Let us consider a function y = y(u) in the restricted domain 1 < u < 4. Its range 
will give us the values of parameter a. Since 1 < y(u) <3, 1<a< 3. 


Answer | <a< 3. 
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Problem 187 For what values of parameter a are all four roots of the 


equation x4 + (a — 5)x? + (a + 2)” = 0 consecutive terms of an arithmetic 
progression? 


Solution: Let us imagine a number line. Four numbers will be consecutive terms 
of some arithmetic progression only if they are —3z, —z, z, and 3z,z 4 0,z > 0. This 
means that quadratic equation 


y+ (a—5)y+(a+2)* =0 
has the following roots: 
yar and y= 97 (4.68) 


Now by Vieta’s Theorem we have 


Yn = (a+2) (4.69) 
yp ty. =5-a 


Combining (4.68) and (4.69) we obtain 
2 5-a 


10 (4.70) 
92? . 2? = (a+ 2)° 


Eliminating z from (4.70) we obtain the following conditional equation for a: 


Answer a= —5/13. 


4.6 Some Word Problems 


4.6.1 Word Problems Involving Integers 


It is not a secret that our students consider word problems as the most difficult. The 
reasons for this are different in each student’s case. However, word problems 
usually are closely connected to real-life problems. Word problems in integers 
are also interesting because when solving them we need to use common sense in 
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order to select valid answers. For example, if one solved a problem and obtained the 
interval 3 <x <7 as a solution, where x is the number of apples in the basket, one 
must understand that the actual answer is 4, 5, and 6 only. Because only whole 
numbers of apples make sense. I want to start this section by giving you a problem 
that can be easily performed in any classroom and can serve as a “fun” introduction 
to more challenging problems on integers and divisibility. 


Problem 188 A middle school teacher decided to introduce number theory 
to her 6th graders. Each student got a piece of paper and scissors. The teacher 
asked them to cut each paper into four pieces (not necessarily equal) and then 
take only one of the four pieces to cut into four more pieces. Following the 
second cutting, one of those four pieces is cut again into four pieces, and so 
on. After that, she wondered if her students could cut the original paper into 
97 pieces. Some students continued to cut, but a few knew the answer right 
away. Do you know the answer too? 


Solution: If one piece is broken into 4 pieces then the total number of pieces is 
increased by 3 pieces. At the beginning each student had one piece, and after the 
first cut each student had 1+3=4 pieces. After the second cut, each student would 
have 7 pieces (7 = 1+ 3 - 2). For example, after the third cut, a neat kid could have 
the cutting path represented by the red segments in Figure 4.28. Counting the 
number of pieces presented in this sketch, we obtain 10, which also can be written 
as 10=3-3+1. 

If he/she continued, after the kth cut, they would have (1 +3) pieces. 

Because 97 divided by 3 gives a remainder of 1 (97 = 1+ 3-32), it would be 
possible to get 97 pieces eventually. 


Figure 4.28 Sketch for Problem 188 
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Note It is interesting that the answer does not depend on how you cut a piece. It has 
to be four pieces, but there is no need for scissors; the four pieces can be unequal by 
size and even with fuzzy, not straight edges. (For example, one could rip the paper 
by hand.) It is clear that an ability to get n pieces depends on whether or not 
n divided by 3 gives a remainder of 1. 


Problem 189 Three groups of fishermen caught 113 fish. The average 
number of fish per fisherman in the first group is 13, in the second 5, and in the 
third 4. How many fishermen were in each group if there were a total of 
16 men? 


Solution: We noticed that this problem is again a problem involving integers. We 
cannot have 5.5 fishermen or 7.3 fish. Let us introduce three variables 
corresponding to unknowns: 

Let x be the number of fishermen in the first group. 

y—the number of fishermen in the second group. 

z—the number in the third group. 

There were 16 men in total or 


xty+z=16 (4.71) 


They caught 113 fish in total and using the conditions of the problem, we have 
the second equation: 


13x + 5y +42 = 113 (4.72) 


Usually two equations in three variables cannot have a unique solution. Using 
the fact that x, y, and z must be integers, we will find a solution. From (4.71) we can 
express z in terms of x and y and then find all integer solutions of (4.72): 


z=16-—y-x (4.73) 
then 13x + 5y + 4(16 — y — x) = 113 or 
y+ 9x = 49 (4.74) 
Solving (4.74) for x and extracting an integer part of the quotient we obtain 


49-—y 45+4-y 4-y 
= =5 —- 
9 9 v 9 


(4.75) 


e 


In order for x to be a natural number, must be an integer as well. Therefore 
(4 — y) should be divisible by 9, so we can assume that 
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4—y=9n, neEZ (4.76) 


Substituting (4.76) into (4.73) and (4.75) gives us the following: 


x=5-+n (4.77) 
y=4-9n (4.78) 
z=7+8n (4.79) 


Using common sense we know that x, y, and z must be positive integers and can 
be written as a system of three inequalities: 


y=4-9n>0 
x=5+n>0 (4.80) 
z=7+8n>0 


Solving each inequality of (4.80) for n we obtain 


nee 

9 4 

—5§ ©&-=<n<= 4.81 
n> 3 8 n 9 ( ) 
>-=- 
lee 


There is only one integer n, n = 0, that satisfies inequality (4.81). Plugging n=0 
into (4.77), (4.78), and (4.79) we obtain 


yH4x7=5;2= 7 


Answer There were 5 fishermen in the first group, 4 in the second, and 7 in the 
third. 


Problem 190 A fruit farmer wants to plant trees. He has fewer than 1000. If 
he plants them in rows, 37 trees per row, then there will be 8 trees remaining. 
If he plants 43 per row, there will be 11 remaining. How many trees does he 
have? 


Solution: Let x be the number of trees. Using the conditions of the problem and 
assuming that the farmer has either n rows of 37 planted or m rows of 43 planted, we 
obtain the following: 


x < 1000 (4.82) 
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x =37n+8 (4.83) 
x=43m+11 (4.84) 


Combining (4.83) and (4.84) we have 
37n+ 8 = 43m-+ 11 (4.85) 
Presenting 43m as (37m +6m) we can factor the left and the right sides of (4.85): 


37n — 37m = 6m + 3 
37(n — m) = 3(2m+ 1) (eee) 

We want to find only integer solutions of (4.86) because we cannot plant half of a 
tree. Because 3 and 37 are primes, in order for (4.86) to have any integer solutions, 
(n—m) must be divisible by 3 and (2m+ 1) by 37. But there are a lot of numbers 
that are multiples of 37: 

37, 74,111, 148... 

Let us use condition (4.82) that restricts the possible values of x. (The fruit 
farmer has less than 1000 trees.) Now combining (4.82) and (4.84) we obtain 


x = 43m + 11 < 1000 
43m < 989 
m < 23 


How can we use this inequality? 
Recall that (2m-+1) should be a multiple of 37?. But if m< 23, then 


2m+1<2-23+4+1=47 


2m+1<47 ey) 


Looking at the last equation of (4.87) we can see that there is only one multiple 
of 37 that is less than 47: this is 37 itself. Therefore 2m+1=37, and m= 18. 
Replacing m= 18 into (4.84) we obtain 


x = 43-18+ 11 = 785 


Answer The fruit farmer has 785 trees. 


Problem 191 One box contains only red balls, and another only blue. The 
number of red balls is 15/19 of the number of blue balls. When 3/7 of the red 
balls and 2/5 of the blue are removed from the boxes, there are less than 1000 
balls in the first box and greater than 1000 balls in the second. How many 
balls were originally in each box? 
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Solution: Let x be the original number of red balls in the first box. Let y be the 
original number of blue balls in the second box. Now we can write the following 
system of equations and inequalities: 


x=—y (4.88) 


Some of you could try to solve this system in a standard way and would obtain 


7x 1666 = < y < 22165 
x= => 3 3 (4.89) 
19° 15 
2 *= 759 
y > 1666 5 


Just a quick look at system (4.89) says that there are many numbers between 
1666 and 2216, and also x and y must satisfy the second equation of the system. Let 
us try to find some nonstandard way of solving system (4.89). We will use 
properties of integers. If x and y exist and satisfy system (4.88), x must be divisible 


4 3 
by 15 and y must be divisible by 19. In order that 7 x and 5 y be integers x must also 


be a multiple of 7 and y a multiple of 5. So we can represent 


x=15x7xx 


y=19x5xy, ee 
where x,,y; are some unknown integers. 
Replacing these x and y into system (4.88) we obtain 
15 
7-15-x, =—-5-19- 
1 19 va Tx, = 5y, 
4 
—.7.15-x 1000 3x, < 50 
i a pon ai (4.91) 
3 3-19-y, > 1000 
ae x19, EN 
X,Y, € N 


In order for the first equation of (4.91) to have some integer solutions, x; must be 
a multiple of 5 and y,; a multiple of 7. Let us introduce new variables (do a new 
substitution): 
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xX, = 5 *X2 
Df lt ae 2) 
Now system (4.91) can be solved: 
—— 
(Sg SBey, ° i 
3:5+x <50 a ey 
=> (4.92) 
3-19-7-+y, > 1000 r oe 202 
ae 
2,9) EN 399 399 
X2, Yo EN 
202 1 202 1 
From system (4.92) we notice that 2 ag < x2 <3 gand2 a <yy <3 3 Because 


there is only one integer x. = y, = 3, then 


4=7-15-x,=7-15-5 +x) =7-15-5+3 = 1575 
y=5-19-y, =5-19-7-y, =5-19-7-3 = 1995 


Answer There are 1575 red balls and 1995 blue balls. 


Problem 192 There are 600 more applicants to the University from high 
school students than from people who worked full time. There are 5 times as 
many ladies among the high school students than ladies among the 
non-students. And there are n times as many men among the high school 
graduates than there are in the group of non-students, such that 6 <n < 12 
(where n is an integer). Find the total number of college applicants if there are 
20 more men than women among the non-students. 


Solution: In my elementary number theory class, my students always start by 
using the finite value of the parameter n, between 6 and 12, and then they try to 
decide which one fits the condition of the problem. However, this way is not as good 
as it seems to be. There are 7 integer values possible for n between 6 and 12, and 
you would solve seven similar problems and it could take a while .... 

Let us find a general approach to this problem. Analysis of the conditions shows 
that in order to translate the problem into a mathematical language, it is sufficient, 
besides n, to introduce just one other variable, say x, as a number of some subset of 
the applicants. Which one? Recalling the previous problem maybe we will have to 
verify divisibility of the value of x by some other number, and then replace x by 
some “smaller” integer, we conclude that the better choice is to introduce x as the 
number of female non-students. Then the number of any other type of applicants 
is going to be a positive integer as well. Of course, we assume that x is a natural 
number. If x is the number of female non-student applicants, then (x+20) is 
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the number of male non-student applicants, and the total of non-student applicants 
will be 


(x +x + 20) (4.93) 


(5x) will be the number of female high school students, and the total number of 
applicants from high school will be represented by 


5x + n(x + 20) (4.94) 


By the condition of the problem expression (4.93) is 600 less than expression 
(4.94). Thus, we have the equation 


2x + 20 + 600 = 5x 4+ n(x 4+ 20) (4.95) 
Solving (4.95) for x we obtain 


620 — 20n 
x= —___— 


n+3 uae) 


Recalling that x must be a positive integer, we rewrite the right part of (4.96) as 


620 = 20(n +3) +203 _ 680 


= 20. 
n+3 n+3 


In order that x be a natural number, the number 680 must be divisible by (n+ 3). 
A prime factorization of 680 gives 680 = 2-2-2-5-17. 
If6<n<125>9<n+3 < 15, then n can be only 9,10,11,12,13, 14, or 15. 


680 
Notice that only n + 3 = 10 is a factor of 680. This means that n = 7. Then x = 70 


—20 = 48 and the total number of applicants is 
2x + 20+ 5x + 7(x + 20) = 832. 


Answer 832 applicants. 


Problem 193 Three ranchers came to the Fort Worth Stock Show to sell 
their yearling heifers. The first rancher brought 10 heifers, the second 16, and 
third 26. On the first day every rancher sold some of his heifers. Moreover, all 
ranchers sold their heifers at the same price, one that had not changed during 
the entire first day. On the second day the price for heifers went down and all 
three ranchers in fear of further reductions in price sold all their remaining 
heifers at a reduced price per heifer. What was the price per heifer on the first 
day and on the second day if each rancher took home $3500? 
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Solution: Let us introduce three variables x, y, and z as anumber of heifers sold by 
the first, second, and third ranchers, respectively, on the first day. Because the first 
rancher originally had 10 heifers, the second 16, and the third 26, on the second day 
they would sell (10 — x), (16 — y) and (26 — z) heifers, respectively. Let us create a 
table. 

Introducing two additional variables: f as the price for heifers on the first day of 
the Stock Show and p as the price for heifers on the second day, and using the 
conditions of the problem, we obtain the following system of three equations in five 
variables, x, y, z, t, and p: 


xt + (10 —x)p = 3500, 1<x<9 
yt + (16 — y)p = 3500, 1<y<15 (4.97) 
zt + (26 —z)p=3500, 1<z<25 


Combining like terms in each equation, we obtain 


x(t — p) + 10p = 3500 
y(t — p) + 16p = 3500 (4.98) 
2(t — p) + 26p = 3500 


Subtracting the last equation from the first and from the second we have 


(x —z)(t— p) = 16 
{O23 ?) =10p eee 


Dividing these two equations gives us the equality: 


x—z_ 16 
y-z 10 
or 
(x-—z):-5=(y-—z)-8 (4.100) 


Using our previous experience of solving equations like (4.100) for integers x, y, 
and z we conclude that (x — z) should be divisible by 8 and (y — z) by 5. These can 
be written as 


Table 4.2. Problem 193 Heifers sold Sold on the 
Heifers brought | on the first day | second day 

Rancher 1 | 10 x 10—x 

Rancher 2 | 16 y 16—y 


Rancher 3 | 26 Zz 26—z 
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x-z=8n, néEN, 1<x<9 
y-z=5m, meN, 1<y<l5 
1<z<25 


Because x > z, then x — z= 8 only. On the other hand, from (4.100) we can see that 
y—z=5 only. Ifx—z=8 and y—z=5, thenx=9, z=1, and y=6. It means that 
on the first day the first rancher sold 9 heifers, the second rancher sold 6 heifers, and 
the third rancher sold only one heifer. 

Knowing x, y, and z we can easily find ¢ and p from equations of (4.99): 


8(t— p) = 16p 


5(t— p) = 10p, then t— p= 2p or 
t=3p (4.101) 


Using the first equation of system (4.98) and replacing t by 3p from (4.101) we 
obtain 


9-2p+ 10p = 3500 
28 p = 3500 

p= 125 

t=3-125 = 375 


Answer On the first day the price per heifer was $375 and on the second day $125. 


Problem 194 Today in one hospital the average age of doctors and patients 
together is 40 years. The average age of the doctors is 35 and the average age 
of the patients is 50. Are there more doctors or patients? How many times 
more? 


Solution: Assume that d is the number of doctors in the hospital and p is the 
number of patients. Also assume that p = k - d. Then the total age of the doctors is 
35d and the patients is 50kd. Then the quantity 35d + 50kd will represent the 
doctors and patients together and the following is true: 


35d + 50kd = 40(d + kd) 
Sd(7 + 10k) = 5d(8 + 8k) 
2k =1 
—_ 

~ 2 


Answer There are twice as many doctors as patients. 


4.6 Some Word Problems 303 


Problem 195 An American tourist came to Moscow and was surprised at 
how difficult it was to pay for goods in Russian currency. Russians have 
kopeks and rubles. 100 kopeks is 1 ruble. It sounds similar to a dollar and 
cents but in Russia there are 1 kop., 2 kop., 3 kop., 5 kop., 15 kop., 20 kop., 
and 50 kop. coins (compare with US coins for 1, 5, 10, and 25 cents). The 
tourist put together in a plate some number (less than 15) of 3 kopeks and 
5 kopeks coins and obtained 53 kopeks. He noticed that if in this set he 
replaces all 3 kopeks coins by 5 kopeks coins and all 5 kopeks coins by 
3 kopeks coins, then the amount of money will decrease but not more than 1.5 
times. How many 3 kopeks coins did our tourist originally have? 


Solution: Let 7 be the initial number of 3 kopeks coins. Let m be the initial number 
of 5 kopeks coins. Then 


3-n+5-m=53 
Solving this equation for n we obtain 


_ 53 —5m 


; (4.102) 


In order for 7 to be a positive integer (53 — 5m) must be a positive multiple of 3. There 
are four such opportunities for m:m, = 1,m2 = 4,m3 = 7,m4 = 10. Solving (4.102) 
for each m we obtain four possible ordered pairs: 


(m,n) : {(1, 16), (4,11),(7,6) and (10, 1)} (4.103) 
Only one of (4.103) will satisfy the problem condition: 


ee 


1.5(5n + 3m) > 53 toe) 


Checking all possible ordered pairs (4.103) we notice that only (7, 6) m=7 and 
n=6 satisfy (4.104). 


Answer Our tourist had six 3 kopeks coins and seven 5 kopeks coins. 


4.6.2. Other Word Problems 


There are so many different types of word problems that we would need to write an 
entire book devoted only to them, and we would still not describe all possible 
problems. Earlier in this chapter you solved two interesting problems on a mixture 
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(Problems 150 and 152). In this section we will go over a few interesting problems 
and will give you some good ideas for your own search for a beautiful solution. 

Some word problems are about work, for example, problems about two or more 
pipes filling a swimming pool or problems about two or more painters painting the 
walls in a house. Usually the entire job is considered to be 1. If this job can be done 
by 1 workers, and if the Ath worker can have the entire job finished by himself or 
herself in f, hours, then his or her production rate is : work per hour. Then all 
n workers working together will finish the job in 


t= Rin. 


ty tn a. tn 


Let us solve the following problem. 


Problem 196 Three painters working together for one hour painted 7/10 of 
the house. It is known that each painter alone would be able to paint the house 
in an integer number of hours. Each of the painters has a different rate of 
painting. In how many hours could each of the three painters working alone 
paint the entire house? 


Solution: Let 1, k, and m be the number of hours needed to paint the house for the 
first, second, and third painter, respectively. Assume that n, k, and m are distinct 
natural numbers satisfying the inequality: 


l<n<k<m (4.105) 
and then - be their production rates per hour will satisfy 
: < : < : (4.106) 
m kon ; 


From the condition of the problem we obtain that 


1.1.1 =F 
te (4.107) 


Using inequality (4.106) we can state that 


Or that 
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In < 3030 < > 


Because n is a natural number greater than 1, we obtain that n = 2, 3, 4: 
2<n<4 


Let us show that n=4 is not a possible solution to this problem. 
Substituting n= 4 into (4.107) we obtain the following true equality: 


1 1 1 7 
m'k' 4 10 
en ee 
mk 20 


Because of (4.106) we can state that 
4 i < 2 and we will obtain the restriction on variable k: 


Pea 
20 =k 
9k < 40 


40 
k<— 
9 
From this we obtain possible values for k: 
k=2,3,4 


That contradicts our assumption (4.105) and the fact that k >n=4. 
If n=3, using a similar argument we will find restrictions on k: 


1 
mn 
1 
os 
11 2 

a0 

11k < 60. 


We obtain a solution n=3, k=5, andm=6. 
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If n=2 and using the same chain of arguments we obtain that 


td. 7 
m'k'2~ 10 
on oe 
mk 5 

1 2 

5k 

k< 10 

k< 10 
tas 


k = {3,4,5,6,7,8,9} 
The second solution is n = 2, k=6, and m= 30. 


Answer (n,k,m): {(2,6, 30), (3,5, 6)}. 
Additionally, there are many problems about motion. If a person, an animal, a car, 
a plane, etc. maintains the same speed, then the distance equals speed times time: 


d=v-t 


If speed is not constant, and it is different on different time intervals, then the 
average speed equals the total distance divided by the total travel time. Please recall 
a speeding ticket example, discussed in Section 1.3 of Chapter 1. 


Problem 197 Peter lives near a bus stop A. Bus stops A, B, C, and D are on 
the same street. Peter walks for exercise every weekend. He starts at A with a 
speed of 5 km per hour and goes to D. Reaching D he turns back and goes to 
B. Walking this route (A—D-—B) requires 5 h. At B Peter takes a bus and goes 
home. It is known that he can cover the distance between A and C in 3 h. The 
distances between A and B, B and C, and C and D form a geometric sequence 
in the given order. Find the distance between B and C. 


Solution: Usually it is a good idea to draw a picture of the problem. Bus stops A, 
B, C, and D are on the same street. It means that we can draw them as points on the 
same line; A and D will be the end points of the segment and B and C between them 
in the order A-B—C-D (Figure 4.29). 

Because our unknown is the distance between B and C it seems obvious to 
introduce three variables x, y, and z as distances between A and B, B and C, and C 
and D, respectively. Using the condition of the problem and recalling that 


x y Zz 
A B Cc D 


Figure 4.29 Sketch for Problem 197 
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distance = speed X time we write two equations: 
xX+ty+z+z+y=5-5=25 and x+y=3-5=15 


Now we are going to write the last equation of the system. Because x, y, and z are 
consecutive terms of a geometric sequence, then y* = xz, and we can complete and 
solve the system as follows: 


xX+2y + 2z = 25 
x+y=15 
y =x 
y+2z= 10 
x=15-y 
y=xz 
eae 
2 
x=15-y 
yp US=s9(10-9) 


2 


Subtracting the second equation from the first equation in the first system, we 
can eliminate variable x. (See the second system.) Then we express z and x in terms 
of y and put them into the third equation of the last system. Let us solve the last 
equation for y. Multiplying both sides by 2 we have 


2y* = 150 — 25y+4 y? 
y? + 25y — 150 =0 
yW=5, y= —30 


Because y is a distance, it has to be positive, so we choose y=5. 


Answer The distance between B and C is 5 km. 

Finally, the last three word problems are not of any specific type. They involve a 
variety of different topics and ideas including knowledge of the properties of the 
natural numbers and number theory. Sometimes a problem looks like, for example, 
a “problem on work” but has nothing to do with the rate of production and is not 
such a problem at all. Only experience in solving many word problems of different 
types can make you an expert. I hope that your experience will be successful. 


Problem 198 A boy was drinking a cup of tea with sugar. He put three 
spoons in one cup, dissolved it, drank 2/3 of the cup, then added one spoon of 
sugar, and filled the whole cup with the hot water. After dissolving the sugar 
in it and drinking 1/3 of the amount in the cup, the boy decided that the tea 
was not sweet enough. How much sugar should be added to the cup in order to 
make the tea as sweet as it was at the beginning? 
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Solution: In order to solve this problem we do not need any variables. First, 
3 spoons of sugar per 1 cup is equivalent to 2 spoons of sugar per 2/3 of a cup or 
1 spoon of sugar per 1/3 of the cup. Because the boy drank 2/3 of the sweet tea, there 
was exactly | spoon of sugar in 1/3 of the cup remaining. When he added 1 spoon of 
sugar to it, he had 2 spoons of sugar per 1/3 of cup. When he added hot water to it to 
fill the cup, then he had 2 spoons of sugar per one cup of hot water. The boy 
understood that the tea was not sweet enough when he drank 1/3 of the tea. At that 
moment he had 2(2/3) = 4/3 spoons of sugar in 2/3 of the cup. Remember that he 
liked his original tea (2 spoons of sugar per 2/3 of the cup). Then the boy would 
have to add x spoons of sugar to it: 4/3 +x =2, x =2/3 of a spoon of sugar. 


Answer 2/3 of a spoon of sugar. 


Problem 199 At night seven artists, in a certain order, painted a white wall, 
each with their own paint and color. Each artist painted k% of the wall 
without seeing what the previous artists painted. If any piece of the wall 
was painted by all 7 colors together, then it would again become white. For 
what integers & is there a warranty of the existence of at least one white piece 
on the wall? 


Solution: Let 1 be the area of the wall. If each artist painted part of the wall with 
the area s < 1/7, then there would be an unpainted piece of the wall. 

Since 14.2 < 100/7< 14.3 then the following integers 0, 1, 2, 3, ..., 14 
would work. 

On the other hand, if s > 6/7, then each artist does not paint the area less than 1/7, 
then the union of all unpainted pieces by at least one of the artists has the area less 
than 1. Therefore, the remaining part of the positive area has all 7 colors. So the 
second part of the answer can be obtained as 

k > [6 x 100/7] = 85, so k= 86, 87, 88,.. .99, 100 

Next we will consider the case 1/7 < s < 6/7 and k= 15, 16, 17, ... 84, 85. Let us 
show that these values of k do not guarantee an existence of at least one white piece 
on the wall. We will demonstrate it for the following type of painting. This is such a 
painting of the wall that each point of the wall is painted but by less than 6 artists. 
Imagine the square with area | as a lateral surface of some cylinder. For any value 
of s from the considered interval the first artist would paint a part of the lateral 
surface with area s (shaded), then the next artist would paint a surface of area s that 
has common side with the previous one, etc. Finally, the entire surface would be 
painted but there will be no point at which all 7 colors meet. 


Answer k= {1, 2,...14} and k= {86, 87,...99, 100}. 
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Problem 200 Paul marked a rectangle with m x n cells on a piece of graph 
paper, such that m and n are relatively prime and m <n. The diagonal of this 
rectangle does not intersect precisely 116 “cells.” Find all possible values of 
m and n. 


Solution: Because m and n are relatively prime then the diagonal of the rectangle 
cannot go through the vertices of the interior cells. In fact, if it is not true then there 
will be a rectangle of a smaller size (made out of interior cells of the rectangle) such 
that its diagonal is part of the diagonal of the given rectangle. Let m, and n, be the 
width and length, respectively, of the biggest of such rectangles. Then obviously 
there exists such a number k € N,k > 1,m = km,,n = k = kn, that contradicts the 
condition. In the case when the diagonal of a rectangle does not contain vertices of 
the interior cells, then the number of the cells it intersects is one more than the sum 
of the vertical and horizontal lines going through the rectangle. Indeed, considering 
for example the diagonal going through the left lower vertex (angle) into the right 
upper vertex (angle) of the rectangle we can associate with each intersecting cell 
(except the upper right one) a unique point at which the diagonal intersects either a 
right or a left boundary of the cell. Note that in this manner each of the vertical and 
horizontal lines inside that rectangle will be intersected only once. 

Therefore, the number of the intersecting cells is (m—1)+(n—1)+ 
l=m+n-l. 

Then from the condition of the problem, we will obtain the equation that can be 
easily solved: 


mn—116=m+n-1 
(m—1)(n— 1) = 116 


Because m <n, then the ordered pair (m— 1,n — 1) can be selected out of the 
three possible answers: (1,116), (2,58), and (4,29). 
However, the last one does not lead to a correct answer. 


Answer (2;117) and (3;59). 


4.7 Homework on Chapter 4 


1. Find all values of a (a < —4), for which the smallest root of the equation 
x? + ax — 3x — 2a — 2 = 0 has the minimal value. 


Solution: Let us solve the given equation for a(x): 
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x —3x—-2+a-(x-—2)=0 


a(x) = 


—17 + 3x42 
x—2 , 


We can see that x=2 is not in the domain of a(x) because 
2?—-3-2-2+4-040. 
The range of a(x) is (—oo, — 4].: 


= 

x + 3x+2 4 
x—2 - 

2 

x T4894 
x—2 = 

(¥- 10-6). 4 
x—2 a 


Using the intervals method, we can conclude the following: 
a(x) <-4 if x €[1,2)U[6, oo). 
Moreover, x = | is the smallest value of x at which a(x) < —4. Ifa = —4 


x —7x+6=0 
x31 =6, nm=1 


Answer: x = | is the smallest of the two roots when a = —4. 

2. There are three alloys. The first alloy contains 30 % of Ni and 70 % of Cu. The 
second contains 10 % of Cu and 90 % of Mn. The third—15 % of Ni, 25 % of 
Cu, and 60 % of Mn. We need to prepare a new alloy containing 40 % Mn. What 
is the smallest and the largest percentage of Cu (copper) that can be contained 
in the new alloy? 

Answer: 40 % and 43 %. 

3. There are two vessels containing a mixture of water and sand. In the first vessel 
there is 1000 kg of the mixture and in the second 1960 kg of the mixture. Water 
was added in both vessels. After that the % content of the sand in the first vessel 
was reduced k times, and in the 2nd / times. It is known that kl = 9 — k. Find the 
minimum amount of water that could be added to both vessels together. 
Answer: 3480 kg. 

4. Find the maximum of the function f(x) = 5 sin 2x + 7 cos 2x. 

Answer: 74. 
5. Find the maximum of f(x) = 3 — 2 sin?2x — 2.cos 2x. 


Answer: x = 45 +an, ne€Z. 
6 Scive thea a . Pi x _ sinx—3 
; olive e inequality: sin cos 
ae es 1s ae 
m(8k — 3) 


, kEZ. 
2 


Answer: x = 


4.7 


10. 


11. 


12. 


13. 


14. 


15. 
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1 


. Find all solutions of the equation oa sin? (x + z) + sin3x = cos3x — V2 on 


the interval x € [—2z, 2z]. 
1 


4 
Answer: —-=, 22, ——~ 
nswer TN 2 


12’ 


. Solve the inequality: (x? — 4x + 3)log.s (cos*ax + cosx+2sinx) >2 
2 


Answer: x = 2. 


. Solve the system: 


x + 2xsiny+1=0 
8|x|y(x? + y?) + 23 + 4a =0 


Answer: (1, — 4). 

Solve the equation sin?x + 3x? - cosx + 3x7 = 0. 

Answer: 0;7+2an, n€Z. 

Solve the equation 2(1 + sin?(x — 1)) = 2. 

Hint: Use boundedness of the functions on the right and left sides. 
Answer: x = 1. 

Find all triples (x, y, z) satisfying the equation 


x + 1—2xsinazy + \/yz — 22 — 64 = (41 — yz) (cos2ay + cosaz)’ 


1 1 
Answer: (1.5128), (-1, -"5, — 128). 


Find all ordered pairs (x, y) that satisfy the system: 


{ 9»? -2x-3|-log,3 —3-7-4 
2 
Aly = P= 1+ O38) <8 


Answer: (—1, — 3) and (3, — 3). 
Prove that if xy + yz+zx = 1, thenx+y+z> 1. 

Hint: Assume that x+ y+z< 1 and prove by contradiction. 
Proof: Assume that x + y+z< 1, then the following must be true: 


(xty+z) <1 

+ y? + 2? + Axy + 2xz + 2yz <1 

Py? +27 + xy + yz+4xz) <1 
2 
2 


rPt+yt+7+2<1 
Pp br ek: 


We can see that the last inequality is false. Therefore, our assumption was 
wrong andx+y+z> 1. 


Prove that for any three positive real numbers a, b, and c, the inequality 
(a+b+c)- (4 + : a 1) > 9 is true. For what values of three variables does 
the equality hold? 
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Hint: Multiply two quantities and apply the inequality between arithmetic and 
geometric means. 

Proof: Using distributive law and after multiplication the left side of the 
inequality can be written as 


a a b bce 
14+-+-+4+-41+4+-4-4-41. 
bcoea c a b 


If we rearrange the terms and apply Cauchy’s inequality to each pair of 
reciprocals, we will obtain 


34 (242) + (2+5) + (§+2) 2342(2.2) 42 
sale?) 


The proof is completed. The equality holds ifa=b=c. 


16. Prove that for any natural number’ 7, the inequality 
nm’ >1-3-5-7-+...+(2n—1) is true 
1 1 1 99 
17. P. that ee < : 
rove tha’ 7 + 32 + 1002 ~ 100 
1 1 
Hint: Use the inequality zp < 1k 
Proof: 
1 Z Det, \ 1 
PED. FD 
1 g D.  l 
es ae, 
1 1 1 1 


< — 
1007 99-100 99 100 


Adding left and right sides of all inequalities we obtain 


Lees en Fs 1 aa 1 99 
22 32 "1002 100 100° 


The proof is completed. 

18. Solve the equation 2 cos = =2*+4+2%. 
Answer: x = 0. 

19. Solve the equation 1 + sinx + 1+ cosx = V/4 + 2v2. 
Answer: x = c+ 2an,n € Z. 
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20. 


21. 


22. 


23. 


Find all real solutions of the inequality | tan | + | cot | <2-(x-2/4) 
Answer: x = 7. 


_ a 
Find all values of parameter b for which the system ie Bg ae x” + 2x 
y= 4x 


has precisely two solutions. 
Solution: After some manipulations, the given system can be written as 


same re aor ae eee 4) 
(x-1? + =1 (-1?+y¥=1 ©) 


where curve (A) is a parabola, f(y) =(y—2)?+2b—1 with the vertex 
(2, —4b+1), and curve (B) is a circle with center (1,0) and radius 1. We can 
see that the two curves will have two points of intersection if 


-l<y<l 
f(-1) > —4b > f(1) 
0<—-4b<8 


This gives the final answer: —2 <b < 0. 

Answer: —2 <b < 0. 

What is greater 10! or 7'°? Do not use a calculator. 

Hint: See Problem 156. 

Answer: 7!° > 10! 

Find all functions f(x), such that for any real x, the following relationship holds: 


f(x) +x- f(1 —x) = 3x. (4.108) 


3x2 


Answer: f(x) = Deagael 


Solution: If (4.108) is true for any x, then it must be true for (1 —). 
Substituting (1 — x) for x in (4.108), we obtain 


fd —-x + (1 —x)- f(x) = 3(1 — x) (4.109) 
Solving (4.108) and (4.109) together and by eliminating f(1 — x), we obtain 
x(1 =x) « f(x) — f(x) = 3x- (1 2) — 3x 
ai 


3x" 
LO) = aT 
x*y? —2x+y =0 


Solve the system { 22 — Ax 434 y _~0 
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24. 


25. 


26. 
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Hint: Consider both equations as quadratic in variable x. Remember that a 
quadratic equation has a solution in real numbers if its discriminant is 
nonnegative. 

Solution: Let us find the discriminant of the first equation: 


yx? —ax+y=0, a=y', b=-2, x=y*. 


Because the coefficient of the linear term is even, then we will use D/4 formula: 


=1?-y'=1-y'>0. 


On the other hand, for the second equation of the system we have 


2x7 —4x+3+y?) =0,a=2,b=-4,c=14+y° 


=2??-2-(3+y*) =2(-1-y*) 50. 


The condition that both discriminants be positive is equivalent to the system: 
Then the corresponding x = 1. The answer is unique, it is the ordered pair 

(x,y) =(1, - 1). 

Answer: (1, —1). 


2x+y=a-1 
For what values of a does the system ¢ 2xy = a* —3a+1 
4°+y<-a+5a—4 
have a solution? 
Answer: a = 3. 
Givena >0,b>0,c > 0 and a2 +b? +c? = 1. Prove thata+b+c < V3. 
Hint: Use Cauchy-Bunyakovsky (CB) inequality. 
Proof: The left side of the inequality to be proved can be rewritten as 
a-1+b-1+c-1. Applying the CB inequality to it and substituting the 
condition constrains a” + b* + c? = 1, we have 


(a@-1+b-1lte- 1? <(@4+P4e)\(P +P 4) =3(P +H +c’) =3, 
which leads us to the proof of the statement 

atb+c< V3. 
Prove that for any real x, y, and z, the inequality is true: 


x? + Ixy + 3y? + 2x + by > -3. 
Hint: Try to complete the squares on the left side. 
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27. 


Proof: The left-hand side can be rewritten as 


{x2 +2x(y+ 1) + (y +1)" (y+ 1)? + 3y? + 6y = 
(x+y+1)? —y —2y-143y?+6y+3-3= 
Ly Poly a3 8: 


2 2a 2b 2c 
Given a > 0,b > 0,c > 0. Prove that + 


> 3. 
b+ec gee ah 


Hint: Add 2 to each fraction on the left and put 2 and the fraction over the 
common denominator. 
Proof: Adding 2 to each fraction we obtain new inequality to prove: 


2. 2b 2. 
amie ee iy, eee Yas 

b+ec at+c a+b 

2a+2b+2c 2b+2c+4+ 2a SETAE LAD Lg 
b+ec cta a+b a 


2(a+b+c) ; + a ; >9 
- : b+c c+ta a+b 
It is convenient to denote x =b+c, y=c+a, z=a+b>x+yt+ 
z=2(atb+c). 
And the left side of the last inequality will be rewritten as follows: 


Lisa 
(x+y+z)(—+-+- 
xy 


Z 


Using distributive law, we will multiply two factors and rewrite the expres- 
sion above as 


Xx Xx ZL Z 
ee eS ea 
yo 2x zx y 


Combining reciprocals together and after simplification, this expression 


becomes greater than or equal to 9: 
(2+2) 2346-9. 
zy 
—S 


3+ (=+2) + (= +=) 
y x rae 
SSS I” 


>2 a >2 


Therefore, the proof is completed. 
Note: Above, for each parenthesis we used the inequality between the arith- 
metic and geometric means. 


For example, ++ 7 > 2 x.Y—7 


x, 
yx 
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28. 


29. 


30. 
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Solve the equation /1 —x+ J/1+x4+ V1 —-x2 + W14+x2=4. 
Answer: x = 0. 

Hint: Apply Bernoulli’s inequality to each term on the left-hand side. 
Solution: Using Beroulli’s inequality we have the following: 


(l-x) <1- 


(lar 14 


(1 +x)! <1+ 


If we add the left and the right sides of these inequalities, we will obtain that 
the left side is less than or equal to 4. Therefore the function on the left of the 
given equation is bounded from the top by 4. In order to have a solution, the left 
side must take the value of 4. It occurs at x= 0. 


Find the minimal value of xy, where x and y satisfy the following system: 
x+y=3a-1 
x+y = 4a? —2a4+2 


Hint: Complete the square in the second equation. See Problem 177 of 
the book. 

Answer: —9/10. 

Solution: Completing the square in the second equation of the system and 
substituting x + y = 3a — | there we obtain 


(3a — 1)? — 4a? + 2a — 2 = 2xy 
2xy = Sa? —4a-1 


It is easy to see that the minimum of xy is —9/10 and it occurs at a= 2/5. 


x+y =0.5xyz 
Solve the system ¢ y? + 2? = 0.5xyz. 
z+ x7 = 0.5xyz 
If we subtract the second and first, second and third, and third and the first 
equation we will obtain 
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(x—z)(x+z)=0 
Pay 20 
(y—x)(y +x) =0 


31. 


Because of the symmetry of this system, we notice that if (a, a, a) is a solution, 


then (—a,a, — a),(—a, — a,a), (a, — a, — a) are also solutions. We get that 
2a” = 0.54? 
a=0,a=4 


Answer: (0,0, 0), (4,4, 4), (—4, — 4,4), (4, —4, — 4), (4, —4, — 4). 


a : oa 2 2. 
Find the maximum and minimum of 5 + 74g subject to system 


ety +2x+4y—20=0 
24+ y* —2w— 143 =0 
xw + yz—-x+w+2z-—-61>0 


Hint: See Problem 174. 
Solution: The system will be rewritten as 


(Q@t+1)+(y4+2P =9 
(z)’ + (w—1)? = 12? 
(x + 1)(w— 1) + z(y +2) > 60 


After substitution 


x+1=5cos@ 
y+2=Ssing 
z= 12cosy 
w—1=12siny, 


p.w € [0,2z) 


The inequality will be written as follows: 60 sin (g + w) > 60. 
That has solutions if and only if 
yw =5—@+ 2an, and then cosy = sing, 
Now we see that y = 5 sing — 2, 
obtain 


siny = cos@. 
w = 12cosg+ 1. After substitution we 


2 Ww? (Ssing—2)? (12cosp+1) 


+ = 


144 25 144 
=ie 4 ! on ae 
~ "95" 144 ar ad 
A a 4201 _ v601 
max/min — 3600.30 
Answer: 420 + ¥60! 


3600 —— 30 * 
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32. 


33. 


34. 


35. 
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Solve the system of equations: 


YP +axyty=7 
baz te = 21 
yy +yz+27 = 28 


Hint: Subtract the second and first, the third and second equations, and the third 
and first equations. Simplify, and apply difference of squares formula and 
factor out common factors: 


(z—y)(z+y+x)=14 
(y—x(ytxt+z)=7 3>2z=3y—2% ete. 
@-s+2+a)=14 


Answer: 
(x,y,z) : {(1, 2,4), (-1, — 2, — 4), (-V7,0,2V7), (V7,0, — 2V7)}. 
y=2x-1 
Solve the system: 4 z= 2y*—1. 
x=27?-1 
Hint: Use trigonometric substitution, x = cost, O<t<az. 
Answer: 


2ak Anak k 
(x,y,z) = (cos - , COS , , COS = )#=0.1,2.3.4 


2ak Aak 82k 


(x.9,2) = (cos 7 , COS 7 , COS 7 ) b= 12,5. 


Let a, b, and c be the sides of the triangle and h,, h,, h, are the heights dropped 
to the sides, respectively. S$ is the area of triangle ABC. Prove that 
(a? +b? +c?) - (he + hy, +h2) > 365°. 
Proof: Because the area of the same triangle can be found in three different 
ways, we can start from the obvious equality 

te + Pn + che = 3S, which can also be written as 


(ahq + bhp + che)? = 368? 


Finally, we will apply the CB inequality to the left-hand side of the equality 
above and obtain 

(ahy + bhy + ch.) = 36S? < (a? +b? +c?) (2 +h5 +h’), which proves 
the requested inequality. 
At aclassroom costume party, the average age of the b boys is g, and the average 


age of the g girls is b. If the average age of everyone at the party (all these boys 
and girls, plus their 42-year-old teacher) is b+ g, what is the value of b+ g? 
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Solution: Let us consider the average age in the group of g girls. If we add up 
the ages of g girls (let us say A) and divide it by the number of girls (g) we 
obtain b. On the other hand, if we add up the ages of all b boys (B) and divide it 
by the number of boys (5) we obtain g. This can be written as 


“=b, —=g (4.110) 


Then the average age of everyone at the party including the teacher will be 


Oren note (4.111) 
Replacing A and B from (4.110), we can rewrite (4.111) as 
2eb+42 
ree ead 
or multiplying both sides by (b+ g +1) we obtain 
2gb+42=(b+g)(b+g8+4+1) (4.112) 


We have from (4.112) that 42 = b’ +g? + b+. 
Multiplying both sides by 4 we have 


168 = 4b? + 49? + 4b + 4¢ 
168 + 2 = (4b* + 4b + 1) + (497 + 4¢ + 1) 


Completing the square, we have 


170 = (2b+ 1)? + (2g +1)” 
2b+1=1l, 2+1=753b=5,¢=3 


or 


2b+1=7, 2g+1=11l>b=3,g=5 


Answer: b+ g = 8. 

A box has red, white, and blue balls. The number of blue balls is at least the 
number of white balls and at most 1/3 of the number of the red balls. The total 
number of white and blue balls is at least 55. What is the minimal possible 
number of red balls? 

Solution: Let r, w, and b be the number of red, white, and blue balls, respec- 
tively. By the condition of the problem the following is valid: 
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This can also be written as a double inequality: 


25. 
Tens 


Adding 5 to all sides of the inequality, we obtain 

WHbS2BS +b, 
Using the information about the total number of blue and white balls and the 
second inequality of the system, we have the following: 


2r 
3 


r ror 
55<b+w< < = 
ee 
This can be written as 


2r 
55<b+w<— 
2r > 165 
r > 82.5 


Because the number of the balls can be only a natural number, then 7 = 83 will 
be the first possible choice to check. If we substitute it into the first double 
inequality, we will obtain w <b < 27 but this contradicts the condition 
b+w > 55. Let us check the next natural number for r, r = 84; we obtain that 


84 


And that w = b = 28 would give us the minimal number of balls in the box. 
Answer: The box has 28 white, 28 blue, and 84 red balls. 

A frustrated bond investor tears a bond into eight pieces. Then she continues 
and cuts one of the pieces again into eight pieces. If she continues, can she get 
2016 pieces? 

Hint: See Problem 188. 

Answer: No, it is not possible. 

Solution: If one piece is broken into 8 pieces then the number of pieces is 
increased by 7 pieces. At the beginning she had one piece, one bond, and after 
the first cut she had 1+7=8 pieces. If she continued, she would get (1+7k) 
pieces. Unfortunately, 2016 divided by 7 is divisible by 7 and cannot give us a 
remainder of 1. Therefore, the bond investor cannot tear the bond into 2016 
pieces, but could cut it into 2017 pieces: (2017 = 7 - 288 + 1). 
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Using a red pipe the tank is filled in 3 h and using a blue pipe in 9 h. How soon 
will the tank be filled if both pipes are open? 

Solution: The rate of filling the tank by the red pipe is 1/3 of the tank per hour 
and by the blue pipe is 1/9 of the tank per hour. Working together the two pipes 


1 1 4 
have the following rate = + ~ = 9 of the tank per hour. Then the entire tank will 


S039 
be filled in 9/4 h. 
Answer: The tank will be filled in 2 h and 15 min. 
Maria has 1 kg of 3.5 % salt solution and 1 kg of 0.5 % solution. Can she get 
1.5 kg of 1.5 % by mixing two solutions? How can she do it? 
Answer: Yes she can if she takes 0.5 kg of the first solution and 1 kg of the 
second solution. 
Solution: If we mix x, kg of a solution (alloy, etc.) containing p; % of a 
substance A and x2 kg containing pz % of A, then we will obtain (x; + x2) kg 


Xy, + pox 
of new solution that will contain Pitt V Pave % of substance A. 
x2 


Assume that she takes x kg of the first solution y kg of the second, then the 
following is true: 


3.5x+0.5y _ 15 
xty  ” 3x=05,y=1.5 
x+y=1.5 


A boat is going 10 miles downstream in a river and then against the current for a 
distance of 6 miles. The rate of current is 1 mile per hour. What is the speed of 
the boat itself (the speed it would have in still water) if the total trip time is 
between 3 and 4 h? 

Solution: Let v be the boat speed then the total time of the trip can be expressed as 


pe 10 i 6 
“ytl vp-l 


It is clear that v > 1; otherwise the boat would not be able to go against the stream. 
Using this and the condition of the problem we obtain 
10 6 
3< ao <4 
v+1lov-1 


oe 


4 — 16v>0 
8— Vol _ 8+ vol 


<y 
a) ct eS 
eye ee, 
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8+ V6l 


Answer: 4<v< miles per hour. 


An object is moving from point A to point B with a speed of 10 m/s for the first 
half of the distance and a speed of 15 m/s for the second half of the distance. 
What is the average speed on AB? 

Solution: Let x be the half of the distance, so the total distance is 2x. Then the 


object travelled the first half of the distance in 5 seconds and the second half in 


as dss The total wavel tne is eee d 
— seconds. e total travel time 1S —— — = — seconds. 
15 10° 15-6 


The average speed is 2x + 7 = 12 m/s. 


Answer: 12 m/s. 
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